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In  this  paper  a  simple  reduced  -  temperature  nomogram  is 
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material  performance,  and  the  resonant  beam  test  tech¬ 
nique  is  discussed  as  a  possible  standard  method  for 
measuring  complex  dynamic  moduli  of  damping  materials 


INTRODUCTION 

Now  that  damping  materials  are  be¬ 
coming  extremely  widely  used  for  in¬ 
dustrial  and  aerospace  vibration  and 
noise  control  applications,  the  problems 
of  specifying  damping  properties  of 
materials  for  specific  environments  and 
of  establishing,  by  measurement,  that 
materials  supplied  by  vendors  meet  these 
specifications  have  become  extremely 
acute.  First,  the  user  is  burdened  with 
the  task  of  evaluating  and  selecting  the 
proper  materials,  from  innumerable 
sources  and  often  without  sufficient 
knowledge  of  their  damping  properties, 
and  of  verifying  that  the  vendor  has 
met  requirements.  And,  secondly,  the 
vendor  has  problems  of  quality  control 
and  of  proving,  again  by  measurement, 
that  each  batch  of  material  supplied 
actually  meets  the  agreed-upon  defini¬ 
tions  of  performance.  The  result  is, 
as  might  be  expected,  chaos!  The  legal 
and  technical  problems  involved  are  well 
known,  and  a  solution  is  urgently 
needed. 

In  this  paper,  we  propose  a  possible 
approach  toward  the  problem.  It  in¬ 
volves  (i)  the  establishment  of  an 
appropriate  and  adequate  method  for 
measuring  the  data  needed,  namely  a 
particular  form  of  the  well  known, 
resonant  beam  technique,  and  (ii)  the 
specification  of  the  required  material 
properties  in  terms  of  a  complex  modulus- 
reduced  temperature  nomogram  with  allow¬ 
able  limits  superimposed.  It  is  shown 
that  reliable  data  can  be  obtained  by 
this  technique,  and  that  batches  of 
damping  material  can  be  easily  and  quick-, 
ly  shown  to  meet,  or  fail  to  meet,  the 
selected  criteria. 

2.  SPECIFICATION  OF  MEASUREMENT 

TECHNIQUE 


Many  techniques  have  been  proposed 
and  used  for  measuring  damping  proper¬ 
ties  of  elastomeric  or  other  energy 
dissipating  materials  [1-7].  Some 
examples  of  commercially  available  mea¬ 
surement  systems  are  the  Rheovibron  [1], 
the  Viscoelasticimetre  [2] ,  the  Bruel 
and  Kjaer  Complex  Modulus  Apparatus 
(a  resonant  beam  technique)  [3] ,  Fitz¬ 
gerald's  Rheometer  [4]  or  the  duPont 
DMA  system.  These  techniques  can  give 
reliable  data  when  used  properly,  with 
due  attention  being  paid  to  sources  of 
error.  However  there  is  considerable 
evidence  to  lead  one  to  believe  that 
such  care  is  not  taken  often  enough. 

We  shall  not  attempt  to  evaluate  such 
techniques  in  general,  in  this  paper, 
but  will  confine  attention  to  one  parti¬ 
cular  technique  which  we  have  used  for 
many  years,  namely  the  vibrating  beam 
technique. 

While  most  measurement  techniques, 
when  properly  used,  lead  to  useful  data, 
the  resonant  composite  beam  technique 
[3]  is  one  of  the  most  successfully  and 
widely  used.  For  example,  it  forms  the 
basis  of  a  German  standard  for  measuring 
dynamic  moduli  of  relatively  stiff  elas¬ 
tomeric  materials,  used  for  free  layer 
damping  treatments  [6].  Furthermore, 
the  technique  can  be  used,  in  conjunction 
with  appropriate  beam  geometries,  to 
measure  the  dynamic  moduli  of  soft  elas¬ 
tomeric  materials,  such  as  those  used  in 
constrained  layer  damping  treatments. 
Therefore,  depending  on  the  range  of 
values  of  the  dynamic  modulus  of  the 
specific  damping  material  being  evaluated, 
one  should  select  a  suitable  specimen 
geometry,  and  apply  appropriate  criteria 
to  each  test  measurement  in  order  to  con¬ 
firm  the  validity  or  otherwise  of  that 
measurement. 


2.1.  Need  for  a  standard  technique 
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2.2  Resonant  Beam  Measurement 
Techniques 

The  types  of  specimen  used  in  the 
vibrating  beam  tests  are  illustrated  in 
Figure  1.  A  typical  block  diagram  is 
shown  in  Figure  2.  In  the  tests,  the 
beams  are  often  excited  by  means  of  a 
magnetic  transducer  and  the  response 
picked  up  by  a  miniature  accelerometer, 
although  any  methods  of  excitation  and 
pickup  are  usable  provided  that  the 
modes  are  strongly  excited. Response  spec¬ 
tra  comprising  graphs  of  transverse 
acceleration  versus  frequency  are  plotted 
using  the  recorder  and  the  resonant  fre¬ 
quencies,  f  ,  and  half  power  bandwidth, 

Af  ,  noted  r“for  many  temperatures.  For 
reliable  results  with  commercial  versions 
of  this  system,  it  is  often  necessary  to 
use  beams  made  of  a  relatively  low  modu¬ 
lus  metallic  material  with  machined  roots 
as  indicated  in  Figure  3  for  reduced  root 
damping.  The  beam  is  often  made  of  alu¬ 
minum  or  steel  and  is  usually  not  more 
than  about  0.080  inches  thick  (2.0  mm) 
nor  shorter  than  about  7  inches  (178  mm) . 
The  root  must  be  clamped  in  a  fixture 
which  does  not  move  significantly.  This 
is  usually  accomplished  by  using  a  rela¬ 
tively  heavy  fixture  with  no  resonances 
of  its  own  in  the  frequency  range  of 
interest. 

An  advantage  of  the  method  is  that 
it  is  reasonably  simple  to  use,  errors 
can  be  estimated  and  kept  within  limits 
and  a  wide  band  of  frequencies  and  temp¬ 
eratures  can  be  covered  with  a  single 
specimen.  A  disadvantage  is  that  only 
low-strain-level  data  are  obtainable. 


If  | E_ |  is  between  104  lb/in2  (6.89  x 
10?  N/m2 )  and  106  lb/in2  (6.89  x  109 
N/m2),  then  the  "Oberst"  (non-symmetric) 
or  "modified  Oberst"  (symmetric  beams  are 
usable  with  required  h_/h  increasing  as 
E_  falls  toward  the  lower  limit. 


i_[is  between  5  lb/in2 (3.45  x  104 
and  °5  x  IQ9  lb/in2 (3.45  x  109  N/m2), 


If  I E, 

N/m2 

the  symmetric  sandwich  beam  is  useful, 
since  it  relies  on  shear  of  the  damping 
material  between  the  two  supporting  beams 
and  requires  far  lower  dynamic  muduli  to 
have  an  appreciable  effect  on  system 
response.  It  will  be  noted  that  some 
overlap  does  exist  between  the  useful 
ranges  of  each  type  of  beam  specimen. 
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Figure  1.  Vibrating  beam  test  specimens 


By  means  of  the  vibrating  beam  test, 
one  can  determine  the  complex  Young's 
modulus  Ed  (l+inD)  of  the  applied  layer 
or  the  shear  modulus  G  (1+irit)  for  the 
damping  material  in  the  coreuof  the  sand- 
which  beam.  The  values  of  G  and  n ' D  or 
Ejj  and  n„  are  calculated  from  the  measured 
resonantrrequencies  and  modal  damping 
(half-power  bandwidth)  at  each  selected 
temperature.  While  the  procedure  de¬ 
scribed  seems  simple,  great  care  should 
be  taken  in  measurement  because  it  is 
easy  to  introduce  small  errors  in  the 
measured  quantities,  and  this  can  lead 
to  very  large  errors  in  the  calculated 
values  of  G-  and  n’D  or  ED  and  nD,  as 
will  be  discussed  presently. 


The  homogenous  beam  type  specimen 
is  used  for  stiff  materials,  such  as 
epoxies  and  plastics,  which  are  self 
supporting  at  ordinary  temperatures 
i.e.,  have  Young's  moduli  greater  than 
106psi 

|E  | >106lb/in2  or  6.89  x  109  N/m2 


Figure  2.  Block  diagram  of  test  system 


2.3  EXTERNALLY  COATED  BEAMS 
2.3.1  Equations  and  Criteria 

For  the  beam  with  the  clamping 
material  coated  on  one  side  only, 
the  complex  Young's  modulus  is  derived 
from  formulae  due  orginally  to  Oberst 
[7],  these  are: 


»?- 1+pDhP 


l+2ne  (2+3n+2n2)+e2n't 


en  3+6n+4r?  +2er?  +e^  n^ 
1+en  _l+2en (2+3n+2n2)+e2n4, 


where  e=En/E  and  n=hD/h.  In  these  for¬ 
mulae,  Z2Uis  calculated  from  the 
measured  resonance  frequencies,  f  ,  of 
the  mth  mode  of  the  damped  beam  and  the 
measured  frequencies,  f  ,  of  the  un¬ 
damped  beam  and  e  is  then  deduced  from 
equation  (1).  nD  is  then  calculated 
from  equation  (2T»  this  value  of  e,  and 
the  measured  value  of  the  modal  damping 
n  .  In  fact,  after  some  algebraic 
manipulation,  the  following  equation 
for  e  in  terms  of  Z2  and  n  can  be  de¬ 
rived 

e  .  [-(4+6n+4n2-Z2)n  +  «£2  (4+6n+4u2-Z2)2+4n2  (Z2-l)  ]/2n4 

(3) 

In  order  to  obtain  satisfactory  test 
results  by  this  method,  the  beam  length 
L  should  not  be  less  than  7  inches  (178 
mm)  and  the  thickness  should  not  be  less 
than  about  0.05  inches  (1.27  mm)  be¬ 
cause  of  machining  difficulties.  For 
ambient  temperature  tests  (below  300°F/ 
149°C)  aluminum  beams  would  normally  be 
used,  while  for  high  temperature  tests 
(up  to  2000°F,  1093°C)  steel  or  super¬ 
alloy  beams  would  normally  be  used. 

On  the  other  hand,  for  the  sandwich  beam 
test,  steel  or  aluminum  beams  could  be 
used,  as  will  be  discussed  presently. 


For  the  beam  with  the  damping  ma¬ 
terial  coated  symmetrically  on  both 
sides,  the  complex  Young's  modulus  is 
derived  from  the  simpler  formulae  [8] : 


ED=E(Z2-l)/[8n3+12n2+6nj ,  (4) 


nD=I,mz2/,*z2-1* ' 


where  Zz=(l+2pnn/p) (f  /f  )2  and  tin  and 

n  are  defined  as  before.  mIn  theseufor- 

mulae  Z2  and  n  are  determined  as  before, 
m 

2.3.2  Sources  of  Errors  for  externally 
coated  beams 

For  the  vibrating  beam  tests,  as 
for  any  other  measurement  technique, 
errors  in  the  measured  complex  moduli 
of  the  material  being  evaluated  can 
arise  from  several  possible  sources, 
including 

(a)  specimen  perparation  e.g.  poor 
adhesion,  voids,  slipping  in 
fixture  grips  non-uniform  thick¬ 
ness,  etc. 

(b)  temperature  control  -  the  speci¬ 
men  temperature  may  not  be  that 
indicated  by  the  thermocouple, 
there  may  be  thermal  lag  (in¬ 
sufficient  time  for  thermal 
equilibrium  to  be  reached) 

or  there  may  be  non-uniformity 
of  temperature  distribution 
within  the  specimen. 

(c)  Errors  in  measuring  resonant 
frequencies  -  these  can  arise 
because  of  too  high  a  frequency 
sweep  rate,  nonlinear  response 
(especially  of  the  undamped 
beam)  and  distortion  of  measured 
signals  (hence  the  need  to  al¬ 
ways  monitor  "input"  and  "out¬ 
put"  signals  for  proper  wave 
form) . 

(d)  Errors  in  measuring  modal  damping 
arising  from  closely  spaced 
modes,  extraneous  sources  of 
damping  (e.g.  damping  in  grips) , 
and  erroneous  interpretation  of 
non-linear  response  in  terms  of 
apparently  increased  damping. 

(e)  Error  magnification  -  the  effect 
of  unstable  regions  in  the  equa¬ 
tion  being  used  to  derive  the 
complex  moduli  from  the  measured 
quantities.  As  an  example,  in 
the  "Oberst"  equations  (1)  and 
(2),  or  the  "modified" "Oberst" 
equations  (4)  and  (5) ,  the  term 
(Z2-l)-1  acts  to  magnify  errors 
in  n  or  f  and  as  Z2 — *1,  this 
factor  becomes  infinite l! 

One  must  therefore  be  con¬ 
stantly  aware  of  these  and  other 
possible  sources  of  erroneous 
data  and  apply  every  possible 
precaution  both  in  obtaining 
the  data  and  in  interpreting  and 
utilizing  it.  Figure  3  shows  the 
typical  variation  of  error  mag¬ 
nification  with  Z2  for  a  speci- 


1 


3 


. 


fic  value  of  n  for  a  non-sym- 
metric  externally  coated  beam, 
based  on  equation  3  (see 
reference  8  for  symmetric  beam) • 

(f)  Long  term  changes  in  humidity 
can  be  a  factor  for  some  cases; 
materials  should  be  stored  in  a 
constant  humidity  environment 
until  ready  for  evaluation. 

Once  a  sandwich  beam  is  assembled, 
typically  the  humidity  effects 
are  insignificant.  However, 
this  may  not  be  the  case  for 
externally  coated  be  aims . 

(g)  Positioning  of  pickup  and  ex¬ 
citation  points  -  at  some 
temperatures,  certain  modes  may 
not  be  well  conditioned  for 
accurate  observation.  Moving 
the  points  can  help  improve  the 
signal  to  noise  ratio. 


X  «*rs?  n-1 
•  sandwich  ;D-.1 

O  sandwich 


Figure  3.  Errors  as  function  of  Z 
2.4.  SANDWICH  BEAM  TEST  METHOD 
2.4.1.  Equations 

The  sandwich  beam  test  is  appropri¬ 
ate  for  measurements  on  elastomeric 
materials  in  the  range  5  lb/in2  (3.45  x 
105  N/m2<E  <  5  x  10s  lb/in2  (3.45  x  109 
N/m2)  and  u.01<nD<2.0,  provided  that  care 
is  taken  in  regard  to  choice  of  specimen 
demensions  and  specimen  preparation. 

For  the  symmetric  sandwich  beam 
(Figure  1) ,  the  approach  is  based  on  a 
set  of  eqrations  due  to  Kerwin  and 
others,  reduced  to  an  uncoupled  form. 

The  shear  modulus,  G  ,  and  loss  factor, 
ni,  of  the  viscoelastic  material  may 
tnen  be  derived  from  the  equations.  The 
now  classical  equation  of  Ross,  Kerwin 
and  Ungar  are,  for  the  symmetric  sand¬ 
wich  beam  in  the  current  notation  [9] : 


(Ei,eT"  +  Eh(h+hD)2I+2iF  (6) 


when  (El)*  is  the  equivalent  complex 
flexural  erigidity  of  the  three  layer 
sandwich  [=(EI)  (1+in  )]  and  g*  is  the 
shear  parameteregiven™by : 


EhVm 

Equation  (6)  and  (?)  may  be  solved  to 
give  simple  algebraic  equations  for  GD 
and  n'D,  namely; 


[A-B)  -2  (A-B)  2-2  (Anm)  2 ]  [Ehh^/L2 ) 
(1-2A+2B) 2+4 (Anm) 2 


n,D=Anm/[A-B-2(A-B)2-2(Anm)2]  (9) 

where 

A= (fm/fom) 2 (2+Pphj/ph) (B/2)=BZ2  (10) 


Z2=(l+PDV2PhHfm/fom)2  <n> 

B=l/6 (l+hD/h) 2  (12) 

It  should  be  noted  that  bending  of  the 
viscoelastic  core  is  neglected  in  equa¬ 
tion  (5).  However,  for  most  cases 
where  the  core  is  not  too  stiff  or  thick, 
these  terms  are  not  significant.  The 
eigenvalues  5  define  the  relationship 
between  the  resonant  frequencies  of  the 
uncoated  individual  beams,  and  the  modu¬ 
lus  E,  by  the  classical  relationship 


Ph“2omL4/(Eh3/12)=5m4  (13) 

The  first  six  eigenvalues  of  the  canti¬ 
lever  beam  system  are: 

5j  =  3.515 

?2  =  22.0345 

53  =  61.6970 

54  =  120.902 

55  =  199.866 
5s  =  298.56 

Finally,  it  should  be  noted  that  for 
most  elastomeric  materials,  E^  =  3GD  and 


nD  =  nD'  [10] ,  so  that  results  from 
sandwich  and  externally  coated  beams 


can  be  compared. 


2.4.2. 


Source  of  errors  for  sandwich 
beams 


The  sources  of  error  are  precisely 
the  same  as  delineated  for  the  exter¬ 
nally  coated  beams,  although  the  magni¬ 
tudes  may  be  somewhat  different.  For 
example,  Figure  3  shows  the  effect  of 
errors  in  the  frequency  parameter  Z2  on 
the  GQ,  as  a  function  of  Z2.  It  is  seen 
that,  in  this  case,  errors  are  magnified 
for  values  of  Z2  near  1.0. 


Furthermore  the  combination  of  ex¬ 
perimental  errors  and  approximations  in 
the  derivation  of  equation  (6)  usually 
result  in  unacceptable  errors  in  data 
obtained  from  the  first  bending  mode. 
Therefore,  this'  mode  should  normally  be 
omitted  when  testing  sandwich  beams. 


2.4.3.  Tolerances  and  recommended 
dimensions 


In  conducting  tests  with  the  sand¬ 
wich  technique,  it  is  vital  that  each 
metal  beam  be  matched,  i.e. ,  that  dimen¬ 
sions  are  matched  extremely  closely  and 
that  the  resonant  frequencies  f  of  the 
individual  beams  be  well  matched  also 
(within  1%).  Beam  thicknesses  less 
than  0.05  inches  (1.27  mm)  should  be 
avoided,  again  mainly  because  of  machin¬ 
ing  difficulties.  The  thickness  hD  of 
the  damping  material  being  evair  ted 
should  not  be  less  than  0.005  inches 
(0.127  mm),  and  preferably  much  more, 
because  of  difficulties  in  controlling 
the  dimensions  of  the  composite  specimen. 
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Figure  4.  Sandwich  beam  specimen 
Recommended  specimen  dimensions  for  sand¬ 
wich  beams  (figure  4)  arc: 

L=7  ins  ±0. 0C2  ins  (177. 8mmi0. 05mm) 
1=1.125  ins  ±1/64  in  (28. 58mm±0.4Cmm) 


n=0.07  ins  ±0.0005  in  (1. 778mm±0. 018mra) 


h_=0 . 005  ins  to  0.05  in  ±  0.001  in 
D  (0.127mm  to  1.27mm±0.025mm) 
b=0. 45  ins  ±0.001  in  (11.43mm  ±0.03mm) 


h  =h  -=0.25  ins  ±0.005  in  (6.35rare±0.12mm) 
si  s?. 


For  the  thickness  h  the  tolerances  are 
especially  important,  since  the  two 
aluminum  beams  must  form  a  matched  pair, 
having  very  close  resonant  frequencies 
when  tested  individually.  For  example. 


if  h.=0. 070"+0. 0005  and  h,+0.070"- 
0.0005,  the  n  resonant  frequency  of 


each  beam  will  differ  by  the  ratio 


0. 070+0.0005  =  0.0705  _  , 
0.070-0.0005  =  0.0695  * 


which  represents  a  difference  of  over 
1.4%.  If  f  =1000  Hz  nominally,  the 
difference  mcouJd  be  as  high  as  14  Hz 
in  this  case,  which  is  significant. 

What  this  part  of  the  specification  means, 
therefore,  is  that  the  tolerances  of 
each  pair  of  beams,  while  lying  within 
the  above  limits,  at  all  points  along _ 
the  beam,  must  do  so  as  a  pair  i.e.,  if 


h^  is  oversize,  so  must  hg  be  by  an 


equal  amount,  this  means  that,  as  beams 
are  made,  they  must  be  matched  in  pairs. 
A  vibration  test  is  needed  to  verify 
this  matching. 


Each  metal  beam  must  Le  vibration 
tested  at  several  temperatures  to  deter¬ 
mine  the  first  four  or  more  resonant 
frequencies  (f01»  f02*  f03»  f04  *  *  •) 
which  must  be  within  1.0%  of  each  other 
at  all  temperatures  of  concern. 


2.4.4.  Surface  preparation  and  fabrica¬ 
tion  ior  sandwich  specimens 


The  matched  pair  of  metal  beams  must 
be  cleaned  and  degreased.  The  surface 
should  be  primed,  where  appropriate. 

The  thickness  of  the  primer  should  not 
exceed  0.0005  inches  (0.0127mm)  under 
any  circumstances.  The  damping  material, 
in  a  thickness  from  0.005  ins.  (0.127mm) 
to  0.05  inches  (1.27mm),  is  then  clamped 
between  the  two  beams  in  an  appropriate 
fixture  and  bonded  directly  in  place  with 
heat  and  modest  pressure,  as  needed 
(see  Figure  5).  The  spacer,  equal  in 
thickness  to  the  damping  material,  should 
be  glued  in  place  at  the  same  time  as  the 
damping  material  is  set  in  place.  A 
thin  layer  of  good  adhesive  will  be  used. 
For  example  a  cyano-acrylate  adhesive  can 
be  used  up  to  about  200°F  (100°C) .  If 
an  epoxy  adhesive  is  needed  for  any  parti¬ 
cular  case  e.g.  at  higher  temperature, 
its  cured  thickness  should  not  exceed 
0.002  inches  (0.051mm),  and  care  should 
be  taken  to  insure  this,  and  h.,  should 
not  be  less  than  0.01  ins  (0.254  mm). 


ELASTOMER  (D 


Undamped  beam 


Each  beam  should  be  set  in  the  Bruel 
Kjaer  complex  modulus  apparatus  (or 
ivalent  system)  and  excited  through  a . 
netic  transducer  or  shaker.  The  pick- 
should  be  by  means  of  an  accelerometer 
another  transducer.  A  small  soft  iron 
c  feO.l  gm  weight)  should  be  glued  on 
beam  under  the  transducer  so  as  to 
vide  the  appropriate  magnetic  interac- 
ns.  A  microminiature  accelerometer 
g.  Endevco  type  22)  with  lightweight 
le  should  generally  be  used  for  pick- 
except  at  very  high  temperatures.  The 
elerometer  must  weigh  less  than  0.25 
ms.  An  accelerometer  is  generally  more 
sitive  than  another  magnetic  transducer 
pickup,  and  avoids  the  problems  of 
ss-coupling  of  the  driving  and  pickup 
nals. 

The  vibration  test  system  must  produce 
ts  of  amplitude  (velocity  or  accelera¬ 
nt  versus  frequency.  From  these,  one 
identify  the  first  four  (or  more) 
onant  frequencies  ffll,  ffl2,  fQ3,  f0.. 
modal  damping  of  tne  individual  beam, 

ined  as  (f  „-f  "j/f _ '  must  be  less 

n  (h  002  t D?mev8?y  m88e.  Here  f 
f  ~  are  the  frequencies  at  whicAthe 
litude  is  0.707  times  the  maximum  ampli- 
e  at  the  frequency  f  (3  db  below) . 
m  this  data,  one  car,  select  the  matched 

ms,  having  all  relevent  values  of  f _ 

hin  ±1.0%.  om 


loose  clamps,  bad  transducers  or  cables, 
or  malfunctioning  electroncs . 

b.  Integrate  the  acceleration  signal 
electronically.  This  has  the  effect  of 
looking  at  "velocity"  instead  of  "accelera 
tion" . 

c.  Try  another  pickup  position  on  the 
beam. 

d.  Try  another  (usually  lower)  thick¬ 
ness  of  damping  material. 

e.  Try  filtering  the  output  signal  - 
but  this  must  be  done  very  carefully  in 
order  not  to  obscure  a  problem! 
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Figure  6.  Typical  response  spectra 
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Other  methods  of  measuring  the  modal 
damping  n  are  also  usable.  For  example, 
one  couldnplot  a  graph  of  the  real  part 
of  the  response  versus  the  imaginary 
part  (Nyquist  diagram)  and  estimate  n 
from  the  circular  arc  trace  near  each11 
resonant  frequency.  Equally,  the  sig¬ 
nals  to  the  driver,  and  from  the  accele¬ 
rometer,  can  be  treated  as  analoy  voltage 
or  they  may  be  handled  digitally.  The 
end  results,  provided  that  the  signals 
are  adequate,  should  be  identical.  How¬ 
ever,  it  is  not  the  purpose  of  this  paper 
to  discuss  test  techniques  in  detail. 

2.5.3.  Data  Acquisition 

For  each  "good"  point,  obtained  as 
described  already,  the  resonant  frequency 
f  is  measured  for  each  mode  (m=2,3,4) 
and  temperature.  Also  measured  are  the 
frequencies  f  and  f ”  for  which  the 
amplitude  of  mthe  voltmeter  signal  is 
3db  (0.707  times)  lower  than  the  maxi¬ 
mum  amplitude  at  f  .  Note  the  results 
in  Table  1.  The  frequencies  should  be 
read  on  the  frequency  counter.  The 
precision  of  measurement  should  be 
±0.1  Hz,  and  at  least  one  repeat  cycle 
of  the  counter  should  be  observed  before 
writing  down  the  figure. 

— The  waveforms  should  be  noted  on 
the  oscilloscope.  If  a  non-sinsuosoidal 
shape  is  noted  on  the  oscilloscope,  re¬ 
ject  the  point  and  check  the  system. 

— For  each  temperature,  a  response 
spectrum  such  as  in  Figure  6  should  be 
obtained  to  verify  that  the  peaks  are 
"good"  as  described  above,  and  to  avoid 
spurious  peaks  caused  by  the  line  pick¬ 
ing  up  stray  voltages  (usually  multiples 
of  60  Hz)  or  fixture  resonances.  Some 
such  peaks  can  be  seen  in  Figure  6.  They 
must  be  watched  out  fori 

2.5.4.  Data  Reduction 

No  matter  which  beam  type  of  specimen 
is  used,  each  test  "point"  consists  of  a 
set  of  simultanously  measured  values  of 
temperature,  mode  number,  resonant  fre¬ 
quency  and  modal  damping.  Along  with 
the  corresponding  figures  for  the  un¬ 
damped  beams,  the  complete  set  of  data 
points  can  be  tabulated  as  in  Table  I. 

The  last  two  columns  represent  the  cal¬ 
culated  values  of  (E_  and  nD)  or  GD  and 
n'jj,  obtained  from  the  appropriateuequa- 
tions  and  beam  and  treatment  dimensions. 
The  set  of  values  of  temperature,  damped 
resonant  frequency,  G_  or  E_  and  n' 
comprise  the  raw  testudata  ufor  theu 
damping  material  being  evaluated. 

When  digital  data  reduction  techni¬ 
ques  are  used,  it  is  possible  to  auto¬ 
mate  the  entire  process  and  obtain  the 


nomograms  directly.  For  example,  it  is 
possible  to  display  the  data  directly  on 
a  cathode  ray  screen,  as  discussed  in 
reference  [11). 

An  important  step  in  evaluating  the 
validity  of  the  data  being  generated  by 
the  test  is  the  plot  of  n  »  f  and  f 
against  temperature.  Figure  7  shows0 
such  a  plot,  generated  from  the  test 
data  for  a  specific  damping  material 
given  in  Table  2.  Ideally,  of  course, 
one  would  wish  to  generate  such  graphs 
automatically  as  testing  proceeds,  but 
in  any  event  the  subjective  evaluation 
of  the  "raw"  test  data  in  this  way  is 
a  most  important  step.  The  appearance 
of  "bad"  data  at  this  point  should  be 
used  as  an  indicator  of  the  need  to 
pinpoint  problems  in  the  test  system  be¬ 
fore  too  much  effort  is  invested. 
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Figure  7.  Typical  graphs  of  ijm>  fm  & 
fQjn  versus  temperature 

2.5.5.  Test  temperatures 

The  tests  should  be  conducted  in  an 
ordered  sequence  of  selected  temperatures. 
For  example  75°F,  50°F,  25°F,  0°F,  repeat 
0°F ,  25°F ,  50°F,  75°F,  100°F,  repeat  100°F, 
75°F  (11  points  total)  might  be  used  for 
a  room  temperature  damping  material .  A 
15  minute  soak  should  be  allowed  after 
thermal  equilibrium  has  been  reached,  i.e., 
after  two  successive  readings  of  tempera¬ 
ture  at  1  minute  intervals  are  within  about 
±2°F  (1°C)  of  each  other.  Temperature 
should  be  measured  by  a  thermocouple 
embedded  in  the  specimen  at  the  root.  An 
initial  check-out  of  the  oven  should  veri¬ 
fy  that  temperatures  are  uniform  (i2°F)  at 
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all  points  along  the  beam,  at  all  tempera¬ 
ture  settings. 

3.  SPECIFICATION  OF  MATERIAL  PROPERTIES 

The  final  product  of  the  test  program, 
if  successful,  is  a  matrix  of  values  of 
Gp  and  n‘p  or  E_  and  nD  at  several  dis¬ 
crete  temperatures  andufrequencies.  It 
is  not  the  purpose  of  this  paper  to  des¬ 
cribe  all  the  available  approaches  toward 
analyzing  this  data.  For  purposes  of 
verifying  whether  a  candidate  material 
meets  the  specific  requirements,  however, 
one  must  compare  the  data  with  that  al¬ 
ready  known  from  prior  batches  of  the 
material. 

In  seeking  to  rationally  collapse 
this  data  into  a  useful  form,  one  would 
first  generate  a  graph  of  E_  (or  Gp)  and 
Hp  versus  a  reduced  frequency  fa„  where 
a_  is  a  "shift  factor"  depending  on  temp¬ 
erature  [12].  This  somewhat  tedious  task 
can  be  circumvented  by  utilizing  a  "re¬ 
duced  temperature"  nomogram,  as  des¬ 
cribed  in  reference  [13].  In  this  nomo¬ 
gram,  one  has  superimposed  a  series  of 
diagonal  lines  with  non-uniform  spacing, 
each  line  representing  a  fixed  tempera¬ 
ture.  The  development  of  this  nomogram 
is  described  in  reference  [13] ,  but  its 
use  is  extremely  simple.  For  each  mea¬ 
surement  point  (simultaneous  values  of 
temperature,  frequency,  E  and  nD)  one 
simply  looks  along  the  lower  horizontal 
axis  to  choose  a  diagonal  line  represent¬ 
ing  the  temperature,  then  along  the  diago¬ 
nal  line  until  the  horizontal  frequency 
line  is  cut,  as  in  Figure  8.  From  this 
intersection  point  X  one  then  moves 
vertically  up  or  down  to  plot  the  mea¬ 
sured  values  of  E  and  tip.  One  selects 
the  temperature  scale  arbitrarily,  but 
only  one  temperature  scale  will  collapse 
the  data  properly,  so  some  judgement  is 
needed  just  as  in  drawing  a  "reduced  fre¬ 
quency"  curve.  Figure  8  shows  a  plot  for 
3M-467  adhesive,  based  on  test  data  given 
in  Table  2. 

Data  obtained  by  the  sandwich  beam 
method  agrees  well  with  that  obtained  by 
other  methods  [12]. 

The  graph  shows  the  test  data  direct¬ 
ly  as  a  function  of  frequency  and  tempera¬ 
ture.  The  scatter  between  test  points  is 
available,  one  can  then  draw  upper  and 
lower  limit  lines  for  Ep  and  for  r,p. 
Sometimes  an  upper  limit  is  not  desired 
for  Hp,  but  the  range  and  limits  depend 
entirely  on  the  sensitivity  of  the  appli¬ 
cation.  What  is  important  is  the  fact 
that  users  and  suppliers  of  damping  materi¬ 
als  have  a  tool  for  directly  specifying 
the  damping  performance  they  wish  to 
duplicate  in  future  batches  of  material 
(based  on  tests  of  ar.  initial  batch)  and 
a  means  for  determining  directly  whether 


or  not  measured  test  data  does  or  does 
not  lie  within  this  specification. 
Clearly,  wisdom  and  judgement  is  needed 
to  use  such  a  specification,  but  that 
problem  has  always  existed  so  far  as 
specifications  are  concerned. 


Figure  8.  Reduced  temperature  nomogram 

for  material  with  hypothetical 
acceptance  limits  added 

SUMMARY  AND  CONCLUSIONS 

Details  of  the  utilization  of  a 
resonant  beam  technique,  particularly 
with  a  sandwich  configuration,  have 
been  presented  of  soft  viscoelastic 
materials.  Recommended  specimen  geo¬ 
metries  and  testing  procedures  have  been 
described. 

Finally  use  has  been  made  of  a  new¬ 
ly  developed  "reduced  temperature"  nomo¬ 
gram  to  create  a  simple  process  for  speci¬ 
fying  the  required  damping  properties  of 
a  material,  based  on  resonant  beam  tests 
for  an  initial  or  reference  "batch"  or 
"sample".  Such  a  specification  allows 
one  to  set  rational  goals  in  regard  to 
quality  and  batch  control,  but  must  be 
used  with  the  same  care  as  all  specifi¬ 
cations,  since  over-or-under  specifica¬ 
tion  is  always  a  potential  source  of 
unexpected  problems. 
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NOMENCLATURE 

A,B  non-dimensional  parameters 

b  breadth  of  beam 

D  suffix  denoting  damping  material 

e  Ep/E  -  modulus  ratio 

E  Young's  modulus  of  metal  beam 

material 

E_  real  part  of  complex  Young's 

‘  modulus  of  damping  material 

f  frequency  (Hertz) 

f  mth  natural  frequency  of  undamped 

om  beam 


mth  resonant  frequency  of  damped 
beam 

real  part  of  complex  shear  modulus 
of  damping  material 

thickness  of  beam 

thickness  of  root 

length  of  root 

Length  of  beam 

mode  number 

thickness  ratio  hD/h 

temperature 

reference  temperature 

non-dimensional  parameter 

temperature  shift  factor 

shear  loss  factor  of  damping  material 

loss  factor  of  beam  specimen  in 
mth  mode 

extensional  loss  factor  of  damping 
material 

wavelength  of  mth  mode 
mth  eigenvalue  for  beam 
density  of  metal  beam 

density  of  damping  material 

circular  frequency 

mth  circular  frequency  of  damped 
beam 

mth  circular  frequency  of  undamped 
beam 
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.070  ms.  (1* 78mm)  /  h  =0.008  ins. (0*20mm) ,  L=7.0  in.  (178mm) 


DISCUSSION 


Mr.  Wada.(Jet  Propulsion  Laborator 
In  relation  to  the  first  resonant  frequency 
in  the  calculation  of  damping,  physically  why 
do  you  throw  out  the  first  mode  of  a  cantiliever 
beam? 

Mr.  Henderson:  For  years  we  did  that  because 
the  data  never  looked  good.  More  recently  I 
have  been  given  another  explanation  which  I  am 
still  in  the  process  of  checking  out  through 
usually  reliable  sources.  Looking  back  to 
what  Ross,  Ungar  and  Kirwin^did  in  their  initial 
equations,  they  expanded  the  mode  shapes  in 
terms  of  sinusoidal  functions  for  a  pin-pin 
beam  and  they  made  certain  approximations  in 
their  equations  as  a  result  of  this.  I  think 
that  really  the  reason  is  the  first  mode  shape 
in  a  cantilever  beam  is  not  accurately  described 
by  this  kind  of  expansion.  You  run  into  a 
mathematical  problem  of  using  the  simplifications 
that  Ross,  Ungar  and  Kirwin  applied  to  a  canti¬ 
lever  beam  as  opposed  to  a  pin-pin  beam. 

Mr.  Wada:  So  its  not  really  in  the  data  it  is 
in  the  mathematical  representation. 

Mr.  Henderson:  That  is  what  I  am  hearing  now 
and  I  tend  to  believe  it  but  I  have  to  go  back 
and  check  that  myself. 

(1)  D.  Ross,  E.E.  Ungar  and  E.M.  Kerwin,  J.R. 
1959,  Structural  Damping,  American  Society  of 
Mechanical  Engineers  49-87. 


A  REDUCED- TEMPERATURE  NCMOGRAM  FOR  CHARACTERIZATION 
OF  DAMPING  MATERIAL  BEHAVIOR 


David  I.G.  Jones 
Air  Force  Materials  Laboratory 
Wright-Patterson  Air  Force  Base,  Ohio  45433 


An  adaptation  of  the  well  known  "reduced- frequency"  concept  for  linear 
damping  materials  is  made,  so  as  to  produce  a  "reduced- temperature"  nomo¬ 
gram.  This  simple  nomogram  has  the  advantage  of  allowing  one  to  directly 
read  off  the  complex  modulus  properties  of  damping  materials  at  any  given 
temperature  and  frequency,  without  the  need  for  intermediate  calculations 


1.  INTRODUCTION 

It  has  been  known  for  many  years  that  most, 
if  not  all,  elastomeric  type  materials  used  for 
vibration  control  and  isolation  have  dynamic 
properties  which  depend  strongly  on  temperature 
and  frequency.  It  is  also  well  accepted  that 
the  temperature  and  frequency  variables  can  be 
combined  into  a  single  variable,  called  the 
reduced  frequency  faT,  so  that  the  shear  modu- 
is  EjO  and  the  loss 
fa„.  Such  "universal 
using  experimental 
data  for  each  material  at  many  discrete  tempera¬ 
tures  and  frequencies,  by  empirically  choosing 
a™  for  each  temperature  T  in  such  a  way  as  to 
give  the  "best  fit"  of  the  data. 

The  graphs  of  Eg  and  rig  versus  fa-  and  of 
aT  versus  temperature  T  contain  all  the  informa¬ 
tion  necessary  to  characterize  a  given  material 
at  any  selected  frequency  and  tt  perature.  How¬ 
ever,  it  has  always  been  tedious  to  construct 
such  curves  from  the  test  data  and  just  as 
tedious  to  use  the  curves  for  interpolation  of 
data  to  perform  calculations  or  for  generating 
materials  specifications  or  for  any  other  appli¬ 
cations.  What  is  needed,  and  has  been  needed 
for  a  very  long  time,  is  a  useful  "reduced 
temperature"  concept  in  place  of  the  important 
but  difficult  to  use  "reduced  frequency"  concept 

The  aim  of  this  paper  is  to  show  how,  once 
the  master  "reduced  frequency"  plot  has  been 
drawn,  it  is  a  very  simple  task  to  go  the  one 
step  more  that  is  necessary  in  order  to  create 
a  "reduced  temperature"  plot.  This  is  done  by 
superimposing  oblique  coordinates  on  the  master 
curve  to  represent  the  temperature  variations. 

The  resulting  nomogram  is  a  simple  multiple 
scale  graph  containing  all  data  in  a  form  direct¬ 
ly  readable  from  the  axes  representing  tempera¬ 
ture  and  frequency.  The  nomogram  is  extremely 
useful  for  data  extrapolation,  data  reduction 
or  material  specification.  Examples  are  given 


lus  G_  (or  Young's  MJduli 
factor  nn  depend  only  on 
curves"  are  constructed. 


illustrating  the  development  and  use  of  typical 
nomograms. 

2.  MODELIZATION  OF  LINEAR  RHEOLOGICAL  BEHAVIOR 


Characterization  of  Linear  Behavior 
(Complex  Moduli) 


For  many  rubberlike  or  linear  rheological 
materials,  the  hysteresis  locp  of  the  stress1- 
strain  relationship  is  not  thin  but  is  close  to 
being  an  ellipse.  The  shape  of  the  loop  does 
not  change  greatly  with  amplitude,  within  a 
certain  range,  and  the  area  enclosed  by  the 
loop  is  nearly  proportional  to  the  square  of 
the  strain  amplitude,  other  tilings  being  equal. 
In  this  case,  although  the  shape  of  the  stress- 
strain  curve  does  not  appear  to  support  such  a 
point  of  view,  the  damping  may  be  regarded  as 
linear,  and  a  very  convenient  and  simple  repre¬ 
sentation  of  the  stress-strain  behavior  is 
possible,  namely  the  complex  modulus  representa¬ 
tion  (1-5),  which  we  shall  now  briefly  suimarize. 


Consider  a  hypothetical  elliptical  hystere¬ 
sis  loop  as  in  Figure  1.  The  approximate  equa¬ 
tion  of  this  ellipse  is: 

cr  =  o0  |e/eo  t  Op*'1  -(e/e q)^  }  (1) 

where  oq,  eo  and  nD  are  def,*vd  in  Figure  1, 
nn  being  at  this  point  only  a  measure  of  the 
thickness  of  the  hysteresis  loop.  In  this 
equation,  the  +  sign  relates  to  the  loading  part 
of  the  cycle  and  the  -  sign  relates  to  the  un¬ 
loading  part  of  the  cycle.  The  positive  square 
root  is  implied  in  equation  (1),  of  course. 


Now  if  e  =  eo  sin«t,  where  u  is  the  fre 
quency,  equation  (1)  becomes: 


a  =  o0  (sin  ut  +  nnlcos  «t|) 

D  (2) 

=  oo  (sin  *»t  +  rig  cos  wt) 
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Fig.  1.  Hysteresis  loop  for  linear 
rheological  material. 


cosutis+,(.jt  =  -90°  to  +90° ,  corresponding  to 
the  loading  part  of  the  cycle  (+  sign),  and 
cos  tot  is  negative  from  ut  =  +90°  to  +270°, 
corresponding  to  the  unloading  part  of  the  cycle 
(-  sign).  Since  we  know  the  first  derivative 
of  sin  ut,  equation  (2)  gives: 

°e  =  ED{«+i“(ni/l"l)4l 

(4) 

-  ^p(l+iQp)  ** 


This  is  the  well  known  complex  modulus  repre¬ 
sentation  of  linear  rheological  material  behav¬ 
ior  under  harmonic  excitation.  nD  is  a  measure 
of  the  damping  and  is  called  the  loss  factor. 
Note  that  Qj/E-  is  sometimes  known  as  the  loss 
modulus.  In  practical  cases,  both  Ep  and  np 
are  functions  of  frequency,  temperature  and 
strain  level,  but  the  concept  is  still  useful 
in  a  wide  variety  of  problems,  even  those  in¬ 
volving  non- sinusoidal  excitation. 

Similar  considerations  apply  to  deforma¬ 
tions  in  shear,  so  that  the  relationship  between 
the  shear  stress  ag  and  the  shear  strain  4  is: 

os  =  GpCl+itip)*  (5) 

where  Gq  is  the  real  part  of  the  shear  modulus 
and  n5  1S  the  shear  loss  factor,  usually  con¬ 
sidered  to  be  equal  to  tip. 


Effects  of  Temperature  and  Frequenc 


One  of  the  ways  in  which  the  large  number 
of  available  linear  rheological  materials  dif¬ 
fer  from  each  other  is  by  the  variation  of  Ep 
and  np  with  frequency,  tenperature,  strain 
amplitude  and  pre-stress.  Temperature  is  by 
far  the  most  important  factor  since  Ep  can  vary 
by  as  much  as  four  orders  of  magnitude  over  a 
narrow  temperature  range  in  some  cases.  The 
variation  of  Young's  modulus  Ep  (or  shear  modu¬ 
lus  Gp)  and  loss  factor  np  with  temperature  at 
fixed  frequency  and  cyclic  strain  amplitude  are 


typically  of  the  form  shown  in  Figure  2.  Three 
distinct  temperature  regions  are  observed, 
namely  the  glassy  region,  the  transition  region 
and  the  rubbery  region.  In  the  glassy  region 
Ep  is  high  and  np  is  low;  in  the  transition 
region  Ep  varies  more  slowly  with  temperature 
and  np  is  high;  and  in  the  rubbery  region  Ep 
varies  more  slowly  with  temperature  and  no  1S 
lower  than  in  the  transition  region,  although 
not  as  low  as  in  the  glassy  region.  At  the 
very  highest  temperatures,  irreversible  thermal 
decomposition  of  the  material  occurs.  Although 
the  variation  of  complex  modulus  properties 
with  frequency  is  less  drastic  than  with  temper- 
ture,  it  is  often  important.  Fbr  a  typical 
material,  graphs  of  Ep  and  np  versus  tenperature 
for  a  nnrber  of  frequencies  might  look  as 
sketched  in  Figure  3. 
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Figure  2.  Complex  modulus  dependence 
on  temperature. 


FREQUENCY  ( LOG  SCALE)  FREQUENCY  (LOG  SCALE) 

Figure  3.  Dependence  of  complex  modulus 
or  frequency. 


If  che  effects  of  frequency  on  damping 
material  behavior  are  taken  into  account,  one 
of  the  most  useful  techniques  for  presenting 
the  experimental  data  is  by  means  of  the 


ti 


temperature- frequency  equivalence  (reduced 
frequency)  for  linear  rheological  materials 
(6-8).  In  this  approach,  both  (T  po/Tp)  x  Ej) 
and  np  are  plotted  against  the  so-called 
reduced  frequency  parameter  f.a~,  where  f  is 
the  actual  frequency,  op  is  a  function  of  the 
absolute  temperature  -p,  and  Tq  is  a  reference 
temperature ,  again  on  the  absolute  scale. 
Frequently  T0/T  and  the  density  ratio  p0/p 
are  taken  to  be  1.0  over  a  wide  temperature 
range  and  are  ignored  with  little  significant 
errors.  The  preparation  of  "master  curves"  of 
Eg  and  an  against  f.aj  is  extremely  useful  for 
extr*.  -dating  test  results  obtained  at  discrete 
frequencies  and  temperatures.  For  example,  in 
a  test  series  one  may  have  data  over  the  fre¬ 
quency  range  100  to  1000  Hz  and  a  temperature 
range  from  0°C.  to  100°C.  and  wish  to  estimate 
the  properties  at  S0°C.  and  2  Hz.  In  order  to 
achieve  this,  one  first  uses  the  available  data 
to  produce  a  best  fitting  set  of  master  curves. 
The  process  is  most  satisfactorarily  accom¬ 
plished  empirically  by  judging  the  factor  otj. 
on  the  basis  of  the  shift  needed  to  make  the 
curve  of  log  Ejjj  versus  log  (frequency)  as  in 
Figure  3,  at  temperature  T;(  i  *  *1,2,.  .  .), 
match  as  closely  as  possible  the  curve  of  En 
versus  frequency  at  temperature  T  ,  while  at 
the  same  time  matching  the  curves °of  nD  versus 
frequency  at  temperatures  T  and  T  ,  to  produce 
curves  like  those  shown  in  Figures.  In  this 
way,  the  limitations  of  the  measuring  techniques 
can  be  at  least  partly  compensated  for.  lypi- 
cally,  aj  will  vary  with  temperature  in  the 
manner  illustrated  in  Figure  5 . 
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Figure  4.  Reduced  variables. 


3.  TEST  RESULTS 


A  number  of  materials  have  already  been 
evaluated  for  damping  behavior,  using  resonance 
arid  resonant  beam  tests  (8) ,  including  an  acry¬ 
lic  adhesive  (9),  a  filled  silicone  elastomer 
(10),  a  silicone  potting  compound  (11)  and  a 
vitreous  enamel  (12),  as  well  as  several  other 
materials.  Some  of  the  test  data  is  summarized 


in  Tables  1  through  4.  The  reference  tempera¬ 
ture  T0  and  the  shift  factor  at  each  temper¬ 
ature  T  were  selected  so  as  to ‘give  a  "best  fit" 
of  the  experimental  data  in  the  "reduced  fre¬ 
quency"  plot.  Figure  S  shows  the  graph  of  ccj. 
versus  temperature  difference  T-Tg,  when  T0 
is  chosen  suitably  for  each  material  so  as  to 
generate  a  "universal  curve"  of  aj  versus  T-T0, 
in  the  usual  manner.  Figure  6  to  9  show  graphs 
of  Eq  and  np  versus  reduced  frequency  fa^  for 
the  tour  materials  considered  here. 


The  graph  of  versus  T-T0  can  be  repre¬ 
sented  by  the  following  empirical  equation, 
based  on  the  WLF  equation  (7,13): 
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Figure  5.  Graph  of  a™  versus  tempera¬ 
ture  difference. 
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Figure  6.  Reduced  variables  applied  to 
acrylic  adhesive. 
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lO». 


FioV 


TEMPERATURE 

iKrcwcTO'CKrejOT  Kretrc-iot  -*rc 

■  Jitri  i  iuft  1 1  wfc  tim/mm 


function  of  frequency  at  a  constant  temperature, 
say  Tj,  can  be  considerable  simplified  by  de¬ 
fining  an  auxiliary  function  fjcrp. ,  where  aXj 
is  the  value  of  ax  at  temperature1!!  (see 
Fig.  S)  and  fj  is  the  frequency  in  hertz, 
fjaj-  is  plotted  as  a  function  of  fj  using  the 
saireabsissca  as  for  the  plots  of  Ep  and  no 
versus  fax,  and  an  auxiliary  frequency  scale 
given  as  the  ordinate  on  the  right  side  of  the 
figure.  (See  Fig.  4).  Each  point  of  each  ob¬ 
lique  line  fjcrp.  defines  a  reduced  frequency 
(f“T)Ti,fj  a*  1  frequency’  fj  from  which  Eg 
and  npar  temperature  Tj  andJ  frequency  fj  can 
be  determined  using  the  plots  of  Ep  and  Jnp 
versus  fax.  To  illustrate,  let  us  calculate 
the  values  of  Ep  and  op  at  temperature  T-i  and 
frequency  f.  The  intersection  of  the  horizon¬ 
tal  line  f  =  constant  (Line  CX)  with  fjax..(Line 
EX)  defines  a  value  ffajjfj  xi  (poipt  D)  o'f 
approximately  4  x  10z  Hz.  Jfor  this  value  of 
feu.,  it  follows  from  the  plots  of  Ep  and  np 
versus  fetj  that  Ep  =  10*  N/mS  and  np  =  1.2 
Another  equally  important  use  for  such  a  nomo¬ 
gram  is  to  reduce  the  data  in  the  first  place. 
For  if  one  selects  the  proper  position  for  T0 
and  the  interval  (aT)  between  TQ  and  T,  ,T2,  etc. 
then  the  grid  of  lines  can  be  used  to  place  the 
test  data  in  position  -  in  effect,  by  calcula¬ 
ting  fix-  according  to  the  assumed  TQ  and  AT. 
Only  one  combination  of  values  of  T  and  AT  win 
give  an  adequate  reduction  of  the  data  just  as 
in  the  original  reduced- frequency  approach  the 
values  of  aT  are  dictated  by  the  test  data. 
Figure  6  shows  the  application  of  the  nomogram 
for  plotting  the  test  data  given  in  Table  1. 

The  collapse  of  the  data  is  easily  achieved  once 
the  temperature  scale  is  properly  selected. 

This  is  clearly  a  matter  of  judgment,  but  not 
any  more  than  in  the  use  of  any  other  type  of 
scale.  Figure  7  shows  the  nomogram  applied  to 
the  silicone  potting  compound.  Even  if  one 
computerizes  this  data  handling  process,  judg¬ 
ment  is  still  needed  to  validate  the  best  fit 
obtained  by  a  "least-squares"  or  other  scheme. 
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Figure  10.  Nomogram. 

5.  CONCLUSIONS 

A  new  "reduced- temperature"  nomogram  has 
been  developed  which  greatly  simplifies  the 
task  of  collapsing  test  data  into  the  form  of 
universal  "reduced  frequency"  master  curves 
and  also  allows  one  to  read  the  materials  prop¬ 
erties  directly  off  the  graph  as  a  function  of 
both  frequency  and  temperature.  This  represents 
a  major  advance  in  handling  complex  modulus  data 
of  damping  materials. 
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APPENDIX  I  -  MEASUREMENT  TECHNIQUES 

A  great  variety  of  test  techniques  have 
been  developed  for  measuring  the  complex  modu¬ 
lus  properties  of  materials  (8,14,20).  Some 
of  the  techniques  are  difficult  to  use  and 
require  complex  electronic  instrunentation. 

The  techniques  used  to  obtain  the  data  evalua¬ 
ted  in  this  paper  are  relatively  simple  and 
include  the  classical  resonance  technique  (17) 
and  the  vibrating  cantilever  beam  technique 
with  the  darping  material  applied  as  a  single 
external  coating  (8,18),  a  syranetric  external 
coating  (18)  or  the  inner  layer  of  a  three  layer 
sandwich  beam  (19,20). 

RESONANCE  TESTS 


The  types  of  specimen  used  in  the  resonance 
tests  are  illustrated  in  Figure  11.  A  typical 
test  setup  block  diagram  is  shown  in  Figure  12. 
In  the  tests,  the  specimens  are  excited  harmon¬ 
ically  with  constant  acceleration  level  at  the 
shaker  table,  and  the  response  of  the  mass,  M, 
is  measured  by  means  of  an  accelerometer.  The 
input  acceleration,  X,  the  output  acceleration 
Y,  the  resonance  frequency,  f^,  and  the  temper¬ 
ature,  T,  are  measured  for  several  values  of 
the  mass,  M.  From  these  measured  quantitites, 
the  real  part  of  the  Young's  modulus,  ED,  and 
the  loss  factor,  7D,  are  derived  (8)  from  the 
relationships : 


nD  =  (A2-l)'%  (6) 

Ep  =  4*2f12T(Mun/3)/S(l+BS2/S12)  (7) 

Alternatively,  for  the  shear  specimen  (9) , 

Gq  =  47i2f12T  (M+m/3)  (1+t2/6R2}/S  (8) 


By  varying  the  input  level,  the  material  proper¬ 
ties  can  be  measured  over  a  wide  range  of  peak 
strain  levels  but,  in  the  present  tests,  levels 
were  kept  low  enough  to  remain  within  the  range 
of  linear  behavior.  The  primary  advantages  of 
the  resonance  test  are  simplicity;  both  in  test¬ 
ing  and  analysis,  and  the  capability  of  assess¬ 
ing  the  effects  of  strain  amplitude.  Disadvan¬ 
tages  are  the  necessity  of  changing  mass  to 
vary  frequency  and  the  difficulty  of  changing 
frequency  and  pre-load  independently.  The  use 
of  several  specimens  of  varying  geometry  is  a 
useful  way  of  ensuring  that  data  obtained  are 
reliable  and  cover  the  appropriate  range  of 
parameters .  Specimens  should  be  simple  and  not 
have  too  low  a  height  to  diameter  ratio  to 
avoid  errors  resulting  from  highly  non-unifoim 
strains  in  the  specimen.  At  very  high  frequen¬ 
cies,  care  should  be  taken  to  avoid  standing 
waves  in  the  specimens,  which  will  render  the 
above  equations  invalid. 

VIBRATING  BEAM  TESTS 
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Figure  13.  Vibrating  beam  test  specimen. 


Figure  12.  Resonance  test  system. 


The  types  of  specimen  used  in  the  vibra¬ 
ting  beam  tests  are  illustrated  in  Fig.  13.  A 
typical  block  diagram  is  shown  in  Figure  14. 

In  the  tests,  the  beams  were  generally  excited 
by  means  of  a  magnetic  transducer  at  the  free 
end  and  the  response  picked  up  by  another 
magnetic  transducer  near  the  root.  By  using 
the  graphic  level  recorder,  response  spectra 
comprising  graphs  of  transverse  peak  velocity 
versus  frequency  were  plotted  and  the  resonant 
frequencies,  fm,  and  half-power  bandwidth,  Afm, 
noted  for  many  temperatures .  Fbr  the  high- 
temperature  tests,  however,  for  which  suitable 
transducers  were  not  available,  the  beam  was 
instead  excited  by  a  shaker  through  an  impedance 
head  and  a  pillar  made  of  Hastelloy-x.  In  this 
case,  the  force  transmitted  back  to  the  trans¬ 
ducer  from  the  beam  was  measured,  with  the  force 
due  to  the  pillar  inertia  cancelled  electroni¬ 
cally,  and  the  same  quantities,  fg,  and  Afm, 
measured.  For  reliable  results  with  commercial 
versions  of  this  method,  it  is  usually  necessary 
to  use  beams  made  of  a  relatively  low  modulus 
material,  such  as  aluminum,  with  machined  roots 
as  indicated  in  Fig.  13  for  reduced  root  damping, 
not  more  than  about  0.05  inches  thick  nor  short¬ 
er  than  about  7  inches.  However,  for  the  enamels 
it  was  necessary  to  use  another  material  because 
of  the  high  temperatures  involved  and  this  made 
testing  more  difficult.  The  advantage  of  the 
method  is  that  it  is  reasonably  simple  to  use, 
errors  can  be  assessed  and  kept  within  limits 
(18)  and  a  wide  band  of  frequencies  and  tempera¬ 
tures  can  be  covered  with  a  single  specimen. 

The  disadvantage  is  that  only  low-strain-level 
data  are  obtainable,  within  the  linear  range  for 
the  damping  material.  This,  however,  is  not 
usually  a  problem  since  one  would  use  another 


method  if  such  data  were  needed. 

"Oberst  beam"  tests 

For  the  beam  with  the  damping  material 
coated  on  one  side  only,  the  complex  Young's 
modulus  is  derived  from  formulae  (3,8)  due 
originally  to  Cfcerst.  These  are: 

_2  _  l+2en( 2+3n+2n2) + «2n4  (9) 

1+ne 


%  _  en  3+6n+4n2+2en3+e2n*  (10) 

nD  TI+enT  i+2ne(2+3n+2n2)+e2n4 

where  Z2=(l+p0n/p)  (f^fom)2,  e=Ep/E,  n  = 
hj7h.  In  these  formulae,  Z2  is  calculated  from 
the  measured  resonance  frequency,  f_,  of  the 
mth  mode  of  the  damped  beam  anc.  the  “measured 
frequency,  f  ,  of  the  undamped  beam  and  e  is 
then  deduced0! rom  an  inversion  of  equation  (9). 
tin  is  then  calculated  from  equation  (10) ,  using 
this  value  of  e  and  the  measured  value  of 
nm  =  Af/f.  These  equations  give  reasonably 
accurate  results  provided  that  Z  -1  i  0.1  or  so. 

Modified  "Oberst  beam"  tests 

Fbr  the  beam  with  the  damping  material 
coated  symmetrically  on  both  sides,  the  complex 
Young's  modulus  is  derived  (18)  from  the  formu¬ 
lae 

Ejj  =  E(Z2-l)/{8n3+12n2+6n)  (11) 

nD  =  y2/(Z2-l)  (12) 

where  Z2  =  (l+2p.n/p)  (C/f™,)2  and  e  and  n 
are  defined  as  before.  In  these  formulae  Z2 
and  Ti,p  are  determined  as  before.  Again,  the 
equation  gives  reasonably  accurate  results  when¬ 
ever  Z2-l  i  0.1  or  so.  These  formulae  are  also 
applicable  directly  to  the  high  temperature 
specimens  provided  that  the  beam  is  coated 
symmetrically.  A  similar  technique  is  also  ap¬ 
plicable  for  beams  with  multiple  constrained 
layers  added  (16). 

Sandwich  beam  tests 

Finally,  for  the  symmetric  sandwich  beam, 
the  approach  is  based  on  a  set  of  equations  due 
to  Kerwin  and  others (19) ,  reduced  to  an  un¬ 
coupled  form.  The  shear  modulus,  Gp,  and  loss 
factor,  "?p,  of  the  viscoelastic  material  may 
then  be  derived  from  the  equations 

Gp  =  r(A-B)-2(A-B)2-2(A,m)2  j  Ehh^/L2  (13) 
(l-2A+2B)2+4(Anm)2 


”  ’  d=aV  {A'B'2  (A‘B)  2-2  ^ Z) 

where 

and 


(14) 

(15) 

(16) 


B^l/ea-vhj/h  y 

R>r  most  elastomeric  materials  in  the  rubbery 
and  transition  regions,  Ej)-3Gq  and  nD-n'n  (21)  • 
These  equations  are  derived  from  the  classical 
equations  of  Ross,  Kerwin  and  Ungar  (RKLJ  equa¬ 
tions)  (19)  by  neglecting  the  balding  term  for 
the  viscoelastic  core  and  algebraically  invert¬ 
ing  the  equations.  In  these  equations: 

_  2 


Cj*  =  3.515 
522  *  22.035 
5  2  =  61.697 
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amplification  factor  |Y/X|  for  resonance 
specimen;  also  a  non-dimensional  parameter 

breadth  of  cylindrical  specimen 

non-dimensional  parameter 

suffic  denoting  damping  material 

Ejj/E:  the  modulus  ratio 

Young's  modulus  of  beam  material 

real  part  of  complex  Young's  modulus  of 
damping  material 

frequency  (Hertz) 

mth  natural  frequency  of  undamped  beam 

mth  resonant  frequency  of  damped  beam 

real  part  of  complex  shear  modulus  of 
damping  material 

thickness  of  beam 

thickness  of  danping  material 

length  of  viscoelastic  material  in  shear 
resonance  specimen 

length  of  beam 

mode  number 

mass  of  viscoelastic  material 
added  mass  on  resonance  test  specimen 
thickness  ratio:  (hg/h) 
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an 


radius  of  gyration  of  shear  specimen  about 
horizontal  axis  (R=t//l2  for  rectangular 
specimen) 

load  carrying  area  of  danping  material'  in 
resonance  specimens 

non- load  carrying  (free)  area  of  danping 
material  in  resonance  specimens 

temperature 

reference  temperature 

input  acceleration  for  resonance  specimen 

output  acceleration  for  resonance  specimen 

non-dimensional  parameter 

temperature  shift  factor 

shape  factor  for  cylindrical  resonance  test 
specimen;  B  ~  2* 0  for  unfilled  elastomers 
and  =1*5  for  filled  elastomers 

strain 

shear  loss  factor 

loss  factor  of  beam  specimen  in  mth  mode 

extensional  loss  factor  of  damping  material 

■wavelength  of  mth  beam  mode 

mth  eigenvalue  for  beam 

density  of  beam;  also  density  in  general 

density  of  damping  material  where  specific 
identification  is  necessary 

density  at  reference  temperature 

stress 

circular  frequency 

th  circular  frequency  of  damped  beam 
mth  circular  frequency  of  undamped  beam 


DISCUSSION 

Hr.  Coch,  (Sound  Coat  Company):  In  the  plot  of 
Q£y  versus  temperature.  Is  it  truly  not  a 
linear  curve? 

Dr.  Jones:  Yes,  it  has  a  curve  in  it;  at  a 
higher  temperatures  it  has  a  ^ over  slope  than  at 
low  temperatures.  Ihe  reason  is  that  toward 
the  left  hand  aide  where  the  slope  is  getting 
greater  and  greater  approaching  the  or 
Transition  Temperature  where  the  material 
eventually  becomes  glass-like;  at  that  point 
presumeably  your  Cv  is  infinite.  Its  got  to 
asymptote  toward  infinity  on  the  left  hand  side 
at  a  finer  temperature  for  any  given  material. 

By  choosing  to  you  shove  all  the  curves  around 
to  the  same  line. 

Voice:  I  thought  using  a  temperature  time 
super  position  that  there  was  a  correction 
factor  we  had  to  use  in  sliding  those  elements 
up. 

Dr.  Jones:  That  is  the  way  that  J.D.  Ferry 
presented  it  in  one  of  his  papers.  But,  he  is 
not  plotting  modulus  end  loss  factor  but  complex 
compliances.  He  is  doing  much  the  same  thing 
but  because  he  is  operating  on  different 
measured  quantities  he  is  sliding  it  in  both 
directions,  which  mystified  me  for  quite  a 
while.  If  you  read  some  of  the  other  reports 
that  Ferry  has  done  or  if  you  read  John  Snowdon's 
book  for  example  you  find  other  intrepretations 
of  the  same  data.  So  what  I  am  plotting  here 
is  really  not  new  except  for  the  actual  nomogram 
itself.  It  is  essentially  a  fairly  well 
established  technology  for  a  class  of  materials 
with  limitations. 

Voice:  Did  you  find  when  using  different 
methods  or  tests  say  that  resonant  mass  of 
sheer  versus  a  beam  test  that  the  results  agree? 

Dr.  Jones:  Yes,  provided  we  took  great  care 
in  controlling  our  specimens  and  making  them. 

You  must  watch  out  for  all  the  possible  sources 
of  error  such  as  making  sure  you  take  samples 
from  the  same  batch,  sometimes  that  is  necessary. 
We  found  in  fact  in  one  of  the  graphs  we've 
got  a  resonance  test  in  shear  another  in  tension 
compression  and  a  sandwich  being  tested  all 
superimposed  on  the  same  curve  and  they  agree 
pretty  well  within  perhaps  plus  or  minus 
20  percent  and  this  is  pretty  good.  You  can 
always  run  into  trouble;  it  is  a  constant  step 
by  step  process.  The  next  material  you  do, 
because  of  ill-conditioned  beam  specimens, 
for  example,  you  could  fall  flat  on  your  face 
and  have  to  start  again. with  different  beams, 
so  you  have  got  to  be  alert. 

Voice:  Do  you  have  to  be  most  careful  about 
controlling*  the  temperatures? 

Dr.  Jones:  Extremely,  within  plus  or  minus  1 
or  at  most  approximate  2  degrees  fahrenheit. 

If  you  were  ever  off  more  than  that  you  just 
couldn't  make  the  data  collapse  prooerly. 
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COMPUTERIZED  PROCESSING  AND  EMPIRICAL  REPRESENTATION 
OF  VISCOELASTIC  MATERIAL  PROPERTY  DATA  AND 
PRELIMINARY  CONSTRAINED  LAYER  DAMPING  TREATMENT  DESIGN 
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and 
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Technology  advancements  in  the  state-of-the-art  of  processing  and 
representing  modulus  and  loss  factor  data  as  a  function  of  temperature 
and  frequency  are  presented;  further,  a  new  method  for  performing 
preliminary  constrained  layer  damping  treatment  design  covering  the 
complete  range  of  Interest  of  practical  engineering  parameters  Is 
outlined.  This  is  given  in  the  context  of  historical  development, 
current  practice,  and  other  recent  developments. 


INTRODUCTION 

Damping  treatments  have  been  recently 
applied  to  structures  to  increase  their 
resonant  fatigue  life  and/or  reduce  their 
structure-borne  noise.  However,  the  success¬ 
ful  application  of  such  materials  depends  a 
great  deal  on  three  important  factors.  These 
are:  knowledge  of  how  the  properties  of  the 
damping  materials  vary  with  the  environment  to 
which  they  are  subjected,  a  good  understanding 
of  the  dynamics  of  the  structure  to  which  the 
damping  material  is  to  be  applied,  and  finally, 
how  to  design  a  material  in  a  damping  treat¬ 
ment  configuration  for  the  desired  performance. 

In  this  paper,  a  description  will  be  made 
of  the  characterization  of  the  damping  proper¬ 
ties  of  materials.  A  discussion  of  how  the 
characterized  properties  of  materials  can  be 
used  to  study  the  performance  of  various 
damping  treatments  will  also  be  presented. 

The  curve  fitted  analytical  expressions  of  the 
modulus  and  loss  factor  were  used  to  predict 
how  much  damping  can  be  achieved  when  a 
constrained  layer  treatment  is  applied  to  a 
vibrating  structure.  The  predicted  results 
were  compared  with  measured  ones  and  the 
agreement  was  found  to  be  excellent  over  a 
wide  temperature  and  frequency  range. 


CHARACTERIZATION  OF  MATERIAL  PROPERTIES 

Efficient,  systematic  and  standarized 
procedures  must  be  established  to  process, 
store,  retrieve,  and  transmit  viscoelastic 
damping  material  property  characterization  to 
enable  widespread  utilization  of  damping 
technology  to  control  vibration,  noise,  and 
resonant  fatigue.  Such  procedures  should 
accommodate  any  level  of  sophistication  in  a 
particular  organization  from  manual  data 
processing  to  completely  automated  and  should 
be  compatible  to  information  interchange  with 
the  industry  in  general. 

The  approach  taken  here  basically  Is  to 
develop  equations  with  parameters  which  are  to 
be  chosen  to  best  fit  the  experimental  data. 

The  form  of  the  equations  and  the  effect  of 
incremental  changes  in  the  parameter  values 
are  relatively  unimportant  when  using  computers 
to  least  squares  fit  the  data.  However,  if  the 
approach  is  trial  and  error  selection  of  para¬ 
meter  values,  the  process  is  greatly  facilita¬ 
ted  if  the  effects  of  the  parameters  are 
uncoupled.  The  Jones  (2)  coordinate  system  is 
used  for  data  interchange  with  organizations 
which  do  not  have  some  type  of  machine 
plotting  or  computers. 

Thus,  the  specific  equation  with  values 
of  parameters  to  best  fit  experimental  data 
becomes  the  basis  for  data  processing,  storage, 
retrieval,  and  transmittal. 
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Empirical  Equation  for  Modulus 

The  general  character  of  the  log  modulus 
versus  log  reduced  frequency  curve  is  that  It 
has  a  horizontal  asymptote  at  a  low  reduced 
frequency  and  has  a  higher  value  horizontal 
asymptote  at  high  reduced  frequency.  It  is 
sigmoidal  In  shape,  monotonic,  and  more  or 
less  an  odd  function  about  offsets.  Consider 
the  equation 


y  =  L  + 


H-L 


l+e- 


X-X, 


(1) 


which  has  the  properties  outlined  above. 
Obviously,  the  denominator  is  unity  for  X  much 
greater  than  Xg,  and  very  large  for  X  much 
less  than  Xg;  further,  the  value  for  c  dictates 
the  rapidity  with  which  the  transition  occurs. 
When  X  is  replaced  by  the  log  of  reduced  fre¬ 
quency,  Fr,  the  term  in  the  denominator  becomes 


X-Xn 


log  fR+log  f| 


RO 


(2) 


where  the  properties  of  logarithms  and  expo¬ 
nents  have  been  used  and  where  the  exponent  N 
Is  defined  implicitly.  Equation  (1)  then 
becomes 


y  »  L  + 


H-L 


(3) 


1  + 


ROG 

Fd 


which  is  seen  to  be  closely  related  to  that 
employed  by  Kelley  and  Williams  (1).  Replacing 
y  by  the  log  of  the  modulus,  Gg,  yields 


=  log  Gg  =  log  G^  + 


log  GH-log  G^ 


•  F. 


(4) 


1+ 


ROG 

,  fr 


and  Equation  (4)  becomes 


log  G.  =  log  G. 


2  log 
+  — 7T 


FROG 


(6) 


1  + 


ROG 


This  equation  is  asymptotic  to  G^,  passes 
through  GpRgg  at  FROG  with  slope  governed  by 
N  and  is  asymptotic  to  GH.  It  is  an  odd 


function  about  (F{ 
nates. 


H* 

ROG'  "FROG 


)  in  log-log  coordi- 


The  effects  of  parameter  variations  about 
nominal  values  are  illustrated  in  Figure  I. 


id*  iP  o*  io4  if  \<? 


i(r  k>°  io*  0  fr  «r 


REDUCED  FREOUENCY  ,  F„ 

Figure  1:  Hodulus  Empirical  Equation 


The  above  Equation  (6)  for  the  shear 
modulus,  Gg,  is  valid  at  temperature  Tg  and  is 
related  to  G,  the  modulus  at  temperature  T,  by 


Referring  to  Figure  1  it  may  happen  that 
the  experimental  modulus  data  defines  a 
straight  line  segment,  and  little  or  nothing 
else.  For  convenience,  a  parameter  GpRgg  is 
defined  by 


log  GL+log  G^ 
l°9  Gfrqg  =  2 


(5) 


from  which 


log  G 


T0+ii59.7 
5C  =  T+^59.7 


T  +459-7 

log  G  -  LOG  -i! - 

0  T+459.7 


2  log 


FROG 


(7) 


(8) 


log  G  =  log  G^  + 


ROG 


Rl 


T  +459-7 


'°9  1+459" 


(9) 
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and  when  a  straight  line  is  added  to  this 
expression  to  make  it  more  general,  the  hyper¬ 
bola  of  interest  may  be  written 


icj2  fP  io2  icr  rf  io8  kj2  ic P  io2  io4  kt  io8 
REDUCED  FREQUENCY  ,  FR 

Figure  2:  Loss  Factor  Empirical  Equation 


VLF  +  Y0 


+  7  (si+su) 
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Replacing  X  by  the  log  of  FR  and  y  by  the  log 
of  loss  factor  n  respectively  gives 


loss  factor  data  to  define  curves  and  to 
minimize  scatter  about  those  curves.  In 
practice,  after  comparing  the  results  for  many 
materials,  a  universal  curve  is  defined  and 
new  data  is  processed  by  using  the  universal 
curve  and  selecting  a  reference  temperature 
T0  which  minimizes  scatter.  There  are  two 
universal  or  master  temperature  shift  para¬ 
meter  curves  in  use.  They  are  shown  in  Figure 
3  together  with  equations  which  approximate 
them. 


yLp  =  log  n  -  log  npR0L+  \  (5^)1  log  A- 


The  effects  of  variations  in  parameters 
about  nominal  values  are  illustrated  in  Figure 
2.  The  parameter  shifts  the  curve  up 

and  down,  FRqL  shifts  it  right  or  left,  c 
stretches  or  contracts  the  horizontal  axis,  S|_ 
is  the  slope  at  very  low  values  of  reduced 
frequency,  and  SH  is  the  slope  at  high  values. 
These  latter  two  cause  coupled  effects  which 
complicate  the  trial  and  error  fitting  of  data. 


The  Temperature  Shift  Parameter 


In  the  typical  explanation  of  frequency- 
temperature  equivalence^) ,  a  temperature 
shift  parameter  curve  is  constructed  by  find¬ 
ing  a  number  as  a  function  of  temperature 
which  sim  ■! taneously  shifts  shear  modulus  and 
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Figure  '}•  Graph  of  Temperature  Shift  Parameter 
Versus  Temperature  Difference 


In  Figure  3.  the  exponential  expressions 
were  developed  to  approximate  the  master 
curves  and  in  fact  came  to  define  the  master 
curves.  For  elastomers,  the  temperature  range 
of  interest  is  within  100°  of  Tg  and  it  is 
seen  that  the  WLF  equations (3)  of  the  form 


Based  on  this  rationale,  the  universal  or 
master  temperature  shift  parameter  curve  is 
estnbl !  shed 


-12(T-T0) 


log  aT  = 


-ci(T-y 

v(t-v 


and  is  the  WLF  representation  of  the  Jones 
master  curve.  The  reduced  frequency 


approximate  the  exponentials  closely  over  that 
range  as  may  be  seen  in  Figure  3  and  Table  1. 

In  fact,  the  WLF  equations  serve  equally  well 
to  define  the  master  curves.  Since  there 
exists  a  theoretical  rationalization  for  the 
form  of  the  WLF  equation(3)>  the  WLF  equation 
is  the  preferred  oefinition  of  the  master 
curves. 

It  happens  that  for  elastomers,  either 
master  curve  serves  equally  well  to  process 
data.  Assume  that  a  Tq  has  been  found  with 
the  Nashif  master  curve,  and  imagine  that  e-y 
has  been  plotted  versus  temperature  for  the 
range  of  experimental  temperatures.  The  Jones 
master  curve  could  be  shifted  horizontally  and 
vertically  such  that  some  portion  of  it  matches 
very  closely  that  portion  of  the  Nashif  curve 
in  use.  The  horizontal  shift  has  the  effect  of 
using  a  different  Tq,  and  the  vertical  shift 
causes  the  reduced  frequency  to  be  multiplied 
by  a  constant  factor,  which  is  an  alternative 
of  equal  merit. 

In  work  with  enamels(2),  not  treated  here, 
it  has  been  found  that  a  greater  temperature 
range  is  of  engineering  interest  and  therefore 
the  temperature  shift  curve  must  accommodate 
the  greater  range.  With  enamels,  the  Nashif 
curve  does  not  have  an  adequate  range,  whereas 
the  Jones  curve  was  developed  for  both  elasto¬ 
mers  and  enamels. 


FR  =  FQT  (1 

is  computed  in  the  customary  way  and  may  ba 
expressed 


FR  =  F  •  10**(-12AT/(525+AT))  (15) 


AT  -  T  -  T„ 


Processing  Data  for  Unobtainium 

In  order  to  illustrate  some  of  the 
features  of  data  processing  under  ideal  condi¬ 
tions,  a  set  of  simulated  data  was  generated 
and  is  presented  in  the  la'-t  four  columns  of 
Table  II.  The  hypothetical  material  is  called 
Unobtainium.  Equations  (6)  and  (12)  were  used 
to  obtain  G0  and  n  for  values  of  reduced  fre¬ 
quency  chosen  at  equal  increments  on  the  log 
scale  and  for  a  set  of  assumed  parameter 
values.  The  reduced  frequency  Equation  (15) 
was  solved  for  the  frequency  F,  and  evaluated 
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for  AT  increments  of  50  degrees.  Simulated 
data  points  were  selected  which  had  frequen¬ 
cies  between  50  and  5000  Hz.  A  reference 
temperature,  Tq  of  i00°F  was  assumed  3nd  the 
simulated  experimental  temperatuie  T  was 
obtained  from  Tq  and  AT.  Then  the  simulated 
exoerimental  shear  modulus  G  was  obtained  by 
using  Equation  (7).  It  should  be  noted  that 
the  simulated  temperatures  extend  to  500°,  tco 
high  for  many  common  materials. 


scale,  XpiQ-p  is  used  to  minimize  the  effect  of 
horizontal  scale  on  apparent  scatter.  These 
parameters  are  listed  in  Table  I IA  for  Tq  * 
100°F  and  in  Table  I  IB  for  Tq  -  250°F. 

The  simulated  data  is  plotted  for  Tq  * 
100°F  in  Figure  4.  The  data  is  plotted  for 
various  other  values  of  Tq  in  Figure  5.  In 
Figure  5F,  note  the  shingle  effect  which  occurs 
in  both  the  modulus  and  the  less  factor  curves; 
it  is  not  so  apparent  at  lower  values  of 


With  the  simulated  data  in  hand,  the  reduced  frequency,  but  actually  does  exist  in 

problem  becomes  one  of  selecting  a  TQ  to  best  this  simulated  data.  Also  note  the  water  wheel 

define  curves  and  minimize  scatter  for  loss  bucket  effect  in  Figure  5C ,  again  present  in 

factor  and  shear  modulus  simultaneously.  The  both  curves  and  not  so  obvious  at  low  values  of 

first  approach  is  to  plot  the  data  for  various  reduced  frequency.  The  shingle  or  bucket 

values  of  T0  and  examine  the  plots.  Values  of  effects  are  present  in  actual  data  when  Tq  Is 

-50°F,  0,  50,  100,  150,  200,  and  250  were  used  significantly  different  from  Its  optimum  value, 

for  Tft.  With  a  trial  T0,  Equations  (7)  and  Groups  of  data  corresponding  to  the  lower 

(15)  are  used  to  calculate  Gq  and  FR  respec-  temperature  in  Figure  5C  and  5F  are  labeled 

tively.  Since  the  range  of  reduced  frequency  according  to  the  temperature.  It  may  be  see". 

varies  by  several  orders  of  magnitude  as  Tq  is  how  the  segments  coalesce  and  define  a  curve 

changed,  the  effect  makes  the  interpretation  with  no  scatter  as  the  optimum  value  for  To  is 

of  scatter  difficult;  and  a  normalized  log  approached. 


TABLE  II  UN0BTAINIUM  DATA  (A)  T0  ■  100 
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Another  possible  approach  for  selecting  T0 
is  to  least  squares  fit  the  data  at  various 
values  of  Tq  and  select  the  T.  which  minimizes 
the  residuals.  The  results  of  this  type  of 
study  for  the  Gq  and  n  of  Unobtainium  are 
listed  in  Table  III.  The  least  squares  fitting 
was  performed  on  log  n  and  log  G  to  give  the 
same  weight  to  each  data  point.  The  residual 
of  each  attain  a  minimum  at  To  *  100  as 
expected.  The  parameters  and  residuals  appear 
to  be  smooth  functions  of  Tq  except  for  the 
parameters  for  n  at  Tq  »  1 75 .  It  probably 
happens  that  the  residual  is  insensitive  to  a 
locus  of  parameter  values,  although  there  is 
confidence  in  the  value  for  the  residual. 

The  modulus  data  for  Unobtainium  were  also 
processed  multiplying  by  the  temperature  ratio. 
Equation  (7),  and  these  results  are  also 
presented  in  Table  III.  it  appears  that  the 
residual  is  minimized  for  Tq  about  85°F.  The 
two  values  for  the  experimental  modulus  G  and 
that  at  the  reference  temperature  Gq  are 
compared  in  Tabtes  I IA  and  B  where  the  percent 
difference  OEl  G  Is  given.  It  is  seen  that  G 
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Figure  A:  Unobtainium  Properties  at  To  *>  100 
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Figure  5:  Reference  Temperature  Effects  on  Scatter  of  Unobtainium  Data 
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TABLE  111  LEAST  SQUARES  FIT  FOR  SIMULATED  DATA 


To 

^FROL  SL  SH 

frol 

C 

tfETA 

fR0G 

°FR0G 

N 

6L 

*G0 

fR0G 

6FR0G 

N 

gl  €g 

UNOBTAINIUM 

25rF 

1.18  .355  -.555 

3.3 

2.41 

.0390 

15.2 

902. 

.448 

8.87 

.0559 

16.6 

1110 

.486 

17.0  .0441 

50 

1.18  .366  -.536 

63.6 

3.00 

.0256 

44.2 

938. 

.414 

9.27 

.0365 

48.7 

1100 

.450 

17.0  .0274 

75 

1.18  .359  -.497 

184. 

3.49 

.013 

141. 

970. 

.381 

9.65 

.0179 

157. 

1090 

.415 

16.9  .0150 

100 

1.20  .350  -.450 

500. 

4.00 

.0002 

500. 

1000. 

.350 

10.0 

.0005 

564. 

1070 

.381 

16.8  .0172 

125 

1.22  .  337  -.395 

,  1240. 

4.49 

.0120 

2000. 

1030. 

.320 

10.3 

.0172 

300. 

1060 

.348 

16.7  .0300 

150 

1.23  .321  -.337 

2850. 

4.94 

.032 

9240. 

1050. 

.290 

10.6  , 

,  .0336 

10800. 

1040 

.316 

16.5  .0444 

175 

1.19  .362  -.309 

390. 

6.51 

.0342 

50200. 

1070. 

.262 

10.9 

.0493 

60200. 

1020 

.285 

16.3  .0587 

UNOBTAINIUM-N 

25PF 

.0221.732  -2.72 

19100 

5.36 

.0994 

10.2 

927 

.599 

7.51 

.191 

50 

.336  .  479  -1.47 

19800 

3.89 

.0853 

32.7 

1020 

.535 

7.73 

.159 

75 

1.15  .  235  -.511 

160 

1.34 

.0665 

115. 

1120 

.478 

7.95 

.128 

100 

1.12  .225  -.510 

816 

1.64 

.0524 

452. 

1210 

.426 

8.12 

.0984 

125 

1.09  .  215  -.502 

4960 

2.00 

.0385 

1990 

1270 

.380 

8.28 

.0709 

150 

1.06  .206  -.486 

36500 

2.47 

.0252 

10100 

1320 

.339 

8.45 

.0467 

175 

1.01  .203  -  .473 

356000 

3.17 

.0147 

59300 

1340 

.302 

8.61 

.0304 

and  Gq  differ  by  up  to  25%  in  the  range  of 
temperatures  of  engineering  interest.  Regard¬ 
less,  the  experimental  values  are  very  closely 
recovered  for  the  range  of  temperature  and 
frequencies  of  engineering  interest  whether  G 
or  Gq  Is  used.  This  may  be  explained  by  noting 
that  Fn  is  strongly  dependent  on  temperature; 
the  difference  between  G  and  Gq  is  therefore 
easily  accounted  for  in  curve  fitting.  The  only 
effect  is  some  increased  scatter  (as  indicated 
by  the  residuals  in  Table  III)  and  this  scatter 
is  not  noticeable  when  working  with  actual  data. 
Obviously,  if  the  frequency  temperature  equiva¬ 
lence  principle  were  relied  on  to  extcapolate 
the  curves,  then  the  effect  must  be  accounted 
for. 


Also  covered  in  Table  III  is  processing  of 
linobtainium-N  data  which  were  generated  in 
exactly  the  same  way  as  Unobtainium  except  the 
Nash if  WLF  equation  with  Tq  =  100  was  used  to 
select  the  temperature  and  frequency  data.  As 
indicated  by  the  residuals,  the  Tq  for  best 
fit  is  probably  about  200°F.  This  example 
serves  as  an  illustration  that  the  Jones  and 
Nashif  temperature  shift  parameter  curves  both 
work  for  these  temperature  ranges. 


More  sophisticated  fitting  was  considered 
but  rejected  due  to  insensitivity  of  results 
and  convergence  difficulties  with  methods 
utilized. 
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TABLE  IV  LEAST  SQUARES  FIT  FOR  ACTUAL  DATA 


%'A 

m 


To  ’Jfrol  sl 

MATERIAL  N467 

SH 

frol 

c 

*7 

frog 

gfrog 

N 

gl 

€go 

25°F 

.931 

.1 

-.551 

359. 

1.05 

.153 

162. 

735. 

.254 

1.04 

.0996 

50 

1.03 

.1 

-.405 

505. 

.979 

.152 

499. 

726. 

.233 

1. 

.101 

75 

.995 

.408 

-.887 

2140. 

5.54 

.147 

2380. 

874. 

.211 

1.14 

.107 

100 

1.03 

.1 

-.443 

23800. 

1.19 

.138 

8060. 

794. 

.191 

1. 

.114 

125 

.998 

.546 

-.7% 

66600. 

6.74 

.137 

67400. 

1050. 

.164 

L 

.125 

150 

1.08 

.839 

-1.01 

212000. 

11.4 

.133 

171000. 

722. 

.159 

1. 

.133 

175  1.2  7.19 

MATERIAL  J467 

-7.17 

88700. 

111. 

.128 

1320000. 

758. 

.140 

1. 

.144 

25°F 

1.21 

.450 

-.301 

6.0 

2.00 

.0241 

63.4 

460. 

.420 

5.37 

.105 

50 

1.29 

.134 

-.120 

48.3 

.247 

.0226 

189. 

450. 

.404 

5.75  .0965 

75 

1.28 

.151 

-.101 

108. 

.356 

.0226 

650. 

454. 

.382 

6.01  .0883 

130 

1.22 

.265 

-.143 

192. 

1.32 

.0237 

2470. 

449. 

.364 

6.48 

.0805 

125 

1.29 

-.142 

-.1 

1720. 

.479 

.0228 

11000. 

449. 

.337 

6.55 

.0733 

150 

- 

- 

- 

- 

- 

- 

- 

- 

- 

175 

1.24 

.183 

-.1 

24100. 

1.32 

.0236 

345000. 

430. 

.291 

7.01 

.0621 

Processing  Actual  Data 

Results  from  processing  two  sets  of  actual 
data  designated  N467  and  JA67  are  summarized  in 
Table  IV  and  Figures  6  through  10.  The  loss 
factor  values  versus  temperature  (without 
regard  to  frequency)  for  all  N467  data  points 
are  plotted  in  Figure  6  together  with  a 
quadratic  fit.  The  dependence  on  temperature 
is  dominant  compared  to  frequency  and  the  peak 
may  tentatively  serve  as  a  guide  to  the  Tq 
selection.  The  temperature  and  frequency  at 
whichthe  NA67  data  points  were  taken  are  shown 
in  Figure  7,  which  serves  to  display  the  range 
of  applicability  of  the  data  without  extrapola¬ 
tion  and  to  indicate  the  data  quality  by  how 
smoothly  the  modal  frequencies  vary  with  temper¬ 
ature. 
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A  general  purpose,  interactive,  least 
squares  program  was  used  to  determine  parameter 
values  for  Equations  (6)  and  (12).  Data  points 
and  the  curve  were  displayed  simultaneously. 
Parameters  could  be  held  constant  or  con¬ 
strained  within  specified  ranges.  Figure  8 
presents  a  fit  for  modulus  which  was  obtained 
without  regard  to  constraints  or  care  in 
initial  parameter  values.  The  fit  is  obviously 
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valid  over  the  range  of  data,  but  the  value  of 
.215E-5  for  G(_,  which  is  the  lower  asymptote. 

Is  physically  impossible,  and  makes  any  slgnlfi 
cant  extrapolation  suspect.  Convergence  of 
these  parameter  values  is  caused  in  part  by  the 
minimum  range  of  reduced  frequency  covered  by 

Based  on  findings  of  preliminary  conver¬ 
gence  attempts,  the  following  constraints 
were  imposed: 


nFR0L  i  '5 

sL  >  .1 

SK  !-•> 
fR0l  1  -01 

loo  <  gfrog  <_  10000 

gl  >1. 


In  addition,  care  was  taken  in  selecting 
initial  values.  Furthermore,  npROL*  $L»  ant* 

Sr  were  held  fixed  and  the  computer  program 
used  to  find  corresponding  values  for  Frq^  and 
c.  Then  this  set  of  values  was  used  as  initial 
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CONSTRAINING  LAYER 


values  for  another  least  square  fit.  Similarly, 
GpROG  and  gl  were  sometimes  held  constant.  The 
Interactive  feature  (or  at  least  an  interative 
procedure)  seems  to  be  essential  for  proper 
covergence. 

Sample  fits  are  shown  in  Figures  9  and  10 
for  N467  and  JL67  respectively.  These  fits  may 
be  used  to  represent  the  material  properties 
with  a  reasonable  amount  of  extrapolation. 

From  Table  IV  it  is  seen  tha '  a  simultaneous 
.minimum  in  the  residuals  for  loss  factor  and 
modulus  does  not  occur  for  either  material. 


DAMP.NG  LAYER 


STRUCTURE 


Figure  11:  Sketch  of  Constrained-Layer 
Damping  Treatment 


USE  OF  CHARACTERIZED  PROPERTIES  IN 

PREDICTION  TECHNIQUES 

Constrained  layer  damping  treatments  have 
been  receiving  considerable  attention  recently 
because  of  their  effectiveness  in  reducing 
vibratory  levels  and  high  damping  efficiency 
as  compared  with  other  types  of  treatments. 
This  applies  to  both  the  single-  and  multiple- 
layer  configurations.  However,  the  drawback 
is  in  the  rather  difficult  design  procedure 
for  such  treatments. 

An  effective  damping  treatment  must  be 
specifically  tailored  fcr  each  application. 

In  particular,  the  temperature  at  which  damage 
occurs  in  service  and  the  problem  mode(s)  must 
be  known.  This  is  because  the  modal  damping 
is  highly  dependent  on  environmental  tempera¬ 
ture  and  on  the  shear  strains  induced  in  the 
viscoelastic  layer  by  vibration  of  the 
structure  in  the  problem  mode(s). 

The  design  process  Is  typically  an 
iterative  experimental  one  in  which  the  modal 
damping  of  a  candidate  design  is  measured  on  a 
suitable  specimen  under  controlled  temperature. 
If  the  modal  damping  is  high  enough  over  the 
service  temperature  range,  the  design  is 
satisfactory,  and  if  not,  the  candidate  design 
must  be  modified  to  improve  damping  and 
temperature  range.  ysis  is  used  to  guide 
Initial  and  modified  ra  didate  selection. 

The  analysis  app.oximates  the  actual 
structure  as  an  idealized,  simply-supported 
beam  or  plate  whose  size  is  determined  by  the 
node  line  spacing  of  the  problem  mode(s). 
Candidate  viscoelastic  damping  layer  and 
constraining  layer  materials  and  thicknesses 
are  selected  and  analyses  used  to  obtain 
corresponding  modal  damping  versus  temperature 
characteristics. 


“jho  | yr  i  c  mcoH  f«r  thlS  !  n  YCS  £  I  9 3 1  i  OH 

was  based  cn  that  developed  by  Ross,  Kerwin, 
and  Ungar(5)  for  a  three-layer  system.  This 
analysis  can  be  mod: Fled  to  handle  both  single- 
and  multiple-layer  configurations.  However, 
only  single  constrained  layer  configurations 
will  be  discussed  here. 


The  flexural  rigidity  El  of  the  three- 
layer  system  of  Figure  11  is 
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E  is  the  Young's  modulus  of  elasticity. 
G  is  the  shear  modulus. 

1  is  the  second  moment  of  area. 
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Figure  13:  Comparison  Between  the  Measured  and  Predicted  Results 


aluminum  cantilever  beam.  The  beam  thickness 
was  0.05  in.  while  its  length  was  7.0  in. 
Constraining  layers  of  the  aluminum  type  were 
considered.  All  the  data  is  presented  for  the 
third  mode  of  vibration  of  the  beam  which 
corresponds  to  a  semi -wave length  of  vibration 
of  2.8  in. 

Two  typical  results  generated  by  the 
computer  of  the  above  analysis  are  shown  in 
Figures  12  and  13,  which  present  modal  loss 
factor  as  a  function  of  temperature.  Experi¬ 
mental  data  are  also  superimposed  in  these  two 
Figures  for  comparison  purposes.  It  can  be 
seen  here  that  the  agreement  between  the  pre¬ 
dicted  and  measured  results  is  excellent. 
Several  other  cases  were  also  investigated  and 
found  to  be  similar  In  agreement,  which 
establishes  confidence  In  this  approach. 


Having  established  the  confidence  in  this 
analytical  approach  to  predict  the  performance 
of  damping  treatments,  it  now  becomes  possible 
to  generate  design  charts  that  can  be  used  to 
select  a  damping  configuration  having  the 
desired  performance.  This  Is  illustrated  In 
Figure  14.  In  this  Figure,  the  practical 
ranges  of  viscoelastic  thickness  and  of 
constraining  layer  thickness  are  covered 
systematically.  For  each  configuration,  the 
peak  damping  and  the  temperature  of  peak 
damping  are  determined,  for  example,  from  the 
peak  of  Figure  12.  Figure  14  shows  these 
points  plotted  for  viscoelastic  layer  thick¬ 
nesses  of  .001,  .005,  .010,  and  .020,  each  with 
constraining  layer  thicknesses  of  .001,  .005, 
.010,  and  .020;  the  points  are  connected, 
forming  a  "carpet  plot."  Such  a  plot  is 
extremely  useful  in  quickly  recognizing  at  what 
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temperatures  and  how  much  damping  can  be 
achieved  from  the  various  configurations.  After 
deciding  on  a  desired  configuration,  then  it 
will  be  pcssIMe  to  study  its  performance  with 
temperature  •  closely  as  illustrated  in 
Figures  1?  a  ■ .  .3. 


Sensitivity  Studies 

To  gain  some  insight  into  the  relative 
Importance  of  fitting  the  loss  factor  or  modulus 
data,  some  sensitivity  studies  were  performed. 
The  need  for  this  is  shown  by  studying  the  N467 
residuals  for  loss  factor  and  modulus  as  a 
function  of  reference  temperature.  It  is  seen 
that,  in  the  range  of  Tc  covered,  the  trends  for 
the  two  are  opposite. 


The  sensitivity  study  was  performed  by 
increasing  the  modulus  by  20%  and  repeating  a 
carpet  plot.  Similarily,  the  loss  factor  was 
decreased  by  20%  and  the  carpet  plot  again 
repeated.  These  results  are  presented  in  Figure 
15.  The  somewhat  irregular  effect  is  caused  by 
performing  the  analysis  at  10  degree  increments. 

As  expected,  it  can  be  seen  that  the  20% 
increase  in  the  modulus  results  in  a  slight 
shift  to  higher  temperature  for  the  maximum 
composite  loss  factor  values.  The  effects  of 
reducing  the  material  loss  factor  by  20% 
results  in  almost  comparable  reductions  for  the 
composite  loss  factor  values.  This  illustrates 
that  even  large  errors  of  up  to  20%  curve 
fitting  the  data  has  only  a  small  effect  on  the 
predicted  composite  loss  factor. 
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Figure  15:  Sensitivity  Study  Results 


CONCLUSIONS  AND  RECOMMENDATIONS 

The  equations  presented  to  represent  the 
properties  of  viscoelastic  damping  materials 
have  been  found  convenient  and  accurate. 

Values  of  parameters  for  best  fit  may  be 
chosen  by  computer  or  by  trial  and  error. 

They  are  useful  for  processing,  storing, 
retrieving,  and  communicating  material  data. 
Tentatively,  the  TQ  selection  should  be  made 
by  taking  hte  peak  of  the  loss  factor  as  a 
function  of  temperature  and  rounding  to  the 
nearest  25  degrees.  To  facilitate  convergence 
by  defining  the  material  properties  over  a 
greater  range  of  temperature  than  is  customary 
at  present.  One  hundred  degrees  on  each  side 
of  peak  damping  should  be  adequate. 

The  carpet  plot  has  proven  to  be  a  very 
useful  tool.  It  shows  at  a  glance  the  peak 
damping  and  corresponding  temperature  for  the 


practical  engineering  ranges  of  viscoelastic 
material  and  constraining  layer  thicknesses. 
Therefore,  it  may  be  used  to  make  an  initial 
selection  of  a  damping  treatment  for  experi¬ 
mental  study.  It  also  may  by  used  to  modify  a 
design  to  change  damping  level  or  temperature 
coverage. 
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A  new  structural  damping  configuration  is  presented  which 
makes  efficient  use  of  damping  materials  by  subjecting 
them  to  both  shear  and  extensional  deformations.  The 
configuration  consists,  in  one  form,  of  a  series  of  rows 
of  vertically  oriented  platelets  with  damping  material 
sandwiched  between  them.  Adjacent  rows  of  platelets  may 
overlap  each  other  to  enhance  the  deformation  of  the 
damping  material.  A  theoretical  analysis  of  the  config¬ 
uration  is  summarized  and  shown  to  compare  extremely  well 
with  experimental  results  which  are  given  for  a  variety 
of  varying  configurations.  The  new  structural  damping 
configuration  is  shown  to  apply  to  very  rigid  structures 
where  it  can  control  flexural  vibrations  and  sound  radia¬ 
tion  with  low  added  weight.  The  new  structural  damping 
design  optimization  study  is  made  and  a  numerical  example 
is  included. 


INTRODUCTION 

Structural  damping  has  been  employed 
for  many  years  to  reduce  vibration, 
noise  and  fatigue.  Some  of  the  appli¬ 
cation  areas  of  structural  damping  are 
In  commercial  and  military  aircraft, 
surface  ships,  submarines,  missiles, 
buildings,  domestic  appliances  and 
office  machinery. 

The  unconstrained  damping  layer  and  the 
constrained  damping  layer  methods,  as 
shown  in  Figure  1,  are  two  distinct 
structural  damping  methods  to  damp 
flexural  vibrations.  The  unconstrained 
damping  layer  method  involves  applica¬ 
tion  of  a  visco-elastic  layer  on  the 
base  plate.  The  damping  effect  is 
obtained  due  to  the  internal  losses  in 
the  visco-elastic  layer  resulting  from 


alternating  extensional  and  congres¬ 
sional  strains.  The  constrained 
damping  layer  method  makes  use  of  a 
soft,  highly  damped  material  bonded 
between  two  plates  or  beams  of  rigid 
structural  material.  When  this  compos¬ 
ite  structure  is  flexed,  the  damping 
material  is  sheared  and  this  gives  rise 
to  damping  of  the  structure.  The 
design  and  performance  details  of  these 
configurations  are  well-':nown  in  the 
literature  and  need  no  repetition  here. 
Countless  variations  of  these  basic 
techniques  have  also  been  developed. 

It  is  the  purpose  of  this  paper  to 
describe  a  new  structural  damping  con¬ 
figuration.  The  effectiveness  of 
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Unconstrained  damping  layer  method 


! 


Figure  I  Structural  damping  layer  methods 


damping  material  can  be  increased 
substantially  by  using  new  structural 
damping  configurations  and  this  new 
configuration  is  extremely  efficient  as 
compared  to  the  previously  mentioned 
treatments.  Because  of  its  high  effec¬ 
tiveness,  the  new  treatment  is  suitable 
for  damping  large  and  very  rigid  struc¬ 
tures.  It  is  also  suitable  for  damping 
more  flexible  conventional  structures 
where  it  offers  the  advantage  of  pro¬ 
viding  the  same  level  of  damping  as 
previous  treatments  but  with  much  less 
added  weight.  The  treatment  is  ex¬ 
tremely  rugged  and  can  employ  a  wide 
variety  of  materials  for  maximum  envi¬ 
ronmental  resistance.  It  can  be 
attached  to  vibrating  structures  by  a 
wide  variety  of  mechanical  means  such 
as  bolting,  riveting,  welding  and  adhe¬ 
sive  bonding. 

This  method  was  patented  in  1965,  but 
there  was  no  product  developed.  Re¬ 
cently  there  has  been  a  significant 
interest  in  damping  methods  and 
devices,  and  hence  research  and  devel¬ 
opment  work  i s  done. 

Structural  Damping 

There  are  zwo  well-known  methods  for 
damping  flexural  vibrations.  The  sim¬ 
plest  treatment  is  the  unconstrained 
damping  layer  treatment.  A  layer  of 
stiff,  highly  damped  material,  usually 
a  polymer,  is  adhered  to  the  structure 
to  be  damped.  When  the  structure  is 
flexed,  the  damping  is  achieved  due  to 
the  extension  and  compression  of  the 
damping  material.  The  unconstrained 
damping  layer  treatment  has  the  advan¬ 
tages  of  being  simple,  relatively 
inexpensive  and  frequency  insensitive, 
within  the  limits  of  the  adhesive  to 
couple  the  damping  material.  A  limita¬ 
tion  of  this  technique  is  represented 
in  the  requirement  that  the  material  be 
simultaneously  very  stiff  and  highly 
dumped.  The  requi rement  for  high 
stiffness  arises  from  the  necessity  for 
the  damping  material  to  be  well  coupled 
to  the  flexural  vibrations  of  the 
structure  and  to  contribute  to  toe  com¬ 
posite  rigidity.  When  the  damping 
material  is  deformed,  some  of  the 
energy  of  deformation  is  transformed 
into  heat  and  damping  results.  Under 
the  most  favorable  conditions,  the  loss 
factor  of  the  composite  structure  will 
only  be  about  half  that  of  the  damping 
material.  Furtnermore,  the  requirement 
for  high  stiffness.  Young's  modulus 
>  3.45  GPa  (500,000  psi),  and  a  high 
loss  factor,  o  >  0.5,  can  only  be 
easily  achieved  with  a  certain  few 
polymers.  Even  in  these  cases,  the 
temperature  bandwidth  over  which  high 


stiffness  and  high  damping  can  be 
obtained  simultaneously  is  not  great, 
being  not  more  than  38°C  (100°F). 

The  other  well-known  damping  treatment 
is  the  constrained  damping  layer  treat¬ 
ment.  Here  a  soft,  highly  damped 
material  is  sandwiched  between  two 
layers  of  stiff  structural  material. 

When  this  composite  is  flexed,  the  core 
is  sheared  and  the  damping  of  the  com¬ 
posite  results  from  this  deformation. 

The  constrained  damping  layer  treatment 
has  the  advantage  of  being  relatively 
thin  and  light  weight.  The  composite 
loss  factor  can  approach  that  of  the 
material  itself  with  proper  design  and 
it  offers  good  environmental  protection 
to  the  damping  material.  Furthermore, 
the  constrained  damping  layer  treatment 
can  make  use  of  a  wide  variety  of  rela¬ 
tively  soft,  highly  damped  polymers. 
However,  the  constrained  damping  layer 
treatment  is  also  frequency  sensitive. 
That  Is,  good  damping  is  achieved  in  a 
specific  frequency  range.  At  frequen¬ 
cies  outside  this  range  the  damping 
be  very  low. 

New  Structural  Damping  Configurer  on 

A  new  structural  damping' configuration 
has  been  devised  which  is  more  effi¬ 
cient  than  previously  mentioned 
configurations  [1-7]*.  The  new 
configuration  combines  some  of  the 
characteristics  of  both  the  uncon¬ 
strained  and  constrained  damping 
treatments  making  use  of  both  shear  and 
bending  deformations  of  the  material. 

A  higher  amount  of  damping  of  the  over¬ 
all  composite  can  be  achieved  using 
this  combination.  The  configuration 
has  very  good  design  flexibility  so 
that  damping  materials  of  any  stiffness 
can  be  utilized  to  maximum  efficiency. 
Because  of  the  efficiency  and  stiffness 
that  can  be  achieved  with  the  new  con¬ 
figuration,  it  is  suitable  for  damping 
extremely  rigid  structures  that  were 
previously  impossible  to  damp  effec¬ 
tively.  The  configuration  can  also  be 
effectively  designed  for  light  weight 
structures  so  that  structural  vibration 
may  be  suppressed  with  a  treatment 
weight  much  lower  than  that  of  an  un¬ 
constrained  treatment. 

In  one  of  its  basic  forms  the  new 
structural  damping  configuration  is 
made  up  of  continuous  strips  of  damping 
material  attached  to  the  structure  to 
be  damped  by  means  of  overlapping  ver¬ 
tical  platelets.  This  arrangement  is 

♦Numbers  in  brackets  designate 
References  at  end  of  paper. 
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Mathematical  Model 


To  understand  more  fully  the  definition 
and  capability  of  the  new  structural 
damping  configuration  refer  again  to 
Figure  2.  A  generalized  mathematical 
model  may  now  be  constructed;  however, 
the  mathematical  theory  is  more  complex 
than  that  of  the  constrained  layer  con¬ 
figuration.  As  a  result,  only. a 
simplified  version  will  be  presented 
here.  The  general  theory  allows  for: 


1. 


Shear  flexibility  of  the  damping 
layer. 


extensional  flexibility  of  the 
damping  layer,  and 


extensional  flexibility  of  the 
platelets . 


For  the  sake  of  simplicity,  the  case  is 
considered  where  the  platelets  have  an 
infinite  shear  stiffness.  The  damping 
layers  are  sheared  as  the  beam  bends 
during  beam  vibration  and  the  platelet 
crests  stretch  under  the  action  of 
direct  stresses  set  up  when  the  damping 
layer  is  sheared. 


It  can  be  shown  that  the  contribution 
of  one  platelet  and  damping  layer  ele¬ 
ment  to  the  extensional  stiffness  of 
the  array  i s  given  by: 


(EA)*eff  =  E2'A2 
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Substituting  the  value  of  E2  =  £2'+iE2" 
in  the  expression  for  s  and  simplifying 
gi ves : 
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For  n  rows  of  damping  layers  across  the 
whole  array,  the  total  extensional 
stiffness  will  be  n  times  the  exten¬ 
sional  stiffness  given  by  equation  (1). 
Now  suppose  that  the  total  flexural 
stiffness  of  the  beam  to  be  damped  is 


(EI)b,  and  its  total  extensional  stiff¬ 


nesses  (EA)b> 


Therefore,  the  flexural  stiffness  of 
the  beam  with  an  n-row  platelet  array 
is: 


B*  =  (El).  + 


(EA)b  n  (EA)*eff  h2= 


n  (EA)*eff  +  (EA)b 


(2) 


Measures  of  Effectiveness 


The  effectiveness  of  the  structural 
damping  application  can  be  identified 
by  evaluating  the  loss  factor  of  the 
composite,  n  ,  stiffness  ratio,  k,  and 
harmonic  displacement  criteria,  kn 


The  general  definition  of  a  loss  factor 
requires  expression  of  B*  in  E(Real)  + 
i  E(Imaginary)  form.  Dividing  equa¬ 
tion  (2)  by  the  effective  moment  of 
inertia  of  the  total  system,  I 


eff  ’ 


yields  the  effective  Young's  Modulus, 
E*,  and  is  expressed  as: 


B* 


E*  = 


(El), 


!eff  *eff 


(EA)b  n  (EA)*eff  h2: 


Ieff  (  n  (EA)*eff  +  (EA)b  )  , 
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or 

E*  =  E ( Real )  +  1  E( Imaginary) .  (3) 

The  composite  loss  factor,  n,  Is 
defined  as:  c 

E(Imaglnary) 

n.  =  - 

c  E (Real ) 


B(Imaginary) 

“  - - - - -  (4) 

B(Real) 

The  composite  loss  factor,  nc,  gives  a 

measure  of  the  damping  capability  that 
Is  often  useful  in  comparing  various 
damping  treatments.  However,  other 
criteria  can  also  be  developed. 

The  stiffness  ratio,  k,  is  defined  as: 

B(Rea1 ) 

k -  (5) 

(EI)b  . 


An  harmonic  displacement  criterion, 
knc,  is  defined  as: 


B(Imaginary) 


(6) 


The  harmonic  displacement  criterion 
considers  not  only  the  effect  of 
damping  in  reducing  the  flexural  motion 
of  the  structure  to  be  damped,  but  also 
the  effect  of  the  added  stiffness  of 
the  damping  treatment  in  limiting 
flexure.  For  damping  treatments,  like 
the  one  under  consideration,  that  are 
capable  of  imparting  considerable  added 
stiffness,  the  harmonic  displacement 
criterion  gives  a  more  appropriate  mea¬ 
sure  of  the  treatment's  effectiveness. 


Numeri cal  Examp 1 e 


A  numerical  example  is  presented  here 
to  familiarize  one  with  the  design 
parameters  of  the  new  structural 
damping  design.  A  steel  beam  101.6  cm 
(40")  long,  7.6  cm  (3")  wide,  1  cm 
(3/8")  thick  is  required  to  be  damped. 
Four  platelet  rows  and  three  damping 
layers  are  considered.  The  platelets 
a^e  0.05  c™  (0.02")  an*  0.1  cm  (0.04") 
thick  for  two  specific  designs.  Plate¬ 
let  width  to  damping  layer  thickness 
ratio  is  varied  over  a  practical  range. 
The  platelet  height  is  4.4  cm  (1.75") 
and  damping  layer  height  is  1.3  cm 


(0.5").  These  and  other  relevant 
dimensions  are  related  to  notations  in 
Figure  2  and  are  expressed  below. 

Damping  Layer: 

Material:  LD500 

Complex  Young's  Modulus  and  the  loss 
factor  of  LD500  are  selected  corre¬ 
sponding  to  27°C  (80°F)  temperature. 

E2'  =  4.485  GPa  (650,000  psi). 

n  =  0.64 

h3  =  1.3  cm  (0.50"). 

A2  =  h3  t.. 


Platelet: 

Material:  Steel 

E t  =  207  GPa  (30x10*  psi). 

h2  =  4.3  cm  (1.69"). 


=  (h2  + 


— )  ^  . 
2  2 


Select  Ai  = 


Beam: 

Material:  Steel 


E  =  207  GPa  (30x10*  psi). 

A  =  7.3  cm2  (1.125  in.2). 

I  =  0.5  cm"  (0.01318  in."). 

(EA)b  =  15.3x10*  kg  (33.75x10*  lb.). 

(El).  =  1.05x10*  kg.  cm2 
b  (.39x10*  lb.  in.2). 

n  =  3 

v  =  0.50 

ka  =  1.0 

Using  above  data  and  the  computerized 
analysis,  the  values  of  nc,  k  and  knc 

were  calculated  for  various  values  of 
d/td>  *d  antl  bp*  resu^ts  are  Pre_ 
sented  in  graphical  form.  Figures  4  to 
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7  represent  the  variation  of  nc  with 

d/t^.  Each  figure  contains  two  curves 

representing  two  different  platelet 
thicknesses.  It  can  be  seen  that  the 
loss  factor  of  the  total  system,  nc,  is 

higher  for  platelet  thickness,  t  = 

0.1  cm  (0.04")  than  for  plateletpwith 
tp  =  0.05  cm  (0.02")  everywhere  except 

at  high  values  of  d/t^.  At  these  high 
values  of  d/t^,  the  two  plots  cross 

each  other.  The  physical  significance 
of  this  behavior  is  that  stretching  of 
the  platelet  crests  reduces  the  defor¬ 
mation  of  the  damping  material, 
reducing  overall  damping. 

Figures  4  to  7  are  for  a  given  damping 
layer  thickness,  td  =  0.16  cm  (0.06"), 

0.3  cm  (0.12"),  0.6  cm  (0.25"),  and 
(0.5"). 


is  allowed  to  vary.  In  Figures  8  and 
9,  the  composite  loss  factor,  nc,  is 

shown  for  four  different  damping  layer 
thicknesses,  t.  =  0.16  cm  (0.06"), 

0.3  cm  (0.12")?  0.6  cm  (0.25"),  and 
1.3  cm  (0.5").  The  platelet  thickness 
is  0.05  cm  (0.02")  and  0.1  cm  (0.04"). 
Figures  10  and  11  show  the  effects  of 
the  same  parameters  on  the  harmonic 
displacement  criteria,  knc.  All  of 

these  curves  illustrate  that  for  a 
given  damping  material  and  platelet 
thickness,  there  is  a  range  of  platelet 
lengths  that  maximize  the  deformation 
of  the  damping  material  and  the  stiff¬ 
ening  effects.  The  maximum  loss  factor 
and  maximum  reduction  in  flexural 
vibrations,  as  represented  by  the  har¬ 
monic  displacement  criteria,  do  not 
occur  at  the  same  platelet  width. 

Thus,  it  is  important  to  decide,  in 
advance,  the  criteria  to  be  used  to 
evaluate  damping  treatments  based  on 
the  functioning  of  the  final  structure. 
Nevertheless,  the  new  structural 
damping  configuration  is  capable  of 
achieving  high  values  of  loss  factor 
and  harmonic  displacement  criteria. 

The  loss  factor  is  important  when 
vibration  transmission  and  certain 
resonant  conditions  are  of  primary 
interest.  Harmonic  displacement  crite¬ 
rion  is  important  when  evaluating  stiff 
structures  and  for  minimizing  overall 
motion  as  in  fatigue  problems. 

Experi mentati  on 

The  theory  was  tested  by  experiments  on 
several  specimens.  These  specimens 
consisted  of  a  steel  base  strip  nomi¬ 
nally  27.3  cm  (10.75")  long,  0.7  cm 
(0.3")  wide,  and  0.3  cm  (0.125")  thick. 


Rows  of  brass  platelets  and  damping 
layers  were  bonded  together  to  form  the 
sample.  The  brass  platelets  were 
0.04  cm  (0.016")  thick  and  the  damping 
layers  were  0.3  cm  (0.125")  thick. 

The  B&K  complex  modulus  apparatus  was 
used  to  excite  bending  resonances  in 
the  samples.  The  samples  were  clamped 
at  one  end  and  excited  at  frequencies 
throughout  the  range  of  interest  by  an 
electromagnetic  force  transducer 
located  near  the  opposite  end.  A 
second  transducer  was  positioned  along 
the  specimen,  within  0.2  or  0.3  cm  of 
the  surface,  and  measured  the  vibratory 
motion  of  the  adjacent  surface.  The 
resonant  frequencies  were  determined 
from  plots  of  the  response  as  a  func¬ 
tion  of  frequency.  The  composite  loss 
factor,  n  ,  of  the  samples  was  deter¬ 
mined  from  the  width  of  the  frequency 
response  curve  in  the  resonant  region. 
The  loss  factors  of  the  samples  were 
obtained  from  the  relationship 


where  f  =  resonance  frequency,  and 


Af  =  bandwidth  at  frequency, 
n  f  ,  defined  by  half-power 
(-3  dB)  points  of  the 
response  curve. 

The  measured  resonance  frequencies  and 
loss  factor  of  several  samples  are 
given  below.  Refer  to  Figure  12  for 
sketches  of  the  samples. 

1.  Undamped  Sample:  27.3  cm  (10.75") 
long  x  0.8  cm  (0.3")  wide  x  0.3  cm 
(0.125")  thick. 


Resonance  Frequency 
in  Hz 

37.3 

73.0 

109.6 


Loss  Factor 
nc 

0.02 

0.007 

0.011 


Structural  Damping  Configuration  1: 
1.3  cm  (0.5")  x  1.3  cm  (0.5")  x 
0.04  cm  (0.016")  brass  plates,' 
overlapping  configuration,  sup¬ 
porting  a  0.6  cm  (0.25")  x  0.3  cm 
(0.125")  layer  of  LD-400. 


Resonance  Frequency 
in  Hz 

433.0 


Loss  Factor 
nc 

0.302 


Lv 


PS! 


layer  thicknesses,  tp  =  0.05  cm  (0.02"). 


Figure  9  System  loss  factor  with  various  damping 
layer  thicknesses,  tp  =  0.1  cm  (0.04"). 
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Structural  Damping  Configuration  2: 
1.3  cm  (0.5")  x  2.5  cm  (1")  x 
0.04  cm  (0.016")  brass  plates, 
overlapping  configuration  support¬ 
ing  a  0.6  cm  (0.25")  x  0.3  cm 
(0.125")  layer  of  LD-400. 


Resonance  Frequency 
in  Hz 

481.7 


Loss  Factor 
nc 

0.341 


Structural  Damping  Configuration  3: 
1.3  cm  (0.5")  x  1.3  cm  (0.5")  x 
0.04  cm  (0.016")  brass  plates, 
not  overlapping,  supporting  a 
0.6  cm  (0.25")  x  0.3  cm  (0.125") 
layer  of  LD-400. 


Resonance  Frequency 
in  Hz 

384.8 


Loss  Factor 
n„ 


Structural  Damping  Configuration  4: 
Center  brass  strip  0.6  cm  (0.25")  x 
0.04  cm  (0.016")  of  continuous  con¬ 
struction  with  layers  of  0.6  cm 
(0.25")  x  0.3  cm  (0.125")  LD-400 
bonded  to  each  side  and  with  1.3  cm 
(0.5")  x  1.3  cm  (0.5")  x  0.04  cm 
(0.016")  brass  plates,  not  over¬ 
lapping,  supporting  the  sample. 


Resonance  Frequency 
in  Hz 

551.7 


Loss  Factor 
nc 

0.292 


fi,  Structural  Damping  Configuration  5: 


Loss  Factor 
nc 

0.095 


Loss  Factor 
nc 

0  •.  4  5  6 


8.  Unconstrained  Damping  Layer: 

0.3  cm  (0.125")  thick  LD-400  bonded 
directly  to  0.3  cm  (0.125")  thick 
steel  base  strip. 


& 

Resonance  Frequency 

«{£ 

in  Hz 

i 

707.2 

i 

7.  Structural  Damping 

I 

See  Figure  12. 

>ih 

Resonance  Frequency 

in  Hz 

S 

597.8 

Resonance  Frequency 

Loss  Factor 

i  n  Hz 

\ 

38.1 

0.094 

255.6 

0.071 

731.5 

0.103 

1460.6 

0.095 

Results  for  tne  unconstrained  damping 
layer  treatment  are  shown  for  compari¬ 
son.  It  is  interesting  to  note  that, 
for  the  new  structural  damping  configu¬ 
rations,  the  combination  of  increased 
damping  and  increased  stiffness  was  so 
great  that  only  one  mode  could  be 
measured.  All  other  resonances  were  so 
highly  suppressed  that  no  other  mea¬ 
surements  were  possible. 

The  sample  of  configuration  2  was 
analyzed  using  the  computer  program. 

The  composite  loss  facto--  obtained 
analytically  is  0.326.  based  on  the 
experimentally  obtained  loss  factor  of 
0.302,  the  error  is  about  8%.  Thus, 
analytical  and  experimental  results  are 
in  good  agreement. 

CONCLUSION 

This  paper  has  discussed  the  analysis 
and  presented  corroborating  test 
results  for  a  new  structural  damping 
configuration.  The  new  configuration 
is  capable  of  controlling  the  flexural 
vibrations  of  very  rigid  structures. 

It  may  :,lso  be  used  on  light  weight 
structures  where  a  minimum  of  added 
weight  is  required.  The  new  configura¬ 
tion  has  a  great  deal  of  design 
flexibility  and  may  be  used  with  both 
soft  and  rigid  damping  materials. 
Various  configurations  and  patterns  can 
be  devised  to  control  vibration  and 
sound  radiation  for  structures  of  two- 
dimensional  extent. 

In  order  that  a  damping  treatment 
really  represents  the  best  loss  factor 
and  cost  compromise,  new  structural 
damping  design  optimization  is 
essential . 
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NOMENCLATURE 

Ej  =  Young's  Modulus  of  the  Platelet 
material 

Aj  =  effective  cross-sectional  are  of 
the  semi-platelet  of  thickness. 
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tp  =  platelet  thickness 

d  =  platelet  width 

E2  =  E2'+iE2"  =  Complex  Young's 

Modulus  of  the  damping  layer 

A2  =  cross-sectional  area  of  damping 
layer 

n  =  E2"/E2'  =  loss  factor  of  damping 
material 

tj  =  thickness  of  damping  layer 

n  =  number  of  damping  layers 

v  =  Poisson's  Ratio  for  damping 
material 

k  .  =  steric  factor  for  damping  layer 

0  extenslonal  stiffness 

hi  =  height  of  the  beam 

h2  =  distance  between  the  neutral  axes 
of  the  basic  beam  and  damping 
layer 

h3  =  depth  of  damping  layer 

E  =  Young's  Modulus  of  the  beam 
material 

I  =  moment  of  inertia  of  the  beam 
about  its  neutral  axis 

A  =  cross-sectional  area  of  the  beam 

k  =  stiffness  ratio 

nc  =  composite  loss  factor 

knc  =  harmonic  displacement  criteria 
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DISCUSSION 


Mr.  Henderson,  (Air  Force  Materials  Lab.); 
Your  study  is  a  very  interesting  study  and  I 
am  particularly  interested  in  the  design 
optimization  aspects.  I  wonder  if  you  have 
considered  what  variations  in  temperatures 
would  do.  For  instance  I  noticed  at  least 


for  some  of  your  calculations  you  were  using 
LD  400.  Pres ume ably  the  complex  modulus  of 
the  material  were  picked  at  a  particular 
temperature.  Have  you  done  any  atudies  to 
determine  what  variations  in  temperature  would 
do  to  your  design  optimization. 


Mr.  Patel:  No  I  have  not  done  that  study, 
but  we  want  to  look  a  little  bit  glorious; 
what  we  do  is  come  out  with  a  high  estimate 
of  loss  factor  at  some  temperature  such  as 
room  temperature  and  around  that  we  calculate 
all  these  loss  factors.  As  I  showed  you  in 
that  equation  there  are  a  great  many  parameters 
involved.  What  we  have  tried  to  do  right  now 
is  work  with  the  geometry  and  material 
properties;  we  haven't  touched  the  temperature 
and  frequency  so  far. 


VIBRATIONS  OF  A  COMPRESSOR  BLADE  WITH  SLIP  AT  THE  ROOT 
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Air  Force  Materials  Laboratory 
Wright -Patterson  AFB,  Ohio,  USA 


Agnieszka  Muszynska 

Institute  of  Fundamental  Technological  Research 
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Warsaw,  Poland 

A  simple  analytical  model  is  developed  to  represent  the  vibrational 
behavior  of  a  jet  engine  compressor  blade  in  its  fundamental  mode, 
allowing  for  slip  at  the  root.  The  analysis  is  compared  with  experi¬ 
mental  data  and  is  shown  to  accurately  modelize  the  important 
phenomena  involved.  Implications  for  design  of  compressor  and 
turbine  blades  to  optimize  slip  damping  levels  are  briefly  discussed. 


1.  INTRODUCTION 

Vibration  problems  in  fan,  compressor  and 
turbine  blades  of  jet  engines  occur  more 
frequently  as  the  performance  increases.  This 
is  especially  true  for  the  newer  high  thrust- 
to-weight-ratlo  engines,  and  will  be  especially 
severe  for  blades  with  variable  geometry. 
Efforts  to  design  around  resonant  vibration 
problems  to  the  maximum  extent  possible  are 
always  necessary,  but  in  the  absence  of  a 
rational  method  for  predicting  the  damping  in 
the  various  modes  of  vibration,  it  will 
always  be  difficult  to  completely  succeed. 
Hence,  changes  in  design  which  are  perfectly 
satisfactory  in  themselves  for  reducing  stress¬ 
es  can  be  completely  cancelled  out  by  unpre¬ 
dictable  reductions  in  modal  damping  caused  by 
the  very  same  changes.  Furthermore,  the  random 
variation  of  modal  damping  from  blade  to  blade 
in  a  single  disc  is  so  great  (a  factor  of  five 
or  more),  that  even  highly  significant  changes 
of  stress  resulting  from  design  changes  can  be 
completely  negated.  This  means  that  research 
into  the  sources  of  damping  of  blades,  as  well 
as  into  means  of  increasing  that  damping,  is 
currently  attracting  considerable  attention. 

One  damping  mechanism  is  the  sliding 
friction  between  mating  surfaces  on  adjacent 
blades,  or  between  the  disc  and  the  blades. 

The  phenomena  involved  are  highly  non-linear, 
and  most  available  analytical  techniques  are 
not  easy  to  use.  Significant  prior  work  in 
this  area  has  been^accomplished  already. 

Goodman  and  Klumpp  discuss  slip  betweej  press- 
fitted  beams.  Hanson,  Meyer  and  Manson  have 
shown  experimentally  how  the  modal  damping  in 


various  types  of  blade  vary  with  root  geometry 
and  centrifugal  load  or  rotational  speed.  For 
most  blade  root  geometries,  the  observed  damp¬ 
ing  reaches  negligible  levels  by  the  time  the 
speed  reaches  normal  operating  conditions. 
Williams  and  Earles  have  examined  analytically 
and  experimentally  the  effect  of  slip  on  the 
response  of  a  simple  cantilevered  beam  with 
integral  "clappers".  Some  other  relevant  work 
is  described  in  references  4  to  9. 

In  this  paper,  an  effort  is  made  to  clarify 
some  results  of  these  prior  investigations 
through  the  achievement  of  two  main  objectives, 
namely,  (i)  to  develop  a  simple  two-mass 
analytical  model  of  a  blade,  based  on  modal 
concepts,  allowing  for  slip  at  the  blade-disc 
interface  and  (ii)  to  experimentally  verify 
the  analysis  for  a  particular  blade  geometry. 

2.  VIBRATION  TESTS  OF  BLADE 

2.1  Test  System 

A  twisted  steel  blade  with  a  simple 
root  geometry,  as  shown  in  Figure  1,  was  used 
in  the  tests.  The  blade  was  held  in  a  heavy 
fixture  having  mating  surfaces  to  match  the 
contours  of  the  blade  root.  The  centrifugal 
load  was  represented  by  means  of  simple  spring- 
loaded  wires  applied  at  the  root  in  such  a  way 
as  to  minimize  interference  with  the  blade  root 
motion  during  slip.  This  arrangement,  shown  in 
Figure  2,  was  not  ideal  insofar  as  it  did  not 
allow  for  the  effect  of  centrifugal  loads  in 
untwisting  the  blade,  'out  it  did  represent  the 
root  conditions  far  more  adequately  than,  for 
instance,  clamping  the  root  by  means  of  a  bolt. 


vfoich  would  prevent  slip  and  hence  inhibit 
the  very  phenomenon  being  studied.  The  blade 
was  excited  by  means  of  a  magnetic  transducer 
and  the  response  was  picked  up  by  means  of  a 
small  accelerometer  as  shown  in  Figure  3.  In 
the  tests  to  determine  the  mode  shapes,  a  small 
shaker  was  used  in  conjunction  with  an  imped¬ 
ance  head  to  excite  the  blade  and  measure  the 
exciting  force.  Mode  shapes  were  obtained  by 
moving  the  accelerometer  to  various  points  on 
the  blade  and  measuring  the  transfer  function 
(acceleration/force)  at  each  point.  For  the 
mode  shape  measurements,  as  opposed  to  the 
measurements  for  slip,  the  blade  root  was 
clamped  by  means  of  a  bolt  so  that  slip  did 
not  occur.  A  Bruel  and  Kjaer  Model  1014  Beat 
Frequency  Oscillator  was  used  to  generate  a 
harmonically  varying  voltage  of  magnitude  0  to 
40  volts  at  any  selected  frequency  from  20 
to  2000  Hertz.  As  the  frequency  was  varied, 
the  current  through  the  output  terminals  to 
the  exciter  was  controlled  by  means  of  the 
"compressor",  which  is  a  feedback  loop  which 
measures  the  voltage  across  a  fixed  resistor 
in  the  output  circuit  and  uses  it  to  control 
the  output  current.  The  current  output  of  the 
oscillator  was  fed  directly  to  a  magnetic 
transducer  (Electro  Model  3030-HIP).  The 
impedance  set.  _ng  of  the  oscillator  was  set 
to  best  match  the  impedance  of  the  trans¬ 
ducer,  thereby  minimizing  distortion  of  the 
output  signal.  The  transducer  consisted 
essentially  of  a  magnetized  iron  rod  with 
many  colls  of  fine  Insulated  wire  surrounding 
it,  through  which  the  oscillating  current  flows 
as  lllustrat  M  in  Figure  4.  This  current 
produced  an  oscillating  magnetic  field  which 
modulated  the  steady  magnetic  field  of  the  rod, 
and  hence  produced  an  oscillating  harmonic 
force  on  any  iron  object  placed  nearby.  The 
magnitude  of  this  force  depended  on  the 
amplitude  of  the  oscillating  current  and  on 
the  gap  between  the  end  of  the  magnetized  rod 
and  the  object  being  excited.  The  waveform 
of  the  the  input  signal  to  the  transducer  was 
monitored  on  a  dual-beam  oscilloscope,  and 
the  frequency  was  measured  by  a  digital 
frequency  meter.  The  pickup  system  used  a  min¬ 
iature  accelerometer  (Endevco  Type  22) 
weighing  about  0.2  grams.  The  acceleration 
amplitude  of  the  blade  at  the  point  where  the 
accelerometer  was  attached,  with  cyano¬ 
acrylate  adhesive,  was  detected  as  a  small 
voltage  proportional  to  the  acceleration 
across  the  crystal.  The  accelerometer,  unlike 
the  transducer,  is  an  extremely  high  impedance 
device  so  that  a  special  high  input  impedance 
amplifier  had  to  be  used  to  amplify  the  signal 
before  it  could  be  read  off  the  voltmeter  and 
monitored  on  the  other  channel  of  the  dual 
beam  oscilloscope.  The  purpose  of  the  tests 
was  to  measure  the  response  of  the  blade  to 
an  oscillating  harmonic  force  applied  at  the 
tip  leading  edge  in  the  fundamental  mode  of 
vibration.  The  force  was  applied  by  means  of 
the  magnetic  transducer  and  the  response 
acceleration  was  picked  up  by  the  miniature 
accelerometer. 
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Figure  1  Blade  Geometry 


Figure  2  Photograph  of  Blade  in 
Test  Fixture 
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Figure  3  Test  System 


Figure  4  Typical  Transducer  Construction 


2.2  Test  Results 

The  tests  with  slip  ■  •  >  conducted 
using  the  magnetic  transducer  r*  excitation, 
with  a  pre-selected  gap,  at  several  different 
force  levels  ranging  from  0.0064  Newtons  to 
0.12S  Newtons,  the  maximum  that  could  be 
generated  with  the  transducer  available.  The 
net  normal  force  provided  by  the  two  springs 
to  the  wires  at  the  root  of  the  blade  was 
varied  from  10  Kg  to  25  Kg.  As  the  excitation 
frequency  was  increased  slowly,  at  low  force 
levels,  the  classical  shape  of  the  response 
curve  (displacement  versus  frequency)  was 
reproduced,  but  as  the  exciting  force  was 
increased  the  behavior  became  increasingly  non¬ 
linear.  The  results  obtained  for  tests  with 
air  and  water  as  the  working  fluid  around  the 
blade  root  mating  surface  are  shown  in  Figure* 

5  to  8,  for  the  fundamental  mode. 

Several  significant  facts  may  be  noted 
from  these  figures.  One  is  that  as  S  is 
decreased,  a  point  is  reached  at  which  slip 
never  occurs  and  the  behavior  is  then  linear. 

In  that  case,  the  only  significant  remaining 


source  of  damping  is  hysteresis  of  the  blade- 
fixture  system  Itself.  The  second  is  tne  feet 
that  when  water  is  substituted  for  air  as  the 
working  fluid  at  the  root  ty  immersing  the 
base  in  water,  slip  occurs  far  more  readily. 
This  is  accounted  for  by  the  fact  that  the 
coefficient  of  friction  is  lower  in  these 
cases.  "Inclined  plane"  -.liding  tests  showed 
that  the  coefficient  of  friction  between  the 
blade  root  and  the  fixture  is  ii  »  0.15  for 
air  and  0.10  for  water  between  the  sliding 
surfaces.  The  higher  the  value  of  pN  (the 
maximum  sliding  force  which  can  be  sustained 
before  slip  of  the  blade  root  occurs)  the 
higher  the  displacement  needed  to  cause  such 
slip,  and  hence  the  higher  the  values  of  S 
needed  to  produce  such  displacement.  Hence 
it  appears  that  pN/S  is  an  Important  parameter. 
Figures  9  and  10  show  some  of  the  acceleration 
waveforms  observed  on  the  oscilloscope  screen 
for  various  conditions.  The  upper  curves 
represent  the  blade  acceleration,  and  the 
lower  curves  the  force,  all  at  the  point  of 
maximum  amplitude.  In  air,  one  can  see 
significant  deviations  from  a  true  sinusoidal 
shape.  In  water,  the  lower  threshold  of  slip 
seemed  to  allow  high  order  harmonics  to  be 
present  in  the  signal.  The  reason  for  this 
is  not  known. 

Finally,  for  very  low  load  levels,  the 
residual  damping  is  linear  and  apparently 
hysteretic  in  nature.  For  mode  1,  m“0.01,and 
r\2  “  0.006  and  r»3  *  0.0015  at  420  Hz  and  920 
Hz  respectively.  This  variation  of  n  with 
frequency  is  fairly  consistent  with  published 
data  for  such  damping. 10  Figure  11  shows  a 
typical  response  spectrum,  at  low  excitation 
levels,  for  the  first  several  modes. 
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Figure  5  Response  of  Blade  Tip  (Air) 
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Figure  11  Typical  Response  Spectrum 
(No  Slip) 
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3.  ANALYSIS  OF  BLADE  VIBRATIONS 

3.1  Non-linear  Equations  of  Motion  With 
Slip 

For  the  non-linear  case  where  slip  of 
the  blade  root  takes  place,  the  'boundary 
condition  seen  by  the  vibrating  blade  changes 
from  an  essentially  clamped- free  condition 
to  an  essentially  pinned-free  condition.  For 
the  fundamental  mode  of  the  blade,  the  system 
can  be  represented  with  some  degree  of  accuracy 
by  the  two  mass  model  shown  in  Figure  12.  The 
equations  of  motion  of  the  system  with  slip 
are: 


Ii®rKi(1+lni) (0re2)=SLei(ut~Y)cos  “ 


(1) 


I2VKl(1+inl)(92_9l)+(2,jSRo)S8n  V°  (2) 

The  term  2pNR  is  the  frictional  moment  oppos¬ 
ing  the  QOtion.  Figure  12  shows  the  geometrical 
factors  involved  in  this  derivation,  a  is  the 
angle  between  the  blade  direction  at  the  tip 
leading  edge  (where  S  is  applied)  and  the  root 
axis  as  illustrateo'  in  Figure  1  (Cos  a  “  0.724). 
From  vertical  equilibrium  in  Figure  12: 

2F]Sin  30°  =  N  i.e.  F^  «  N 


F2  “  pFj  “  pN 


Moment  “  2F„R 
L  o 


2pNR 


(3) 


Figure  12  Two-Mass  Model 


Equation  (1)  and  (2)  can  be  rewritten  in  the 
form: 

i1(e1/s)+K1(i+inl)(e1/s-e2/s)-ei(u)t_Y)LCo3“ 

i2(e2/s)+K1(i+in1)(e2/s-e1/s)+(2pNRo/s). 

Sgn  e2  -  0 

This  shows  that  the  mobility  0,/S  depends  on 
pN/S,  so  that  the  analysis  within  its  limits  Is 
valid  for  low  or  high  values  of  S  or  of  PN;  it 
is  the  ratio  of  these  two  quantities  which,  is 
important . 

3.2  Solution  Without  Slip 

If  S/pN  is  sufficiently  small,  slip 
cannot  occur  and  the  equations  (1)  and  (2) 
reduce  to: 

Il®l+Kl(1+inl)(9l)  =  Se1(ut"Y)l-Cosn  (4) 


SO 


I 


the  solution  of  which  is: 
X1»01L-SL2Cosc»e1(ut_Y)/C-I1u2+K1(l+in1)l  (5) 

The  values  of  I  ,  K.  and  r,  needed  to  model  the 
system  are  now  determined  By  comparing  the  re¬ 
sponse  X.  with  the  measured  response  for  low 
values  of  S/pN  in  Figures  5  to  8.  The  measured 
resonant  frequency  gives  one  such  relat  ionship 
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< 


Vi  -  K1 

The  measured  response  at  resonance  gives 
another: 


2  2 

w,  L  Cosa  ,2„ 

1  _  L  Cosa 


Ix  =  I^Cosa/qjjx  |S 


and  the  measured  damping  n1  is  given  by: 


Where  Aa^  is  the  difference  between  the  two  fre¬ 
quencies  at  which  the  response  is  3  db  below 
the  peak  response  (3.01  actually!).  Table  1 
gives  the  results  of  the  calculations. 


Figure  13  Analytical  Solutions 


Hence,  the  average  values  are: 

Ix  -  1.04xl(f3  Kg  m2 
“  635.1  Nm/ radian 
nx  =  0.010 
Ul  =  124.2  Hz 

It  will  be  noted  that  I.,  K^  and  have 
here  been  determined  without  measuring  the  mode 
shapes  or  any  other  properties  of  blade,  but 
only  from  the  response  to  point  excitation  at 
low  levels.  However,  the  values  agree  vj|l  with 
those  determined  from  such  measurements.  With 


3.3  Solution  with  Slip 

For  simplicity,  we  let  n.  =  0  in  equa¬ 
tions  (1)  and  (2);  for  the  purposes  of  this  part 
of  the  analysis  it  is  sufficient.  If  we  seek  a 
steady  state  solution  of  these  equations,  then 
to  the  first  order  we  assume  that: 

@2  a  02  Sin  “t 

9^  =  9^  Sin  at  +  0^2  Cos  at  (9) 

S  "  S^  Sin  at  +  S2  Cos  at 

Furthermore,  we  consider  only  the  first  term  in 
the  expansion  of  Sgn  (0^) . 

{=  Sgn  (Cos  at)}  in  ascending  terms  of  Sin 
(nat)  and  Cos  (nat),  so  that: 

Sgn  (Cos  at)  =  ^  Cos  at  (10) 

Then,  introducing  these  equations  into  (1)  and 
(2),  and  comparing  terms  in  Sin  at  and  Cos  at, 
we  have  the  four  algebraic  equations  for  X.., 
X12,  S,  and  S2: 


(K1-I1a^)911-K192  =  SjLCosa 
(K1-T1a2)012  -  S2LCosa 
(-I2a2+K1)02-K1011  -  0 


“Kie!2 


8yNR  /rr 
o 


The  solution  of  this  equation  is  readily  obtain¬ 
ed-  From  the  values  of  ellf  ©12,  Sj,  S2  so  de¬ 
termined,  we  then  can  v;ite  the  solution  for  9i 
and  S  in  this  form: 


Cos  at  (12) 


-SiOCj-Ija^LCosaSin  at  /8pNR  \ 
?1  a2{(Xl+X2)K1-I1I2a2}  V  7tKl  / 


SLCosa=S,LCosctSinu>t-(K1-I_o>  )(8yNR  /irK,)Coswt 

1  11  o  1  (13) 

Clearly,  we  can  eliminate  in  these  two  equa¬ 
tions.  This  is  most  simply  done  for  our  present 
purposes  by  first  calculating  | 0^ |  and  |s|, 
since  these  are  the  quantities  we  would  ordinar¬ 
ily  measure.  Then: 

S12(K1-I2q,2)2L2Cos2a  /SvmV 

l®ll  =  4, .  .  2.2  H  11K  )  (14) 

Cl)  {  (Ij^+12 2“  *  \  1  / 

L2Cos2a|sl2  -  S ,2L2Cos2a+(K.-I1a2)2(8yNR  /xK.)2 

1  11  o  1(15) 

Eliminating  S^  and  simplifying  gives: 


these  values  of  K  ,  I  and  n, ,  the  response  X.  4  2  r.  .2,.  _  2 ,2.f.  2,1  .1 
without  slip  can  Be  calculated  for  various  .X  ,2  L  ^os  (1-IjU  /Kj,)  3  jl-  j  ‘  ^  J 
values  of  S.  I  -  1  - - 


jr  2/¥  2  <t,  /,,T  /  -v  \  /T  tr  \  /  T  2  /t,  \  2-i 2 


l  Si' 


+  JL 

K.2 


2  2  2  2  2  9 

L^Cos  (j[l-B  (1-1^  /KjT] 


(16) 


where 


K12(I1a12/K1)2[l+I2/I1-(I2/[1)(IlU2/K1)2]2 

(17) 


8  »  8mNRq/iiSL  Cos  a  »  (4/11)62 


(18) 


If  8  *  0,  as  for  a  freely  pinned  blade  or  for  S 
very  large,  then  | X  j  has  an  infinite  amplitude 
at  the  frequency  where: 

.2,2 


(*T 


h  ri  h 

(i  +  ^  =  ^  +  1 

1  2  2 


(19) 


This  allows  us  to  estimate  13,  since  the  pinned- 
free  mode  of  the  particular  blade  used  was  de¬ 
termined  (in  tests  not  described  here)  to  be 
260  Hz. 

■  4.„ 

2  (124.2) 

I,  ■  3.08xl0-4  Kg  m2 


Figure  13  shows  some  analytical  solutions  for 
several  values  of  83  =  2pNR  /SL  Cos  a.  It  is 
seen  that  the  range  over  which  X2/S  exists  is 
exactly  equal  to  that  over  which  the  nonlinear 
solution  for  |x^/s[  intersects  the  linear  solu¬ 
tion  for  |x^/S|.  This  means  that  no  ambiguity 
exists  as  to  which  solution  is  ippropriate  at 
any  frequency  and  exciting  force. 

4.  DISCUSSION  AND  CONCLUSIONS 

The  comparison  between  analysis  and  experi¬ 
ment  in  Figures  5  through  8  shows  that  it  is 
possible  to  model  the  observed  behavior  of  a 
blade,  in  terms  of  a  simple  two  degree  of  free¬ 
dom  system  with  slip  at  one  of  the  masses  be¬ 
yond  a  certain  threshold  level.  In  fact,  in 
every  case,  the  response  curves  follow  the 
linear  model  until  slip  occurs  whenever  the 
response  amplitude  rises  sufficiently,  as 
resonance  is  approached,  at  which  point  a  jump 
to  a  different  solution  (with  slip  -X3  real) 
takes  place  if  S  is  sufficiently  large  for  such 
a  solution  to  exist  (S  Cos  a  »  8pNR0/irL). 
Therefore,  S  Cos  a  £  8pNRc/itL  is  a  necessary 
condition  if  drastic  changes  of  blade  motion  are 
not  to  occur. 

The  modeling  of  the  linear  part  of  the  re¬ 
sponse  demands  some  variation  of  the  assumed 
resonant  frequency  as  Figures  5  to  8  show. 
This  variation  is  generally  quite  small,  and 
apparently  varies  systematically  with  the  value 
of  N,  increasing  a3  N  increases.  This  is  as  one 
might  expect.  Perhaps  the  main  value  of  this 
investigation  lies  in  the  fact  that  the  analysis 
can  be  applied  with  only  little  further  develop¬ 
ment  to  much  more  complex  blade  root  configura¬ 
tions  designed  to  provide  for  slip  even  at  high 
rotational  speeds.  Some  such  investigations  are 
in  hand. 12,  13 
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Figure  14  System  for  Calibrating 
Transducer 
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TABLE  1  -  MODAL  PARAMETERS 
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Xl 
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“1 
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nl 

(Kgm^) 

*1 

Nm/rad 

17 

0.016 

5.96 
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6. 36xl0-3 
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NOTATION 

exp  exponential  function 

f  frequency  (Hz) 

F^  normal  force  at  root  (see  Fig.  12) 

F2  frictional  force  at  root  (see  Fig.  12) 

h  gap  between  transducer  and  blade 

i  J=i 

II,  I2  moments  of  inertia 

modal  stiffness  in  first  mode 
length  of  blade 
moment 

mass  at  moving  element  of  impedance 
head 

mode  number 

static  load  on  blade  ("centrifugal") 
root  dimensions  (see  Fig.  1) 
applied  force  vector  as  function  of 
time 

S  amplitude  of  S  in  space  variables 

Sj,  S2  force  amplitudes 

t  time 

V3  voltage  from  impedance  head 

V  oscillator  voltage 

x,  y  coordinates  in  plane  of  blade  (Fig.  1) 

<1>  Yi  point  of  application  of  S  (t) 

X^  displacement  of  mass  1.  (=0]L) 

X2  (02L) 

X  acceleration 

o  twist  of  blade  at  station  x 

0  8pNR0/7iSLCosa 

02  2pNR0/LSCosa 

Y  phase  angle 

AM  added  mass  on  impedance  head 

n  loss  factor 

n  modal  loss  factor  in  nfc“  mode 

0?  X^/L 

0-  rotation  of  blade  root  during  slipping 

(Fig.  12) 

ji  mass  per  unit  area  of  blade  (also  co¬ 

efficient  of  friction) 
a  frequency  (radians/sec) 

un  nch  natural  frequency  (rad/sec) 

APPENDIX  -  CALIBRATION  OF  TEST  SYSTEM 

Calibration  of  the  Accelerometer 

The  accelerometec-Zero  Drive-Charge  Ampli¬ 
fier-Voltmeter  measurement  chain  was  calibrated 
by  introducing  a  known  harmonic  acceleration  at 
the  accelerometer  and  observing  the  root  mean 
square  voltage  registered  at  the  voltmeter.  The 
acceleration  was  generc~ed  by  a  small  electro- 
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dynamic  shaker,  having  a  steel  ball  embedded  in 
a  hollow  cavity  in  the  shaker  table,  as  illus¬ 
trated  in  Figure  14  (step  1) .  At  an  accelera¬ 
tion  of  just  1  g  at  the  table,  the  steel  ball 
separated  from  the  floor  of  the  cavity  and  im¬ 
pacts  occurred,  easily  noted  as  "hash"  on  the 
otherwise  smooth  sinusoidal  trace  on  the  oscil¬ 
loscope  screen.  For  the  Endevco  22  accelerom- 
eter-Zero  Drive-Amplifier-voltmeter  system, 
this  calibration  was: 

1  g  =  1-91  volts 

For  the  Endevco  Type  2226  accelerometer  used  in 
the  calibration  of  the  transducer,  the  appropri¬ 
ate  calibration  was: 

7  g  =  7.60  volts 


each  case.  With  X  known  from  the  corresponding 
accelerometer  reading,  one  could  then  plot  Vg/ 

X  versus  AM  for  the  particular  force  gage  used 
(Wilcoxon  Z  602).  The  intersection  of  the  line 
defined  by  the  measured  points  with  the  negative 
AM  axis  corresponded  to  the  mass  M0  of  the  im¬ 
pedance  head  above  the  crystal.  With  M0  then 
known,  any  reading  of  (M0+AM)X  gives  the  force 
corresponding  to  the  acceleration  X  and  the 
voltage  output  Vg  from  the  force  gage,  via  the 
charge  amplifier,  the  2ero  drive  and  the  cables. 
It  was  found  that  Mo  =  30  grams.  For  Vg  =  13.5 

volts;  for  example,  X  was  observed  to  be  0.168 

g's. 

13.5  volts  =  x  0.168  x  9.81  Newtons 

or  1  volt  =  5.08  x  10  ^  Newtons 


Figure  15  Transducer  Calibration 


Calibration  of  the  Transducer 


This  result  was  dimensioned  properly  by  convert¬ 
ing  M0  and  AM  to  kilograms  and  the  acceleration 
(0.168  g's)  to  metres  per  second.  The  third 
step  was  to  calibrate  the  transducer  itself, 
using  the  force  gage.  The  force  gage  was  now 
placed  on  a  rigid  block  and  the  transducer 
brought  close  to  the  iron  block,  with  separation 
h  as  shown  in  Figure  14  (step  3) .  The  voltage 
V,  corresponding  to  a  particular  level  of  the 
oscillating  current  in  the  transducer  coils, 
was  set  at  a  particular  value,  such  as  30  volts. 
The  gap  was  set  at  0.043  inches  (1.092  mm),  by 
means  of  a  feeler  gage  or  a  metal  sheet  of  this 
thickness.  The  force  gage  was  then  connected, 
again  through  the  same  zero  drive,  charge  ampli¬ 
fier  and  cables,  to  the  voltmeter.  From  the 
force  gage  calibration,  the  force  was  calculated 
directly  from  the  observed  voltage.  The  same 
gap  was  used  in  all  tests,  so  that  gap  varia¬ 
tions  were  not  important.  The  variation  of  Sh/V 
versus  frequency  is  shown  in  Figure  15.  One  can 
therefore  determine  S  for  any  given  frequency, 
voltage  and  gap. 


In  order  to  calibrate  the  transducer,  it 
was  necessary  to  measure  the  force  generated  on 
a  block  of  iron  placed  a  distance  h  (the  gap) 
from  the  active  end  of  the  transducer  and  having 
a  certain  oscillating  voltage  V  at  the  output 
terminals,  corresponding  to  a  definite  current 
in  the  circuit.  A  three-step  process  was  ne¬ 
cessary,  since  the  force  could  not  be  measured 
directly.  Figure  14  shows  the  three  steps  in 
this  sequence.  The  first  step  was  to  calibrate 
the  accelerometer,  as  discussed  already. 


Calibration  of  Springs 

The  effective  centrifugal  load  on  the  blade 
root  was  provided  by  two  springs.  This  force 
was  determined  by  measuring  the  change  in  length 
of  the  springs,  and  thij  in  turn  was  calibrated 
very  simply  by  apply.’ r.g  known  static  loads  to 
each  spring  and  measuring  the  corresponding 
length. 
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RESPONSE  OF  A  HELICAL  SPRING  CONSIDERING 
HYSTERETIC  AND  VISCOUS  DAMPING 


P.  F.  Mlakar  and  R.  E.  Walker 
U.  S.  Army  Engineer  Waterways  Experiment  Station 
Vicksburg,  Mississippi 

An  analytical  model  of  a  helical  spring  is  developed  which  includes 
distributed  mass,  viscous  oamping,  and  hysteretic  damping.  The  limiting 
effects  of  both  types  of  damping  on  the  resonant  response  are  discussed. 
The  model  is  seen  to  compare  reasonably  with  existing  experimental  data. 


INTRODUCTION 


Helical  springs  are  widely  used  to  isolate 
or  control  the  motions  of  various  mechanical 
systems.  The  shock-isolation  mountings  for 
sensitive  electronic  equipment,  the  recoil 
mechanisms  of  gun  mounts,  and  the  valve  springs 
of  internal  combustion  engines  represent  diverse 
examples  of  this  usage.  These  systems  are 
often  designed  under  the  simplifying  assumption 
that  the  mass  and  the  damping  characteristics 
of  the  helical  spring  can  be  either  neglected 
or  combined  with  the  characteristics  of  other 
elements  in  the  system.  However,  the  distrib¬ 
uted  mass  of  a  helical  spring  has  been  studied 
and  shown  to  cause  the  system  to  have  natural 
frequencies  which  are  not  predicted  under  the 
massless  spring  assumption  [1,2].  For  a  har¬ 
monic  excitation  whose  frequency  is  near  or 
equal  to  these  natural  frequencies,  it  is  then 
expected  that  the  damping  present  in  the  system 
will  be  the  delimiting  factor  governing  its 
response.  The  effect  of  both  viscous  and 
hysteretic  damping  on  this  response  will  be 
considered  herein. 

ANALYTICAL  MODEL 

Consider  the  helical  spring  system  shown 
schematically  in  Figure  1.  The  spring  is 
connected  to  a  rigid  mass,  M  ,  which  might 
represent  a  fixture  through  which  a  force  is 
applied  to  the  spring  or  a  component  which  is 
to  be  isolated  by  the  spring.  A  viscous  damper, 
C  ,  acts  in  parallel  with  the  spring  and  could 
model  the  energy  dissipation  of  a  specific 
mechanical  damping  device  or  the  effects  of 
other  dissipative  mechanisms  within  the  system. 

A  harmonic  force  F2e^ut  is  applied  to  the 
rigid  mass  and  the  steady-state  displacement  of 
this  mass  is  denoted  by  Y2e^ut.  The  force  and 
displacement  at  the  base  of  the  spring  and 
damper  are  F1eJ“t  and  Y-je^ut  ,  respectively. 
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The  equations  of  motion  for  this  system  imply: 

F1  +  FC  +  FK1  =  0  (1) 

F2  -  FC  ‘  FK2  =  '“2mY2  (2) 

in  which  the  force  in  the  viscous  damper  is 

Fc  «  Cj»  (Y2  -  Y^  (3) 

and  the  forces  at  each  end  of  the  helical 
spring  are  FK1  and  FK2  . 

These  end  forces  are  shown  on  the  helical 
spring  in  Figure  2.  An  analysis  of  this  spring 
neglecting  internal  damping  presented  in  Refer¬ 
ence  [2]  Indicates  that  the  steady-state  dis¬ 
placement,  Y(x)  ,  of  the  spring  at  position,  x  , 
must  satisfy  the  differential  equation  of 
motion: 

KL2  +  mu2Y  =  0  (4) 

dx^ 

subject  to  the  end  conditions: 


FK2  =  KL  35T  x  =  L 


In  these  equations,  m  is  the  total  mass  of  the 
spring  which  is  assumed  to  be  uniformly  distrib¬ 
uted  throughout  its  free  length  L.  The  static 
stiffness  of  the  helical  spring  is  denoted  by 
K  ,  and  this  quantity  is  known  to  be  propor¬ 
tional  to  the  shear  modulus  of  the  spring 
material  [1].  Now,  the  effect  of  damping 
within  an  elastic  material  ca.i  be  examined  by 
replacing  the  elastic  moduli  with  complex 
quantities  whose  imaginary  parts  are  measures 
of  the  energy  dissipated  [3J.  It  is  thus 


PREVIOUS  PAGE 
IS  BLANK 


reasonable  to  account  for  internal  damping 
within  the  helical  spring  by  replacing  its 
static  stiffness  in  Equations  4  through  6  with 
the  quantity  K(1  +  jo)  in  which  n  is  the 
shear  modulus  loss  factor  of  the  spring  mate¬ 
rial.  Since  the  actual  damping  mechanisms  of 
spring  metals  are  approximated  by  hysteretic 
models  [4],  o  is  assumed  herein  to  be  a  constant 
which  is  independent  of  frequency. 

From  the  solution  of  Equations  4  through  6 
when  modified  as  described  above,  it  can  be 


1 

shown  that  the  forces  and  displacements  at  the 
ends  of  a  helical  spring  having  hysteretic 
damping  are  related  according  to: 

p 

FK1  q(ft) 

p 

=  K(1  +  jn)(vft  !  juft) (Yg  -  Y-j  r(n)) 

(7) 

i 

Fkz  q(n) 

p 

=  K(1  +  jn)(vft  +  juft)(Y2  r(ft)  -  Y^ ) 

(8) 

in  which  the  dimensionless  frequency  is 

defined 

ft  =  oi^TH 

IK 


the  mass  ratio  is  given  by 


u  =  M 
m 


and 


JE±7Z 

u  5  T  2p  (1  +  n 


V  H 


1  +  n  -  1 


2p  (1  +  n  ) 
q(ft)  s  sinh  vft  cos  uft 
+  j  cosh  vft  sin  uft 
r{n)  =  cosh  vft  cos  uft 
+  j  sinh  vft  sin  uft 


(9) 


(10) 


01) 


(12) 


(13) 


(14) 


Substitution  of  Equations  3,  7,  and  8  into  the 
Equations  of  motion  1  and  2,  leads  to  the 
transmission  factor: 

Y- 

t(ft)  =  for  Fg  =  0 


=  -  jr-  for  Y,  =  0 
2  1 

0  +  jn)(v  +  ju)  +  26j  q(ft) 

(1  +  jn)(v  +  ju)  r(ft)  -  (ft  +  28j)  q(n) 


wherein  the  viscous  damping  ratio  is 


6  = 


(16) 


The  magnitude  and  phase  of  this  complex  factor 
describe  the  transfer  of  motion  and  force  in 
the  helical  spring  system  of  Figure  1. 

DISCUSSION 

The  effects  of  distributed  mass  and  damping 
on  the  response  of  a  helical  spring  can  be  seen 
through  an  examination  of  the  transmission 
function  obtained  in  Equation  15.  First, 
consider  a  spring  with  no  hysteretic  or  viscous 
damping  for  which  n  =  0  and  6  =  0.  In  this 
case,  the  transmission  factor  of  Equation  15 
reduces  to 


1 


x(ft)  =  cos  -  -  A>  n  sin  - 

/p  /p 


(17) 


Note  from  this  equation  that  an  undamped  spring 
has  an  infinite  transmission  or  resonance  at 
the  frequencies  which  satisfy 


ft 


cot  /—  =  iTjr n 


(18) 


in  agreement  with  Reference  [2],  The  roots  of 
this  transcendental  equation  occur  at  the  inter¬ 
sections  of  the  cotangent  and  linear  curves 
sketched  in  Figure  3.  The  root  defined  by  the 
first  intersection  of  these  curves  is  the 
fundamental  frequency  of  the  rigid  mass  on  the 
helical  spring,  and  the  other  intersections  are 
the  surge  frequencies  of  this  system.  It  is 
clear  in  this  figure  that  the  higher  dimension¬ 
less  surge  frequencies  approach  integral  multi¬ 
ples  of  A 7  w  .  Observe  also  that,  as  the 
distributed  mass  of  the  helical  spring  increases 
the  fundamental  and  surge  frequencies  decrease. 
This  decrease  is  illustrated  in  Figure  4  which 
is  a  plot  of  the  amplitude  of  the  transmission 
given  in  Equation  17  as  a  function  of  frequency 
for  mass  ratios  of  p  =  1,  10,  and  100.  This 
figure  also  shows  the  transmission  factor  for  a 
massless  spring 


r(0)  = 


1 


1  -  ST 


(19) 


which  can  be  found  in  Reference  3.  The  distrib¬ 
uted  mass  is  seen  to  be  an  important  parameter 
in  the  response  of  helical  spring  systems. 

Now,  let  the  helical  spring  have  viscous 
damping  but  no  hysteretic  damping.  In  this 
situation.  Equation  15  becomes 


r(ft) 


A  +  26 j  sin 


ft 

AT 


(20) 


v^rcos  a r 


(ft  +  26 j)  sin 


which  corresponds  to  the  transmission  function 
stated  in  Reference  2.  To  study  the  effect  of 
viscous  damping  further,  the  amplitude  of  this 
factor  is  plotted  for  a  mass  ratio  of  u  =  10 
and  for  viscous  damping  ratios  of  6=  -01, 

.10,  and  .25  in  Figure  5.  The  resonant  fre¬ 
quencies  for  which  the  transmission  amplitude 
is  a  local  maximum  were  found  by  a  golden 
section  search  [5],  and  these  frequencies  are 
tabulated  in  this  figure.  Notice  that  the 
values  of  the  resonant  frequencies  are  or  / 
slightly  affected  by  the  amount  of  viscous 
damping  considered.  However,  the  viscous 
dampin  ratio  does  determine  the  amplitude  of 
the  resoi.ant  response,  and  this  can  be  examined 
by  evaluating  the  transmission  factor  of 
Equation  20  at  the  undamped  natural  frequencies 
given  by  Equation  18.  The  result  is: 


t(n)  =  ft  ' 

2b  cos  AT 


r(»)  = 


Now  from  Figure  3  for  y»l 


so  for 


|t(«)|  -  ^  (23) 

Thus,  for  large  mass  ratios  and  for  small 
viscous  damping  ratios,  the  resonant  trans¬ 
mission  amplitude  is  approximately  inversely 
proportional  to  the  viscous  damping  ratio  and 
directly  proportional  to  the  resonant  frequency. 
Equation  23  is  plotted  in  Figure  5  to  indicate 
the  accuracy  of  this  approximation.  Physically, 
the  direct  variation  of  transmission  amplitude 
with  frequency  is  due  to  the  linear  dependence 
on  velocity  of  the  force  transmitted  by  the 
viscous  damping  mechanism. 

On  the  other  hand,  the  transmission  factor 
of  Equation  15  for  a  helical  spring  having 
hysteretic  damping  but  no  viscous  damping  is: 


1 

[1  +  On)  1 

iu) 

(1  +  jni 

i(v  +  ju; 

1  r(n] 

l  -  ft  q(ft) 

Figure  6  is  a  graph  of  the  amplitude  of  this 
function  for  a  mass  ratio  of  u  =  10  and  for 
hysteretic  loss  factors  of  o  =  .001 ,  .010, 
and  .100  which  encompass  the  loss  factors 
typical  of  helical  spring  metals  [4],  As  in 
the  case  of  viscous  damping,  the  values  of  the 
resonant  frequencies  are  seen  to  be  only 
slightly  affected  by  the  amount  of  hysteretic 
damping  considered.  Hence,  the  effect  of  the 
hysteretic  loss  factor  on  the  resonant  trans¬ 
mission  amplitude  can  be  studied  by  substituting 
the  undamped  natural  frequencies  of  Equation  18 
into  Equation  24.  !f  Equation  22  is  employed 

o 

and  the  terms  containing  n  are  neglected, 
then 


|  |  n  (1  ♦  B4) 

The  accuracy  of  this  result  can  be  seen  in 
Figure  6.  Notice  that  the  transmission  ampli¬ 
tude  at  the  fundamental  frequency  (ft  =  1)  is 
approximately  the  Inverse  of  the  hysteretic 
loss  factor.  The  transmission  amplitudes  at 
the  surge  frequencies  are  approximately  in-  . 
versely  proportional  to  the  hysteretic  loss 
factor  and  to  the  square  of  the  surge  frequency. 
This  indirect  variation  with  the  square  of 
frequency  is  a  contrast  to  the  viscous  damping 
model  in  Figure  5.  It  is  interesting  to  note 
that  in  [6],  the  resonant  transmission  ampli¬ 
tudes  for  a  beam  having  hysteretic  damping  are 
also  inversely  proportional  to  the  square  of 
natural  frequency. 

Finally,  the  combined  effects  of  hysteretic 
and  viscous  damping  are  illustrated  in  Figure  7. 
In  this  figure,  the  transm'ssion  function  of 
Equation  15  is  plotted  for  u  =  10  and  for 
damping  ratios  of  B  =  .01,  .10,  and  n  =  .001, 
.010  .  For  these  amounts  of  damping,  the 
values  of  the  resonant  frequencies  are  observed 
to  change  insignificantly  from  the  undamped 
values.  Substitut’"-.g  the  undamped  natural 
frequencies  of  Equation  18  into  Equation  15, 
using  Equation  22,  and  neglecting  the  terms 
2 

containing  n  or  o-B  leads  to 


t(n)  = 


£  (1  +  n2)  +  §2. 


The  validity  of  this  approximation  for  the 
resonant  transmission  amplitude  can  be  noted  in 
Figure  7.  Equation  26  implies  that  for 
v»l  B«1  and  n«l  ,  the  fundamental  trans¬ 
mission  factor  is  influenced  by  both  viscous 
and  hysteretic  damping.  However,  at  the  higher 
surge  frequencies  the  Importance  of  viscous 
damping  is  diminished  and  the  response  is 
dictated  by  the  amount  of  hysteretic  damping 
present.  It  is  also  worth  observing  from 
Equations  23,  25,  and  26  that 


|TB&n| 

(Equation  26) 


(Equation  23)  (Equation  25) 


in  which  the  reciprocal  of  the  resonant  trans¬ 
mission  amplitude 


I  t(p  resonant) 


is  defined  as  the  system  loss  factor.  Thus,  for 
a  system  having  a  large  mass  ratio,  y  ,  and 
small  amounts  of  damping,  the  loss  factor  for 
combined  viscous  and  hysteretic  damping  is  the 
sum  of  the  system  loss  factors  for  each  type  of 
damping  alone. 

EXPERIMENTAL  COMPARISON 

Two  previously  published  experimental 
results  can  be  interpreted  in  light  of  the 
analytical  model  discussed  in  the  preceding 
section.  In  [7],  a  laboratory  experiment  is 
described  from  which  the  transmission  functions 
of  four  small  helical  springs  were  determined. 

One  end  of  each  specimen  was  fixed  and  the 
other  end  was  driven  by  an  electro-magnetic 
forcing  device.  The  forces  at  both  ends  of  the 
spring  were  measured  with  strain-gage  load 
cells.  One  transmission  function  which  was 
determined  from  these  measurements  is  shown  in 
Figure  8.  For  this  particular  specimen,  it  was 
reported  that: 

2 

m  =  93.4  gm  (.000533  . ) 

y  =  .0794 

K  =  7.62  x  103  N/m  (43.5  lb/in.) 

The  description  of  the  experiment  did  not 
contain  sufficient  information  to  assign  values 
independently  for  the  viscous  or  hysteretic 
damping  ratios  in  the  system.  However,  the 
plot  of  Equation  15  in  Figure  8  for  u  =  .0794, 

6  =  .05,  and  n  =  .02  shows  reasonable  agree¬ 
ment  with  the  experimental  transmission  function. 
These  ratios  do  correspond  to  physically 
plausible  amounts  of  viscous  and  hysteretic 
damping  for  the  experiment. 

Another  comparison  of  the  analytical  model 
with  experimental  results  is  provided  by  the 
field  evaluation  of  a  large  shock-isolated 
control  platform  [8].  This  platform  had  a 
total  mass  of 

M  =  8.97  x  104  kg  (512  lb  sec2/in.) 

and  was  mounted  on  18  damped  helical  spring 
isolators.  From  the  design  drawings  of  these 
isolators,  the  aggregate  spring  constant  was 
calculated  to  be 

K  =  3.77  x  106  N/m  (21500  lb/in.) 

and  the  total  moving  mass  of  the  springs  was 
computed  as 

m  =  3.73  x  103  kg  (21.3  lb  sec2/in.) 
which  corresponds  to  a  mass  ratio  of 
y  =  24.0 


tee 


The  results  of  the  field  tests  are  presented  in 
Table  1.  The  field  test  value  for  the  funda¬ 
mental  frequency  was  obtained  from  a  free- 
vibration  drop  test  of  the  platform.  The 
corresponding  tabulated  transmission  amplitude 
was  computed  by  using  the  decay  rate  measured 
in  this  test  in  the  equation  of  a  single- 
dearee-of- freedom  system  having  viscous  damping 
[3J.  The  first  surge  frequency  was  observed 
visually  and  measured  with  servo-accelerometers 
during  a  steady-state  test  in  which  the  iso¬ 
lators  were  excited  by  an  electro-hydraulic 
vibration  machine.  The  field  test  natural 
frequency  and  transmission  factor  in  the  final 
line  of  Table  1  were  measured  in  the  same 
steady-state  test.  All  the  field  test  data 
were  influenced  by  the  many  flexible  modes  of 
vibration  of  the  platform  itself,  the  lowest  of 
which  occurred  at  n  =  2.87.  Nonetheless, 
these  data  show  fair  correspondence  to  the 
resonant  frequencies  and  the  transmission 
amplitudes  calculated  from  Equation  15  for 
y  =  24.0,  6  =  .15,  n  =  .011  which  are  credible 
ratios  for  this  platform. 

TABLE  1 

Comparison  of  Field  Test  and  Analytical  Model 


Field  Test 
(Reference  7) 

Analytical  Model 
n  =  24,  B  =  .15,  n  =  .011 

p 

M 

n 

T 

.956 

3.35 

.972 

3.44 

17.86 

.74 

15.45 

.73 

35.9 

.08 

30.8 

.20 

These  two  comparisons  qualitatively  corrob¬ 
orate  the  analytical  model  developed  herein.  A 
further  experimental  study  in  which  the  damping 
ratios  and  the  resonant  transmission  factors  are 
measured  independently  would  quantitatively 
indicate  the  validity  of  this  model. 

CONCLUSIONS 

Viscous  damping  is  seen  to  limit  the 
resonant  response  of  a  helical  spring  and  the 
amplitudes  of  these  responses  are  approximately 
proportional  to  the  resonant  frequencies.  The 
effect  of  hysteretic  damping  is  to  cause  these 
amplitudes  to  vary  nearly  inversely  with  the 
square  of  the  resonant  frequencies.  Further, 
the  system  loss  factor  due  to  combined  viscous 
and  hysteretic  damping  is  approximately  the  sum 
of  the  system  loss  factors  for  each  type  of 
damping  alone. 
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NOMENCLATURE 

C  Coefficient  of  viscous  damping 

F  Harmonic  forces 

j  «/rT 

K  Static  stiffness  of  spring 

L  Free  length  of  spring 

m  Mass  of  spring 

M  Rigid  mass 

q  Dimensionless  complex  function  defined 
in  Equation  13 

r  Dimensionless  complex  function  defined 
in  Equation  14 

t  Time 

u  Dimensionless  sinusoidal  characteristic 

defined  in  Equation  11 

v  Dimensionless  exponential  characteristic 

defined  in  Equation  12 

x  Position  coordinate 

Y  Steady  state  displacements 

r 

B  Viscous  damping  ratio  a  — - — 

2  .''EM 

n  Hysteretic  loss  factor  of  spring  material 

os  System  loss  factor  =  ^|?(n  resonant)| 

u  Mass  ratio  =  M/m 


t  Transmission  factor 
<d  Angular  frequency 

n  Frequency  ratio  = 
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Figure  1.  Helical  spring,  mass, 
and  damper  system. 
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Figure  2.  Helical  spring  with 
distributed  mass  and 
■  Fk2  hysteretlc  damping. 
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Figure  3.  Resonant  frequencies  of  undamped  helical  springs 
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Effect  of  viscous  damping  on  transmission  factor 
u  =  10  and  n  =  0  . 


Figure  7 


Effect  of  viscous  and  hysteretic  damping  on 
transmission  factor,  y  =  10  . 
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ANALYTICAL  MODEL' 

M  =  .0794 
0  =  .05 

V  =.02  > 


O  OOOOO 

•  LABORATORY  EXPERIMENT  [7] 


Figure  8.  Comparison  of  laboratory  experiment  and  analytical  model 
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DISCISSION 


Mr.  Fox. (Rohr  Marine:)  When  you  look  at  that 
damping  mechanism,  that  is  really  a  nonlinear 
friction  damper  in  there,  it  is  not  a  viscous 
damper  I  believe.  I  worked  at  Barry  Division 
when  I  designed  that  mount.  They  were 
originally  supplied  with  a  very  nonlinear 
friction  damper  and  you  could  see  at  your  very 
high  frequencies  in  your  paper  you  didn't  get 
any  damping.  It  is  because  the  friction  damper 
is  disengaged  at  zero  mean  displacement,  so 
you  might  want  to  go  back  and  review  some  of 
those  things.  I  think  it  is  interesting  that 
you  added  the  two,  the  hysteretic  and  viscous 
damping;  I  think  that  is  a  neat  idea.  I  like 
it.  But  the  actual  big  spring  in  the 
Safeguard  system  used  friction  damping  it 
wasn't  viscous,  it  was  non  linear  too. 

Mr.  Mlakar;  In  a  sense  I  guess  what  we  are 
doing  is  fitting  an  equivalent  viscous. 

Mr.  Fox:  The  specification  was  written  as  an 
equivalent  viscous  that  is  probably  what 
fooled  you.  We  had  to  meet  an  equivalent 
viscous  and  I  think  they  were  intending  to 
use  viscous  but  the  friction  damper  did  a 
better  job  and  was  cheaper.  So  you  might  get 
better  correlation  at  the  higher  frequencies 
if  you  go  back  and  look  a t  that.  I  liked  your 
paper  it  was  interesting. 

Mr.  Mlakar:  Thank  you  for  your  comment. 
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This  paper  describes  a  program  whose  objective  was  to  introduce 
high  damping  into  the  helicopter  engine  exhaust  extension  in 
order  to  decrease  its  vibrational  amplitude  at  resonance  and 
thereby  increase  its  fatigue  life.  A  specialized  high  temper¬ 
ature  damping  material,  in  the  form  of  vitreous  enamel,  was 
utilized  to  work  effectively  over  the  operational  temperature 
range  of  the  exhaust  extension.  The  application  of  this  high 
temperature  damping  material  to  the  engine  exhaust  extension 
has  significantly  reduced  the  vibrational  amplitudes  at  reso¬ 
nance  and  thereby  increased  component  service  life. 


INTRODUCTION 

Increasing  the  service  life  of 
engine  exhaust  extensions  has  been 
of  great  concern  to  both  Sikorsky 
Aircraft  and  the  United  States  Army 
because  of  fatigue  failures  that 
have  occurred  within  a  few  hours  of 
operation.  Previous  attempts  to 
resolve  this  problem  by  introducing 
structural  stiffness  were  not 
successful  due  primarily  to  the 
broadband  excitation  generated  by 
the  engines  which  resulted  in  small 
reduction  in  structural  resonant 
response. 


The  most  promising  way  of  in¬ 
creasing  the  fatigue  1J  fe  of  the 
exhaust  extension  is  to  reduce  the 
vibrational  amplitudes  at  resonance. 
This  can  be  achieved  successfully  by 
additive  damping.  However,  most 
damping  materials  being  of  the 
elastomeric  type,  will  not  survive 
the  high  temperatures  associated 
with  the  subject  tailpipe.  The 
application  of  vitreous  enamels  has 
been  used  as  a  high  temperature 
damping  material  on  exhaust  systems, 
and  has'  successfully  reduced  their 
associated  vibrational  amplitudes 
and  noise  levels.  The  vibration 
failure  problem  on  this  component 
represented  an  opportunity  for 
application  of  this  material. 
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The  major  objectives  of  this 
effort  were  as  follows : 

1.  An  investigation  to 
define  the  mode  shapes  and 
natural  frequencies  of 
the  engine  exhaust  ex¬ 
tension. 

2.  The  selection  of  a  proper 
damping  treatment  optimized 
at  the  operating  tempera¬ 
ture  . 

3.  A  thickness  ratio  to  yield 
at  least  10:1  increase  in 
damping  throughout  the 
desired  frequency  range. 

*t.  A  100  hour  flight  test 
program  to  evaluate  the 
damping  properties. 

As  will  be  further  explained, 
each  of  these  objectives  were 
achieved . 

DISCUSSION 

Introducing  damping  into 
structures  at  high  temperatures  has 
been  restricted  in  the  past  because 


most  damping  materials  are  of  the 
elastomeric  type  and  do  not  survive 
beyond  400°?.  However,  recent 
Investigations1’2  have  shown  that 
vitreous  enamels  are  capable  of 
providing  extreme  damping  values  at 
high  temperatures  if  properly 
selected  and  designed.  The  main 
problem  was  in  selecting  the  proper 
material  that  would  maximize  damping 
at  the  operational  temperature  of 
the  tailpipe  extension. 

A  flight  test  was  performed  to 
determine  the  operational  temperature 
of  the  tailpipe  extension.  Four 
thermocouples  were  installed  on  the 
tailpipe  flange,  90°  apart  at  the 
four  clock  positions  (12,  3»  6,  9). 
The  test  aircraft  (CH-5^-.  S/N  67- 
lSill?)  maintained  a  stable  hover 
condition  for  30  minutes  at  a  gross 
weight  of  1)2,000  pounds  and  a 
neutral  center  rf  gravity.  Tempera¬ 
ture  data  was  obtained  at  five 
minute  intervals  and  is  presented  in 
Table  1.  The  critical  temperature 
was  obtained  by  finding  the  highest 
temperature  of  the  exhaust  extension 
during  the  hover  survey.  Since  » 
7i)20F  was  the  highest  temperature 
value,  it  was  decided  to  optimize 
the  damping  treatment  at  800°F. 


TA8L2  1 

PUQHT  TEST  TEMPS', MURE  EVALUATION 
FUght  Condition  -  Hover  -  100*  |IR  -  Nose  Into  Wind 
Engine  Parameters  -  #\  Engine  -  89*  N,  -  Engine  Speed 

19r'0  ib. /HR  -  Fuel  Flow 
1  75  Engine  Pressure  Ritlo 

#2  Engine  -  91*  N.  -  Ine  Speed 

1920  *ifc  »  .  -  Fuel  Flow 
1.79  Engine  Pressure  Ratio 

-  Turbine  Exhaust  Temperature 


5  Minute  Hover  -  Nose  Into  Wlrd 

Tj  -  AB0°C  (896®P)  Tj  -  A60°C  (860°F) 


10  Ml  mtc  Hc.er  -  Nose  Into  Wind 


1  -  330qC(626qF) 

2  -  :90°C(55*°P) 

3  -  190®C(37*»°F) 
b  -  230°C<*iU6oP) 


5  -  300"C(572”P) 
b  -  220°C(*J28°F) 

7  -  250°C<a82°F) 

8  -  300°C<572°F), 


1  -  3*0®C(6*4®P) 

2  -  293®C(55^F) 

3  -  190°Cv37»>°P) 
b  .  220oC(S28°F) 


5  -  30CrC(527®P) 

6  -  250®C(S82°p: 

7  -  260°C(500°P> 

8  -  310°C(590&o) 


IS  Minute  Ho\er  - 

Nose  Into  wind 

20  Minute  Hover  - 

Nose  Into  Wind 

T5  .  A95®0 

r5  -  A90®C 

t5  -  190°C 

T5  -  A60°C 

#1  Engine 

•#2  Engine 

fl  Em  Ine 

#2  Engine 

1  -  3«lO®C(65t®?> 

2  -  295®C(5!.3oP> 

3  -  190?C(3M?P 
*  -  2io°c<Ji)o0p; 

5  -  30C°C(572°F) 

6  -  240°C{il6»i°F) 

7  -  250°C(*82°/) 

8  -  310  C(590°P) 

1  -  337®<‘<626®P: 

2  -  270°(<6l8°P) 

3  -  1SI°C;356°P) 
a  -  190°C'37^°F> 

5  -  300®C(572°P> 

6  •  220  ,:<A28°F) 

7  •  260”C(500°P) 
3  -  »'5°C(599°P> 

hrte  Into  Wind 


30  Minute  Hover  -  Nose  .  to  Wind 


Tj  -  «90°C 

*  f 

-  A60®C 

T5  -  *905C 

Tj  -  AbO®C 

1  -  330°C(626°P) 

5  - 

300®C(572°P> 

1  -  330®t(6’6®p) 

5  -  310°C(590®P) 

2  -  2f 5qC(509qP) 

6  - 

230°C(AA6°P) 

2  -  295°C(5i-3°P) 

6  -  220°CO28°F) 

1  -  180°C(356°P> 

7  - 

2A0°C(A6A°P) 

3  -  200®c:3i2®P) 

7  -  260°C(500°F) 

A  -  200°C(392  1') 

8  - 

310°C(590  P) 

f  -  220°C  a;3cp) 

8  -  310°C(590°?) 

Right  Side  Into  Wind 

T$  -  A90°C  T5 

-  A80°C 

Left  Side  In\ 0  Wind 
T5  -  A,0°C 

T5  -  A90°C 

#1  Engine 

$2 

Engine 

<1  Engine 

12  Engine 

1  -  350°C(6«2°F) 

5  - 

31  ’c(590®P) 

1  -  350®C(6(2®P) 

5  -  310°C(:>90°P> 

7  -  395®C(7A2®P> 

6  - 

220°C<A28°P) 

2  -  320°C(6C8°») 

5  -  250°C(A82°P) 

3  -  200®7(392?P) 

7  - 

760®C(500°P> 

3  -  20l>®C(392°l") 

7  -  270°C(518°P) 

A  -  220®. .  A2S®  ; 

8  - 

315  C(599°P) 

A  -  2J5  C(A5r>°») 

8  -  315°C(599°P> 

ft-  . 

l  i  ft  t-  . 
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After  studying  the  driving  point 
frequency  response  plot  and  the 
animated  mode  shapes  of  vibration,  it 
was  found  that : 

1.  A  large  number  of 
resonances  occurred 
over  a  large  frequency 
range . 

2.  Damping  values  at  the 
various  resonances  were 
small.  Typical  loss 
factors  (n  )  ranged 
between  0.001  and  0.01. 

3.  Deformation  at  resonance 
was  associated  with  all 
surfaces  of  the  engine 
exhaust  extension  over 

a  wide  frequency  range. 

4.  Typical  semi-length 
wavelengths  of  vibration 
ranged  in  value  between 
five  and  fifteen  inches 
for  most  observed 
modes. 


The  Transfer  Function  tests 
were  performed  to  aid  in  determining 
the  damping  loss  factors  of  the 
various  modes  of  vibration. 

Transfer  function  plots  were 
obtained  by  placing  an  impedance 
head  between  the  shaker  and  the 
exhaust  extension.  Sinusoidal 
excitation  was  used  to  drive  the 
structure.  Both  the  input  force 
and  the  output  acceleration  were 
measured  by  the  impedance  head 
and  later  used  to  obtain  the 
compliance  versus  frequency 
plots.  Data  was  generated  at  a 
number  of  locations  close  to  the 
mounting  holes  in  the  flange  in 
order  to  minimize  mass  loading 
effects.  This  data  is  presented 
in  Figures  2  through  4.  The  half 
power  bandwidth  method  was  used 
to  obtain  the  damping  for  the 
various  modes.  The  sharpness  of 
the  peaks  indicates  that  damping 
loss  factor  values  are  very  low 
(between  0.001  and  0.01  for  most 
modes ) . 


Testing  was  then  initiated  to 
define  the  vibrational  characteristics 
of  the  exhaust  extension  for  proper 
optimization  of  the  damping  treatment. 
Both  analog  and  digital  techniques 
were  used  to  generate  the  transfer 
function  and  mode  shapes  necessary 
for  this  investigation.  These  were 
the  Transfer  Function  Alalyzer  (TFA) 
and  the  Digital  Fourier  Analyzer 
(DFA)  respectively.  The  engine 
exhaust  stack  was  bolted  through  the 
existing  mounting  hol2s  to  a  rigid 
plate  which  simulated  actual  boundary 
conditions . 

The  impulse  technique  was  used 
to  generate  the  data  with  the  DFA 
setup.  The  input  force  impulse  was 
applied  to  the  exhaust  extension  and 
this  signal  was  measured  simultaneously 
with  a  load  cell,  while  the  output 
response  was  measured  with  an  acceler¬ 
ometer  at  the  same  location.  The 
input  and  output  analog  signals  were 


then  filtered,  digitized,  and  Fourier 
transformed  to  yield  magnitude  and 
phase  information  in  the  frequency 
domain.  The  complex  ratio  of  response 
to  force  was  then  computed  and  the 
resultant  transfer  function  was 
plotted  as  compliance  versus  fre¬ 
quency.  Typical  driving  point 
frequency  response  obtained  by  ‘ his 
technique  is  shown  in  Figure  1.  Due 
to  the  large  number  of  observed 
modes,  only  typical  resonances  were 
further  investigated  to  determine 
their  associated  mode  sl'.ape  of 
vibration.  These  were  52.7,  84.0, 
201.0  and  339.8  Hz.  Animated  mode 
shapes  of  vibration  were  obtained  by 
the  impulse  technique  by  generating 
transfer  function  plots  on  66  various 
locations  on  the  engine  exhaust 
extension.  The  animated  mode  shapes 
of  vibration  proved  to  be  a  successful 
aid  in  determining  the  general 
vibratory  characteristics  of  the 
tailpipe  extension. 


FREQUENCY  -  HZ. 


Figure  2  Driving  Point  Frequency  Response  Comparison  of  Damped  and 
Undamped  Exhaust  Extension 


A  damping  treatment,  optimized 
for  room  temperature,  was  then 
applied  to  the  exhaust  extension  for 
optimization  studies.  The  room 
temperature  treatment  was  selected 
to  have  damping  properties  equiv¬ 
alent  to  those  of  the  high  temper¬ 
ature  damping  treatment.  In  this 
manner,  all  optimization  studies  can 
be  evaluated  at  room  temperature  and 
thereby  avoid  the  usual  problems 
associated  with  high  temperature 
testing. 

The  room  temperature  treatment 
was  a  multiple  layer  damping  tape 
configuration.  Each  layer  of  the 
tape  considted  of  a  damping  adhesive 
of  0.002  inch  (.0051  CM)  thick  and  a 
constrained  aluminum  layer  having  a 
thickness  of  0.002  inch  (.0051  CM). 

The  damping  treatment3  yields  optimum 
damping  capabilities  at  room  temper¬ 
ature.  The  effective  Young's  modulus 
and  loss  factor  of  the  room  tempera¬ 
ture  damping  treatment  were  computed1*, 
and  this  calculated  information  is 
presented  in  Figure  5  for  typical 
semi-wavelengths  of  vibration. 

The  information  presented  in 
Figure  6  show  the  damping  properties 
of  the  high  temperature  treatment. 


The  loss  factor  and  effective 
modulus  are  presented  at  two  frequen¬ 
cies,  100  and  1000  Hertz.  It  can  be 
seen  from  the  data  presented  In 
Figures  5  and  6,  that  the  room 
temperature  treatment  has  properties 
equivalent  to  those  of  the  selected 
high  temperature  vitreous  enamel  at 
the  operational  temperature  of  the 
exhaust  extension.  There fore,  any 
optimization  for  the  room  tempera¬ 
ture  damping  treatment  will  be 
directly  applicable  to  the  vitreous 
enamel . 

A  number  of  layers  of  the  room 
temperature  damping  treatment  were 
applied  until  adequate  reductions  o:: 
the  vibrational  resonant  amplitudes 
were  achieved.  This  was  accomplished 
with  five  layers  (total  thickness  of 
0.020  inch)(.051  CM)  of  the  damping 
material.  Testing  was  performed 
exactly  as  those  performed  on  the 
untreated  tailpipe  extension.  The 
results  of  the  room  temperature 
damping  evaluation  are  shown  in 
Figures  2  through  4.  Comparing  the 
results  of  the  damped  and  undamped 
cases,  it  can  be  seen  that  the 
damping  values  have  been  increased 
by  at  least  a  factor  of  ten  for  most 
modes  of  vibration. 


FREQUENCY  -  HZ. 

Figure  3  Driving  Point  Frequency  Response  Comparison  of  Damped  and 
Undamped  Exhaust  Extension 


TEMPERATURE  -  T 


Figure  6  Damping  Properties  of  Corning 
Glass  No.  8363 


Additional  tests  were  performed 
which  revealed  that  fifteen  percent 
of  the  damping  treatment  could  be 
removed  with  no  significant  change 
in  spectrum  shape.  This  is  clearly 
shown  in  Figure  7.  These  tests  were 
conducted  to  investigate  the  possibility 
that  some  of  the  damping  treatment 
may  chip  during  installation.  The 
flaking  problem  which  was  encountered 
did  not  result  in  any  damping  degrada¬ 
tion.  Therefore,  it  was  decided 
that  for  the  high  temperature  enamel 
to  be  as  effective  as  the  room 
temperature  treatment,  and  to  completely 
alleviate  any  possible  decrease  in 
damping  characteristics,  the  treatment 
should  be  applied  to  the  entire 
surface  in  the  same  thickness  (0.020 
inch) (.051  CM). 

Since  the  engine  exhaust 
temperature  ranged  between  700°F 
(370°C)  and  800°F  (1|28°C),  it  was 
decided  to  select  a  damping  material 
that  exhibited  optimum  capabilities 
in  that  range.  The  enamel  which 
conformed  to  these  requirements  was 
found  to  be  Corning  Glass  No. 

8363s.  The  damping  properties  of 
this  enamel  have  been  measured  and 
were  previously  presented  in  Figure 
6  in  terms  of  temperature  and 
frequency.  It  can  be  seen  from  the 
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Figure  7 


Driving  Point  Frequency  Response  of  the  Damped  Exhaust 
Extension  Slowing  100*  and  85?  Coverage 
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data  of  Figure  6  that  maximum 
damping  for  the  enamel  occurs  at  a 
somewhat  lower  temperature  than  that 
of  the  engine  exhaust.  This  shift 
is  in  the  appropriate  direction 
since  the  outside  surfaces  of  the 
exhaust  extension  were  subjected  to 
lower  temperatures  than  those  of  the 
exhaust . 

To  verify  the  characterized 
high  temperature  damping  properties 
shown  in  Figure  6,  a  321  stainless 
steel  cantilever  beam  was  coated 
with  the  vitreous  enamel  on  both 
sides.  This  beam  having  similar 
properties  of  the  engine  exhaust 
extension,  was  used  to  simplify 
further  testing  and  verification  of 
the  high  temperature  damping  treat¬ 
ment.  The  beam  dimensions  were  8.0 
inche-  (20.32  CM)  long,  0.75  inches 
(1.91  CM)  wide,  and  0.125  inches 
(.317  CM)  thick.  The  coating 
thickness  was  0.008  inches  (.02  CM) 
on  each  side.  The  damping  of  the 
beam  was  measured  in  terms  of 
frequency  and  temperature,  and  are 
presented  in  Figure  8  for  the  third 
mode  of  vibration.  Superimposed  on 
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Figure  8  Comparison  Between  Computed 
and  Measured  Damping  Values 
for  a  321  Stainless  Steel  Beam 


this  data  is  the  predicted  perfor¬ 
mance  of  the  beam  using  the  charac¬ 
terized  properties  obtained  from 
Figure  4.  The  predicted  values  were 
computed  using  standard  equations6 
for  symmetric  free  layer  treatment. 
It  can  be  seen  from  Figure  8  that 
there  is  good  correlation  between 
the  two,  and,  therefore,  the 
measured  properties  of  the  enamel 
can  be  used  later  for  optimization 
purposes  with  confidence. 

The  thickness  of  the  enamel 
coating  for  the  tailpipe  extension 
was  chosen  to  be  0.020  inch  (.051 
CM)  in  order  to  achieve  the  same 
performance  as  that  achieved  with 
tne  room  tei.oerature  damping  tape. 
This  selection  was  also  confirmed  by 
using  the  characterized  material 
properties  to  predict  the  damping  of 
the  tailpipe  extension  for  various 
thicknesses  of  enamel.6  It  was 
found  that  high  damping  could  be 
achieved  over  the  operational 
temperature  range  with  a  0.010  inch 
(.025  CM)  coating  on  each  side  of 
the  structure.  This  is  illustrated 
ir.  Figures  9  and  10. 
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Figure  9  Composite  Loss  Factor  of  the 
Damped  Exhaust  Extension 
at  100  Hertz 
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Figure  10  Composite  Loss  Factor  of  the 
Damped  Exhaust  Extension  at 
1000  Hertz 


Figures  11  and  12  show  the 
tailpipe  extension  with  the  high 
temperature  damping  treatment 
applied.  The  entire  tailpipe  exten¬ 
sion  was  coated,  with  the  exception 
of  the  flange  as  is  shown  in  Figure 
12.  The  flange  was  not  coated  to 
alleviate  any  potential  installation 
problems.  The  applied  damping 
treatment  resulted  in  a  total  tailpipe 
extension  weight  of  15.28  pounds 
(6.95  Kg)  or  an  increase  of  4.25 
pounds  (l.f-3  Kg). 

The  coated  tailpipe  was  shipped  to 
Ft.  Euslis,  Virginia  where  it  was 
inspected  and  installed  on  a  CH-54 
Helicopter  (A/C  18470).  It  was 
observed  during  the  first  thirty 
hours  that  some  flaking  of  the 
damping  material  occurred  on  the 
Inside  section  of  the  tailpipe.  It 
was  determined  that  the  exhaust  flow 
ablated  the  damping  treatment  from 
the  inner  tailpipe  surface.  Further 
investigations  showed  that  the 
damping  material  could  be  applied  to 
the  outside  surface  only,  maintaining 


Figure  11  Damped  Tailpipe  Extension  - 
Before  Installation 


Figure  12  Damped  Tailpipe  Extension  - 
Before  Installation 


the  10:1  increase  in  damping  achieved 
previously.  This  would  eliminate 
the  flaking  problem  and  tend  to 
further  increase  the  service  life  of 
the  tailpipe  extension. 

Upon  completion  of  the  100  hour 
flight  test  evaluation,  the  treated 
tailpipe  extension  was  removed  from 
the  aircraft  and  shipped  to  Sikorsky 
Aircraft.  A  detailed  inspection 
revealed  no  indications  of  metal 
fatigue.  The  flaking  problem  on  the 
inner  surface,  discussed  previously, 
can  be  clearly  seen  in  Figure  13  and 
14.  This  degradation  has  not  signif¬ 
icantly  increased  subsequent  to  its 
being  discovered  during  the  initial 
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30  hours .  The  outer  surface  of  the 
extension  show  no  evidence  of  flaking 
which  substantiates  the  recommenda¬ 
tion  for  applying  the  material  to 
the  outer  surface  only. 


Figure  13  Damped  Tailpipe  Extension  - 
100  Hour  Flight  Evaluation 


Figure  l1)  Damped  Tailpipe  Extension  - 
100  Hour  Flight  Evaluation 


CONCLUSIONS 


The  testing  performed  under 
this  program  has  successfully 
demonstrated  the  feasibility  of 
applying  high  temperature  damping 
treatment  to  an  existing  structure 
so  as  to  significantly  increase  its 
fatigue  life. 
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MULTI-VARIABLE  OPTIMIZATION  FOR  VIBRATION 


ISOLATION  OF  ROAD  VEHICLES 


Ebrahim  Esmail2adeh 
Department  of  Mechanical  Engineering 
Arya  Mehr  University  of  Technology 
Tehran,  Iran 


The  transmission  of  road-generated  vibrations  into  a  vehicle 
body  is  treated  as  a  source-path-receiver  problem.  The  sus¬ 
pension  system  acts  as  the  path,  and  improved  isolation  can 
be  achieved  by  having  a  single  compliant  bushing  at  the  con¬ 
necting  point  of  the  shock  absorber  to  the  body  with  none  at 
the  other  end.  A  mathematical  model  is  derived  for  such  a 
system  and  an  expression  for  the  absolute  displacement  trans- 
missibility  of  the  body  and  that  of  the  wheel  is  derived.  An 
optimization  procedure  is  applied  in  order  to  evaluate  the 
optimum  values  of  the  non-dimensional  variables  involved. 

This  minimizes  the  maximum  motion  transmitted  to  the  body  from 
the  road  surface  over  a  broad  frequency  range. 


INTRODUCTION 


The  dynamical  design  of  linear  vib¬ 
ration  isolators  to  provide  a  good  ride 
quality  and  to  protect  the  vehicle  body 
from  the  sinusoidal  motion  generated 
from  the  road  surface  is  an  important 
engineering  problem.  The  basic  theory 
of  vibration  isolation  is  based  on  trans¬ 
fer  response  analysis  of  a  mass  suppor¬ 
ted  by  a  parallel  combination  of  a  li¬ 
near  spring  and  a  viscous  damper  [l] . 

This  analysis  is  adequate  for  illustra¬ 
ting  the  fundamental  principles  of  vib¬ 
ration  isolation  and  resonance  characte¬ 
ristics  [2] ,  but  is  an  ever  simplifica¬ 
tion  insofar  as  many  practical  problems 
are  concerned.  An  alternative  system 
for  in.  iroving  vibration  isolation  which 
eliminates  the  damping  force  at  high 
frequencies,  yet  permits  the  damper  to 
control  motion  at  low  frequencies  has 
been  discussed  by  Ruzicka  and  Cavanaugh 
[3] ,  but  only  the  case  of  single-degree- 
of-freedom  has  been  considered.  The 
vibration  isolation  for  rigid  and  flexi¬ 
ble  equipment  has  been  investigated  by 
Ruzicka  [4]  and  the  effect  of  damping  on 
the  equipment  has  also  been  included. 
However,  the  case  of  a  flexible  suppor¬ 
ting  structure  has  not  been  studied. 

Experimental  study  into  the  effect 
of  foundation  resilience  on  the  isola¬ 
tion  vibration  has  been  discussed  by 


Hamme  [5] ,  but  he  fails  to  give  a  method 
to  obtain  the  optimum  values  of  the  pa¬ 
rameters  involved.  A  new  technique  was 
introduced  to  use  a  Hybrid  computer  to 
simulate  the  entire  system  [6] .  This 
computer  combines  patchable  logic  cir¬ 
cuitry  to  an  analog  computer  and  pro¬ 
vides  the  means  to  obtain  a  self- 
optimizing  damper.  Vibration  isolation 
of  a  compound  system  and  dynamic  vibra¬ 
tion  absorber  has  been  studied  in  detail 
by  Den  Hartog  [7]  and  an  optimization 
method  was  developed  for  obtaining  the 
optimum  values  of  parameters. 

The  problem  of  multi-variable  opti¬ 
mization  may  be  studied,  when  investiga¬ 
ting  the  dynamic  properties  of  vehicle 
suspension  systems  [8] ,  An  attempt  is 
made  here  to  apply  a  method  of  optimiza¬ 
tion  to  the  dynamic  characteristics  of  a 
vehicle  suspension  system  in  order  to 
obtain  optimum  values  of  the  parameters 
involved  from  which  the  maximum  trans¬ 
mitted  motion  to  the  body  would  be  mini¬ 
mum  over  a  wide  frequency  range.  Design 
data  are  presented  non-dimensionally 
since  this  would  facilitate  the  selec  - 
tion  of  the  optimum  values  of  the  above- 
mentioned  parameters  in  the  design  of 
road  vehicle  suspensions. 
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FORMULATION  OF  THE  SUSPENSION  SYSTEM 

Conventional  rigidly  connected  vis¬ 
cous  damper  can  isolate  motion  success¬ 
fully  in  a  narrow  range  of  frequencies. 
However,  vibration  environments  are  be¬ 
coming  lore  extreme  as  disturbing  fre¬ 
quency  increases  and,  in  fact,  damping 
is  detrimental  to  the  isolation  effec¬ 
tiveness  above  resonance.  Excessive 
damping  also  increases  the  transmitted 
force  and,  hence,  results  in  an  increase 
of  severity  of  shock  experienced  by  the 
body  from  wheel.  Therefore,  an  elasti¬ 
cally  connected  viscous  damper  is  as¬ 
sumed  in  the  mathematical  model  of  the 
suspension  system  shown  in  Fig.  1.  The 
elasticity  of  the  viscous  damping  ele¬ 
ment  is  assumed  to  be  a  linear  spring  of 
stiffness  Kj  in  series  with  the  shock 
absorber  c.  The  equations  of  motion  for 
the  body  and  the  wheel  may  be  written 
as 

M1°2x1  =  "  Ke(Xl  “  X2}  (1) 


M2D2X2  =  Kg(X1  -  X2)  -  K2(X2  -  X3) 


where  K  is  the  equivalent  spring  stiff¬ 
ness  of  the  vehicle  suspension  system  ; 
and  is  given  by: 


( (c/K1)  D+Q/  (1+Q)  Ml+Q)  .Kj. 
Q  +  (c/K^D 


and  the  absolute  displacement  transmis- 
sibility  of  the  wheel,  |ta2|,  is  given 
by 


where : 

Xq  =  amplitude  of  the  sustained  si¬ 
nusoidal  motion; 

Y  =  resonant  frequency  ratio,  V((K2/ 

“Hi T/utf 

U  =  mass  ratio ,  M2/M.  ; 

(o  =  frequency  of  the  input  distur¬ 
bance  from  road; 

u0  =  reference  frequency, (K^ (1+Q) / 
Mx)  and 

£  =  damping  ratio,  c/ (2K^A>Q). 


with  Q  =  stiffness  ratio,  Kj/K^; 

and  D  =  differential  operator,  d/dt. 

For  sustained  sinusoidal  motion  of  the 
vehicle  suspension  system  of  Fig.  1,  the 
absolute  displacement  transmissibility 
of  the  body,  |TA^j ,  is  given  by 

l*All  =  1^1 


U*y"(t+q)2  +  ^VY-do/V2 
jVy2  (y^-)-0+M)  (-^q)  (w/w0)2-UY2a(io/w0)2 

UQ(o)/a)0)  **J  2  +  kE,2  (oj/u0)2  [uy2  +  uWwq)1* 

- (1+p+PY2 ) (w/Uq)2]2 


Typical  variations  of  absolute  trans¬ 
missibility  of  the  body  and  that  of  the 
wheel  as  a  function  of  frequency  ratio 
io/wq  with  arbitrary  values  for  the  va¬ 
riables  damping  ratio  £,  mass  ratio  u, 
resonant  frequency  ratio  y,  and  stiff¬ 
ness  ratio  of  damper  unit  Q  are  shown  in 
Fig.  2  and  Fig.  3. 

MULTI-VARIABLE  OPTIMIZATION  OF  SUSPENSION 
SYSTEM 

The  absolute  transmissibility  of  the 
body,  | Ta1 | ,  given  by  equation  (4)  is 

function  of  four  variables.  The  optimum 
values  of  ,,p,y  and  Q  are  to  be  sought 
from  which  maximum  value  of  transmissi¬ 
bility  of  the  body  would  become  minimum 
over  the  considered  broad  frequency 
range.  Frequency  response  for  absolute 
transmissibility  of  the  body  which  is 
shown  in  Fig.  2  indicates  that  there  are 
two  maxima  which  are  known  as  resonant 
transmissibilities  of  the  body.  Let 
these  be  denoted  a3  X^  and  X?,  respec¬ 
tively,  which,  in  turn,  are  functions  of 
four  variables. 


The  digital  computer  flow  diagram 
for  the  optimization  of  the  variables 
£,Y,m  and  Q  is  developed  and  shown  in 
Fig.  4.  Initially,  arbitrary  values  for 
Y,u  and  Q  are  assumed  and  optimisn  value 
of  ?  is  sought  for  which  the  two  reso¬ 
nant  transmissibilities,  and  X2,  be¬ 
come  equal.  The  next  step  is  to  change 
value  of  y  for  which  a  minimum  value  of 
the  two  maxima  is  obtained.  This  is  the 
outer  loop  indicated  by  the  label  L6  in 
Fig.  4.  The  other  two  variables  p  and  Q 
are  assumed  to  be  constant  in  the  prog¬ 
ram  in  order  to  save  computing  time. 
However,  by  selecting  different  values 
of  p  and  Q  for  every  run  of  the  program 
an  optimum  value  of  resonant  transmissi- 
bility,  lTAil0pt'  can  be  obtained* 

The  optimum  resonant  transmissibility 
of  the  body,  |TAi|Qpt,  as  a  function  of 
mass  ratio,  p,  and  stiffness  ratio  of 
damper  unit,  Q,  is  shown  in  Fig.  5.  The 
variation  of  p  is  chosen  to  be  between 
0.1  and  10.  However,  for  values  of  mass 
ratio  of  smaller  them  0.1,  the  optimum 
transmissibility  changes  very  slightly. 

It  can  be  seen  that  the  stiffness  ratio 
of  the  damper  unit,  Q,  and  mass  ratio, 
p,  do  not  have  optimum  values.  However, 
for  better  isolation  smaller  values  of 
mass  ratio  and  larger  values  of  Q  are 
most  desirable. 

The  variation  of  optimum  resonant 
frequency  ratio,  Yopt»  as  a  function  of 
mass  ratio,  p,  and  Q  for  which  minimum 
value  of  the  resonant  transmissibility 
occurs  is  shown  in  Fig.  6.  The  corres¬ 
ponding  optimum  values  of  damping  ratio, 
£;,  as  a  function  of  p  and  Q  is  shown  in 
Fig.  7. 

In  designing  an  optimum  suspension 
system  the  non-dimensional  Figs. 5, 6  and 
7  may  be  used  as  illustrated  in  the  fol¬ 
lowing  example. 

It  has  already  been  established  that 
stiffness  ratio  of  the  damper  unit,  Q, 
and  mass  ratio,  p,  do  not  have  an  opti¬ 
mum  value  .  For  this  example  Q  is  cho¬ 
sen  to  be  2  and  the  mass  ratio,  p,  is 
assumed  to  be  an  arbitrary  value  also  of 
two.  Fig.  5  indicates  that  the  optimum 
resonant  transmissibility  of  the  body, 
ItaiI  Qpt,  for  Q  =  2  and  u  =  2  must  be 

2.874.  The  corresponding  optimum  value 
of  the  resonant  frequency  ratio,  YQpt» 

which  can  be  read  off  from  Fig.  6  is 
1.478  while  the  optimum  value  of  the 
damping  ratio,  50pt»  equals, 696  (from 

Fig.  7) .  Hence  a  complete  set  of  opti¬ 
mum  design  parameters  is  determined. 

The  frequency  response  of  the  absolute 
transmissibility  of  the  body  for  these 
values  of  variables  is  shown  in  Fig.  8. 

It  can  be  seen  that  the  two  maxima  are 
equal  and  have  a  value  of  2.874,  which 
is  already  known  from  Fig.  5.  Moreover, 
neither  of  the  two  resonant  transmissi¬ 


bilities  pass  through  the  invariant 
points.  The  curves  for  extreme  values 
of  damping  i.e.  zero  and  infinity,  are 
also  included  in  Fig.  8. 


CONCLUSIONS 

The  investigation  into  the  vibration 
isolation  of  a  vehicle  suspension  system 
with  the  conventional  rigidly  connected 
shock  absorber  indicates  that  damping  is 
detrimental  to  the  isolation  effective¬ 
ness  above  resonance.  Also  excessive 
damping  increases  the  transmitted  force 
and,  hence,  leads  to  an  increase  of 
shock  wave  transmission  to  the  body.  A 
mathematical  model  of  a  vehicle  suspen¬ 
sion  system  with  an  elastically  connec¬ 
ted  viscous  damper,  to  represent  the  top 
rubber  bush  for  the  shock  absorber,  has 
been  formulated  and  an  expression  for 
the  absolute  displacement  transmissibi¬ 
lity  of  the  body  is  derived. 

An  optimization  technique  is  deve¬ 
loped  in  order  to  evaluate  optimum  va¬ 
lues  of  the  variables  involved  in  the 
transmissibility  expression  from  which 
the  maximum  transmitted  motion  to  the 
body  from  the  road  surface  would  be  mi¬ 
nimum  ever  the  broad  frequency  range. 

It  has  been  shown  that  the  variation  of 
optimum  resonant  transmissibility  with 
mas3  ratio  in  the  range  0.1  to  10  is  of 
primary  importance.  For  values  of  mass 
ratio  less  than  0.1  a  slight  change  in 
the  transmissibility  values  is  noticed. 
Better  isolation  of  vibration  is 
achieved  with  smaller  values  of  the  mass 
ratio  and  larger  values  of  stiffness  ra¬ 
tio,  Q,  The  variation  of  optimum  values 
of  variables  which  are  presented  non- 
dimensionally  would  facilitate  the  se¬ 
lection  of  optimum  variables  in  the  de¬ 
sign  of  vehicle  suspension  system. 
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DISCUSSION 

Mr.  Vatz,  (Teledvne  Brown):  Did  you  look  at 
ways  of  lowering  the  natural  frequencies  of 
both  peaks  and  are  they  below  the  normal 
operating  frequency  of  the  vehicle  suspension? 

Mr.  Esmailzadeh:  In  this  presentation  as  you 
can  see  in  fact  it  is  in  a  nondimentional  form, 
it  is  in  a  design  form.  But,  for  that  particular 
case  we  have  tried  to  change  the  stiffness  ratio 
of  the  main  body.  He  didn't  have  very  much 
room  to  play  there  because  it  is  already  fixed. 
All  we  could  do  is  put  a  rubber  bushing  on  top 
of  the  shock  absorber  before  it  has  been  stuck  to 
the  main  body.  We  couldn't  play  very  much  with 
that  system  because  that  has  already  been  set 
up.  However,  in  a  passive  system  with  pneumatic 
suspension  which  I  am  working  on  now,  you  can 
alter  the  characteristics  of  the  system  easily. 

He  are  negotiating  with  a  European  car  manu¬ 
facturer  to  implement  a  pneumatic  system. 

It  is  just  another  air  blow  system  because  that 
is  very  well  known  and  it  has  a  better  ride 
quality  from  the  point  of  the  softening  spring 
system.  But  you  have  more  leeway  with  the  shock 
absorber  type  which  replaces  the  viscous  damper 
because  the  medium  is  compressible  rather  than 
incompressible,  so  we  have  a  lot  of  room  to  play 
with  the  factors  from  the  design  point  of  view. 


force  generated  going  into  the  road  bed;  which 
is  a  very  large  cost  factor  to  all  of  us  I 
think?  Is  there  any  possibility  that  it  would 
be  a  prudent  thing  to  investigate  the  nature 
or  degree  of  force  contact  into  .he  road  that 
might  result  from  the  suspension  optimization? 

Mr.  Esmailzadeh i  We  as  a  team  are  looking  at 
the  different  aspects  of  the  roadway  suspension 
interaction  system  and  not  only  for  sinusoidal 
input  but  also  for  random  excitation  and  road- 
body  interaction  problem,  both  for  the  tracks 
and  for  the  trucks  and  trailers  and  highways. 

We  would  be  glad  to  give  you  some  references. 

Mr.  Vatz:  Speaking  of  the  interaction  of  tires 
I  was  involved  in  a  rather  gross  problem  a 
number  of  years  ago  and  we  went  to  Waterways 
(USA  Waterways  Exp.  Sta. )  wheel.  I  think  it 
was  developed  by  our  Corps  of  Engineers  friends 
in  Mississippi  where  there  is  a  number  of 
springs  because  your  surface  is  not  flat  it  has 
a  lot  of  angles  and  you  get  into  the  modeling 
of  the  angles. 


Mr.  Silver.  (Westinghouse) :  We  have  been  doing 
a  little  work  on  trucks,  exchanging  steel  springs 
for  elastomeric  type  of  springs  and  we  have 
encountered  similar  things.  We  are  making 
measurements  as  a  function  of  a  load  and  we  are 


running  the  vehicles  over  roads  and  finding  the 
response  functions.  As  we  load  the  body  of  the 
tractor  trailer  suspension  from  zero  to  40,000 
lbs  on  trucks  we  find  the  resonent  frequency 
dropping  and  the  damping  getting  less,  I 
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This  paper  describes  the  orbiting  HEAO-B  X-ray  Telescope 
exper  ment  package  and  the  Isolation  mounts  which  will  be 
used  to  support  and  protect  It.  The  design  and  testing 
phases  of  the  Isolation  development  program  are  fully 
.-^scribed  and  data  are  presented. 
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THE  HEA< -  %  ' jSERVATORY 

The  High  Energy  Astronomy  Observatory  - 
Mission  B  Is  an  earth  orbiting  satel¬ 
lite  observatory  for  the  purpose  of 
par* ormlng  a  detailed  X-ray  survey  of 
the  celestial  sphere.  The  observatory 
consists  ~f  the  HEAO-B  Spacecraft 
together  with  the  X-ray  Telescope.  The 
primary  viewing  requirement  is  to 
provide  final  aspect  solution  and 
internal  alignment  Information  to 
correlate  an  observed  X-ray  Image  with 
the  celestial  sphere  to  within  one-and- 
one-half  arc  seconds.  Scientific 
requirements  were  established  by  a 
consortium  consisting  of  Smithsonian 
Astrophysics!  Observatory,  Massachu¬ 
setts  Institute  of  Technology,  Columbia 
University,  and  NASA  Goddard  Space 
Flight  Center.  Or.  Riccardo  Giaconnl 
of  SAO  is  the  principal  investigator. 
HEAO-B  is  a  NASA  program  managed  by  the 
Marshall  Space  Flight  Center.  The 
HEAO-B  Spacecraft  prime  contractor  is 
TRW,  Inc.  The  spacecraft  provides  the 
required  attitude  control  and  determi¬ 
nation  system,  data  telemetry  system. 


‘This  work  was  supported  under 
National  Aeronautics  and  Space 
Administration  Contract  Number 
NAS8-30750. 


space  solar  panels  and  power  system, 
and  interface  with  the  Atlas-Centaur 
launch  vehicle. 

The  HEAO-B  X-ray  Experiment  configura¬ 
tion  Is  shown  in  Figure  1.  The  high 
resolution  mirror  assembly  Is  a  grazing 
incidence  optical  system  with  3.43 
meter  (135  inches)  focal  length.  The 
focal  plane  crystal  spectrometer,  high 
resolution  Imaging  detector,  solid 
state  spectrometer,  and  Imaging  propor¬ 
tional  counter  are  X-ray  detectors 
which  can  be  positioned  at  the  focal 
point  of  the  mirror  assembly.  The 
optical  bench  provides  precise  posi¬ 
tioning  of  the  detectors  relative  to 
the  optics.  American  Science  and 
Engineering,  Inc.,  Is  experiment  inte¬ 
grator  for  the  HEAO-B  Telescope.  The 
three  thousand  pound  HEAO-B  X-ray 
Telescope,  shown  In  Figure  2,  Is  cur¬ 
rently  undergoing  X-ray  calibration  1r. 
preparation  for  Integration  with  HEAO-B 
Spacecraft. 

The  primary  Interface  between  the 
HEAO-B  Spacecraft-  and  the  X-ray 
Telescope  Is  a  set  of  four  Isolation 
mounts.  The  locations  of  the  forward 
Isolation  mounts  (two  each)  and  aft 
isolation  mounts  (two  each)  are  de¬ 
picted  in  Figure  1.  These  isolation 
mounts,  which  are  described  herein. 
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were  designed,  fabricated,  and  tested  The  primary  launch  events  are  outlined 

by  Lord  Kinematics  under  contract  to  In  Table  I.  A  computer  analysis  of  the 

American  Science  and  Engineering,  Inc.  static  and  dynamic  loads  was  performed 

for  the  coupled  Telescope-Spacocraft- 

I SOLATOR  DESIGN  REQUIREMENTS  Launch  Vehicle.  That  analysis  was 

based  on  isolation  mount  dynamic  stiff- 

The  function  of  the  Isolation  Mounts  is  ness  of  10,945  N/mm  (62,500  Ib/in)  in 

threefold:  to  provide  shock  isolation  both  the  axial  and  lateral  directions, 

during  handling  and  shipping  of  the 

experiment,  to  produce  controlled  As  a  result  of  the  computer  analysis, 

telescope-spacecraft  dynamic  character-  the  MECO  case  was  identified  as  produc- 

istics  during  launch,  and  to  minimize  ing  the  maximum  dynamic  loads,  and  the 

spacecraft  induced  thermal  loads  to  the  BECO  case  as  producing  the  maximum 
telescope  during  on-orbit  operation.  static  loads.  Thus,  the  Isolation 

These  functions  are  assured  by  proper  Mount  dynamic  stiffness  requirement  was 

specification  of  the  isolator  stiffness  established  at  the  MECO  loading  condi- 

requirements  as  a  function  of  load  and  tion.  That  is,  at  the  predicted  MECO 

frequency.  The  detailed  HEAO-B  isola-  loads  and  frequency  the  stiffness  of 

tor  design  requirements  evolved  from  10,945  N/mm  (62,500  lb/in)  in  each 

consideration  of  the  launch  load  pro-  direction,  was  specified.  Since  stiff- 

file,  telescope  performance  criteria,  ness  less  than  the  specified  value 

experiment  operating  environment,  and  would  produce  lower  dynamic  loads,  a 

state-of-the-art  for  elastomeric  isola-  lower  bound  was  also  specified.  The 

tion  mountings.  lower  bcund  on  stiffness  was  based  on 

expected  isolator  design  and  manufac¬ 
turing  tolerances.  The  Isolation  Mount 
stiffness  requirements  are  given  in 
Table  II. 


Table  I  -  Primary  HEAO-B  Launch  Events 


Event 

Acronym 

Characteristics 

Launcher  Release 

L.  R. 

Dynamic  loading  applied  for 
a  three  second  interval. 

Maximum  Aerodynamics 

Max  q 

Dynamic  loading  during  boost 
phase  while  at  peak  aero¬ 
dynamic  load. 

Booster  Firing 

- 

Steady  state  loading  phase 
which  includes  Max  q. 

Booster  Engine  Cut-off 

BECO 

Steady  state  loading  of 
maximum  magnituue. 

Booster  Package  Jettison 

BPJ 

Brief  dynamic  load  during 
Atlas  jettison. 

Main  Engine  Firing 

- 

Steady  state  loading  due  to 
Centaur  stage. 

Main  Engine  Cut-off 


MECO 


Maximum  dynamic  load  applied 
for  one-half  second  at 
Centaur  cut-off. 


Predicted  launcher  release  loads  were 
specified  for  test  purposes  only. 
Stiffness  values  at  these  loads,  given 
in  Table  II,  were  to  be  reported  for 
reference  only. 

The  Spacecraft-Telescope  dynamic 
characteristics  during  launch  are  con¬ 
trolled  by  providing  isolator  stiffness 
in  accordance  with  the  Table  II  values. 
Shock  Isolation  during  handling  and 
shipping  is  automatically  provided  by 
a  highly  damped  elastomeric  mount  of 
this  type.  The  control  of  spacecraft 
induced  thermal  loads  to  the  telescope 
is  assured  by  having  a  tested  element 
of  minimum  static  stiffness  at  the 
Spacecraft-Telescoper  interface.  A 
bonus  In  this  regard  is  that  for  elas¬ 
tomers,  the  static  stiffness  is  less 
than  the  dynamic  stiffness  (compare 
MECO  and  BECO  fn  Table  II).  This  ratio 
will  be  even  greater  for  the  small 
static  loads  encountered  on-orbit. 

A  final  design  requirement  is  that  of 
packaging.  The  Isolation  Mount  must  be 
within  the  confines  of  a  rather 
restrictive  envelope  (as  discussed 
later)  and  have  total  mass  less  than 
5.90  kg.  (13.0  pounds)  per  mount. 

DESIGN  PROCESS:  BACKGROUND 

The  design  activity  which  took  place 
for  the  HEAO-B  isolation  mountings  w^s 
not  typical  of  that  for  most  vibration 
or  shock  isolators.  In  most  cases,  the 
isolator  is  specified  as  being  required 
to  respond  with  a  given  set  of  dynamic 
characteristics  when  subjected  to  a 
given  vibration  or  shock  input  at  the 


support  structure  side  of  the  mounting. 
The  function  of  the  isolator  is,  then, 
to  protect  the  supported  equipment  from 
this  dynamic  disturbance.  Such  was  not 
the  case  with  specifying  the  HEAO-B 
i solators . 

Here,  the  dynamic  disturbance  was  input 
at  the  launch  vehicle  and  the  response 
at  the  experiment  location  was  studied. 
A  computer  model  of  the  entire 
launcher- spacecraft-experiment  complex 
provided  the  criteria  for  the  isolator 
design.  The  isolators  were  simulated 
as  linear  springs  and  dampers.  The 
determining  factor  on  isolator  charac¬ 
teristics  was  the  magnitude  of  the 
loads  transmitted  to  the  X-ray 
Telescope,  through  the  mountings, 
during  various  launch/flight  events. 

The  result  of  the  study  was  the  basic 
requirement  that  the  spring  rate  of  the 
isolator  be  10,945  N/mm  (62,500  Ib/in) 
and  that  the  isolator  provide  a  certain 
amount  of  damping  to  the  system.  The 
isolator  damping  level  was  originally 
specified  at  12.5%  of  critical  damping. 

Because  of  the  inherent  stiffness  and 
damping  properties  of  elastomers  and 
the  size  economy  of  elastomeric  isola¬ 
tors,  it  was  decided  that  the  mountings 
for  the  HEAO-B  telescope  would  be  elas¬ 
tomeric  mountings.  It  was  further 
decided  that  a  silicone  type  elastomer 
would  be  used  for  reasons  of  its  prior 
use  and  approval  for  space  type  appli¬ 
cations  due  to  low  outgassing  and 
stability  over  a  broad  temperature 
range.  However,  the  stiffness  proper¬ 
ties  of  typical  elastomers  are  not 
constant  over  a  wide  range  of  loading 


conditions.  This  factor  required  a 
choice  to  be  made  for  the  actual  design 
point  of  the  isolator  and,  then,  per¬ 
formance  calculations  to  be  made  for 
other  loading  conditions  of  interest. 

The  design  point  chosen  was  the  MECO 
(Main  Engine  Cut  Off)  event.  This  con¬ 
dition  consisted  of  dynamic  loading  at 
25  Hz  at  load  magnitudes  of: 

+13,567  N  (+3,050  lbs)  axially 

+7,562  N  (+T, 700  lbs)  laterally 

on  each  of  the  four  mountings.  At  this 
loading  condition  the  dynamic  spring 
rate  of  the  isolation  mounting  was  to 
be  in  the  range  of  10,945  N/mm  to 
8,476  N/mm  (62,500  lb/in  to 
48,400  lb/in).  The  task  was  then  left 
to  the  designer  to  calculate  the 
expected  performance  of  the  mountings 
at  other  specified  loading  conditions. 
It  was  quite  important  that  the  isola¬ 
tor  performance  be  known  over  a  wide 
range  of  loading  conditions  such  that 
studies  could  be  made  to  assure  that 
the  loads  transmitted  to  the  experiment 
were  within  allowable  bounds.  In  order 
to  provide  such  information,  a  thorough 
knowledge  of  the  properties  of  the 
elastomer  to  be  used  was  necessary. 

ELASTOMER  SELECTION 

As  was  previously  mentioned,  the 
elastomer  chosen  for  use  in  the  HEAO-B 
isolators  was  a  Broad  Temperature  Range 

(BTRr)  silicone  material.  The  elastic 
and  damping  properties  of  this  elasto¬ 
mer  do  vary  with  strain,  frequency,  and 
temperature.  The  strain  and  frequency 
sensitivity  of  this  material,  in  par¬ 
ticular,  had  to  be  critically  examined 
during  the  design  phase  of  the  isolator 
development  program. 

Figure  3  is  a  plot  of  the  dynamic 
modulus  versus  strain  of  two  silicone 
base  elastomers  which  were  considered 
for  use  in  the  HEAO-B  isolation  mounts. 
These  data  were  originally  developed 
using  a  double  shear  type  test  sample 
very  similar  to  the  ASTM  D-837  sample. 
As  may  be  seen  on  the  curves  of 
Figure  3,  these  two  elastomers  exhibit 
the  typical  trend  of  viscoelastic 
materials,  i.e.,  the  dynamic  modulus 
of  the  elastomer  decreases  with  in¬ 
creasing  strain.  Since  the  dynamic 
spring  rate  of  an  elastomeric  mounting 
is  directly  proportional  to  the  dynamic 
modulus  of  the  elastomer  in  it,  this 
same  trend  of  decreasing  stiffness  with 
increasing  strain  would  be  expected  in 
the  final  mounting  configuration.  The 


data  of  Figure  3  were  quite  necessary 
to  the  eventual  definition  of  mounting 
properties  over  a  wide  range  of  operat¬ 
ing  loads. 

Note  should  be  made  of  another  signif¬ 
icant  point  of  consideration  with 
elastomeric  materials.  That  Is,  there 
is  a  difference  not  only  between 
dynamic  modulus  values  at  different 
strain  levels,  but  also  between  the 
dynamic  modulus  at  any  strain  level  and 
what  we  will  call  "static"  modulus. 

The  static  properties  of  an  elastomer 
are  exhibited  when  the  material  is 
deflected  very  slowly  (at  less  than 
0.1  Hz).  The  static  modulus  of  an 
elastomer  is  lower  than  the  dynamic 
modulus  in  the  strain  region  investi¬ 
gated  fo.r  this  program.  Thus,  the 
static  stiffness  of  the  final  mounting 
will  be  less  than  the  dynamic  stiff¬ 
ness.  This  becomes  significant  in 
considering  the  performance  of  the 
isolators  under  conditions  such  as 
steady-state  loading,  e.g.,  accelera¬ 
tions.  One  flight  event  in  this 
category  is  the  Booster  Engine  Cut  Off 
(BECO)  event.  Depending  on  the  dynamic 
strain  level  at  which  the  comparison  is 
being  made,  the  dynamic  modulus  of  the 
elastomers  considered  here  will  be  in 
the  range  of  5  to  1.2  times  the  static 
modul us . 

Stiffness,  both  dynamic  and  static,  was 
the  primary  specification  requirement 
for  these  isolators.  Secondary  to  this 
was  the  specification  of  the  damping 
to  be  provided  by  the  mountings. 

Figure  4  is  a  graph  of  the  damping 
modulus  (sometimes  celled  loss  modulus) 
of  the  two  elastomers  of  interest. 

This  modulus  is  that  which  is  out  of 
phase  by  90  degrees  to  the  previously 
described  elastic  modulus.  The  values 
of  damping  modulus  are  sensitive  to 
frequency  and  strain  as  are  those  of 
elastic  modulus.  However,  the  trend  of 
variability  is  different  than  for  the 
elastic  mot  *lus.  This  may  be  seen  by 
comparing  Figures  3  and  4. 

The  damping  value  originally  specified 
for  the  isolators  was  12.5%.  This  was 
later  found  to  be  unnecessary  since  the 
original  computerized  system  analysis 
had  achieved  acceptable  results  with 
the  assumption  of  less  than  1%  damping. 
Figure  5  presents  a  plot  of  the  percent 
damp'- ng  of  the  BTR  and  BTR  II  elasto¬ 
mers  which  were  under  consideration. 
Percent  damping  may  be  related  to  the 
dynamic  and  damping  moduli  (G1  and  G") 
by 
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the  top  of  the  iso'.ator  were  302  stain¬ 
less  steel.  Weight  considerations 
dictated  that  the  remaining  metal  com¬ 
ponents  be  aluminum.  In  this  case, 
6061-T6  aluminim  was  used.  The  avail¬ 
able  space  for  the  isolator  was  a  box 
roughly  76.2  mm  (3  inches)  high  and 
209.6  mm  (8.25  inches)  square  at  the 
base. 

CALCULATED  PERFORMANCE 

After  considering  the  necessary  toler¬ 
ances  for  the  design  and  manufacturing 
processes,  the  performance  range  of 
10,945  N/mm  to  8,476  N/mm  (62,500  Ib/in 
to  48,400  Ib/in)  was  assigned  as  allow¬ 
able  at  the  MEC0  flight  event.  This 
was  the  design  point  for  the  HEA0-B 
isolation  mounts. 

At  this  point,  acceptable  operating 
stress  and  strain  values  for  the  BTR  II 
elastomer  were  selected.  These  values 
set  the  thickness  and  amount  of  the 
elastomer  to  be  used  In  the  isolator. 
Once  the  design  point  was  set,  the  data 
of  Figures  3,  4,  and  5  for  the  BTR  II 
elastomer  were  employed  to  predict  the 
performance  of  the  mountings  at  condi¬ 
tions  other  than  MECO.  Two  points  of 
Interest  were  the  BECO  and  L.R. 
(Launcher  Release)  events.  The  loading 
conditions  are  Indicated  In  Table  II. 

The  BECO  event,  as  previously  de¬ 
scribed,  results  In  a  basically 
“static'1  loading  on  the  Isolators. 

Based  on  the  MECO  design  point,  the 
performance  of  the  mounts  at  BECO  was 
calculated  to  be  within  the  bounds  of 
8,200  N/mm  and  6,130  N/mm  (46,800  Ib/in 
and  35,000  lb/1n)  In  the  axial  direc¬ 
tion  and  between  6,950  N/mm  and 
5,30G  N/mm  (39,700  Ib/in  and 
30,300  lb/in)  In  the  lateral  direction. 
Also,  the  Isolator  performance  at  L.R. 
was  calculated  as  being  between 
11,155  N/mm  and  7,775  N/mm 
(63,700  Ib/in  and  44,400  Ib/in)  in  the 
axial  direction  and  between  8,160  N/mm 
and  5,690  N/mm  (46,600  Ib/in  and 
32,500  Ib/in)  in. the  lateral  direction. 


1 

%  Damping  =  -  . 

2  G'/G" 

From  Figure  5,  it  may  be  seen  that 
either  of  the  two  elastomers  would 
supply  sufficient  damping  for  this 
application. 

The  properties  of  the  two  elastomers 
shown  on  Figures  3,  4,  and  5,  were 
taken  into  account  in  the  final  selec¬ 
tion  for  the  HEA0-B  isolators.  The 
elastomer  designated  as  "BTR  II"  was 
chosen  on  the  basis  of  ability  to  meet 
the  stiffness  requirement,  more  linear 
performance  over  a  wide  range  of  load¬ 
ing  conditions,  acceptable  amount  of 
damping,  better  bondabllity,  higher 
ultimate  strength,  better  drift  (creep) 
characteristics,  and  excellent  stabil¬ 
ity  over  the  specified  temperature 
range  of  -10°C  to  +50°C  (+14°F  to 
+122°F) . 

ISOLATOR  DESIGN  AND  CONFIGURATION 

In  order  to  achieve  the  desired 
mounting  characteristics  In  the  two 
different  loading  directions  with  the 
varied  loading  conditions.  It  was  nec¬ 
essary  to  design  an  Isolator  with  a 
combination  of  compression  and  shear  In 
the  elastomer.  This  Is  accomplished  by 
locating  the  elastomer  between  nearly 
parallel  conical  metal  surfaces.  In 
order  to  economize  space  and  welqht  and 
to  provide  a  fail  safe  configuration, 
the  total  mounting  was  designed  to  con¬ 
sist  of  two  halves,  bolted  together, 
back-to-back.  Each  of  the  two  halver 
Is  made  up  of  two  metal  components  with 
the  BTR  II  elastomer  hot  molded  and 
bonded  between  them. 

The  angles  of  the  conical  metal  faces 
are  calculated  to  provide  the  right 
combination  of  shear  and  compression 
loading  on  the  elastomer  to  result  In 
the  desired  spring  rates  in  the  axial 
and  lateral  directions.  The  total  size 
of  the  mounting  was  dictated  by  the 
maximum  loads  of  34,694  N  (7,800  lbs) 
in  the  axial  direction  and  19,348  N 
(4,350  lbs)  in  the  lateral  direction 
which  were  specified  as  limit  loads. 

Figure  6  shows  an  external  view  of  a 
HEA0-B  isolator  while  Figure  7  shows  a 
cutaway  view  of  the  Interior  of  the 
mounting.  This  latter  figure  clearly 
depicts  the  conical  section  of 
elastomer  sandwiched  between  metal  com¬ 
ponents.  Because  of  necessary  strength 
in  a  minimally  sized  package,  the  top 
metal  member  and  the  1/2  inch  studs  at 


In  addition,  it  was  desired  that  the 
performance  of  the  isolators  be  known 
over  a  wide  range  of  off-design  condi¬ 
tions.  Figures  8  and  9  are  the 
calculated  performance  curves  of  the 
HEA0-B  isolation  mounts  over  the  range 
of  interest.  Figure  8  Is  a  presenta¬ 
tion  of  isolator  spring  rate  versus 
motion  input  while  Figure  9  shows 
Isolator  spring  rate  versus  load  input. 
The  manner  of  specification,  study,  and 
test  of  the  HEA0-B  Isolators  favored 
the  presentation  of  Figure  9  and  our 


FIGURE  7 

CUT-AWAY  DRAWING  HEAO-B  ISOLATOR 
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FIGURE  8 

DYNAMIC  SPRING  RATE  vt.  MOTION  (mm  s.a.)  CALCULATED  BTR  II 
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FIGURE  9 

DYNAMIC  SPRING  RATE  vs.  LOAD  (N)  CALCULATED  BTR  II 


FIGURE  10 

PER  CENT  DAMPING  vs.  LOAD  (N)  CALCULATED  BTR  1 1 


further  discussion  will  center  on  this 
calculated  performance  curve.  For 
further  interest  and  information. 

Figure  10  was  plotted  as  an  indication 
of  the  amount  of  damping  to  be  expected 
from  these  elastomeric  isolators  over 
the  range  of  loadings  covered  by 
Figure  9. 

ISOLATOR  TESTING 

The  HEAO-B  isolation  mounts  are  unique 
among  vibration  isolators  in  size,  con¬ 
figuration,  and  application.  Also, 
they  are  unique  in  the  manner  in  which 
they  are  tested.  Figure  11  shows  a 
block  diagram  schematic  of  the  test 
system  used  to  determine  the  actual 
dynamic  characteristics  of  the 
mountings. 

The  heart  of  this  test  system  is  the 
mi ni -computer/auto -con t ro 1 ler  segment 
which  controls  an  hydraulic  test 
machine,  gathers  response  signals  from 
the  isolator  on  test,  analyzes  the 
data,  and  provides  data  output  signals 
for  a  teletype  printout.  The  control 
points  for  the  HEAO-B  isolator  tests 
were  the  specified  load  conditions  for 
the  various  flight  events  along  with 
enough  off-design  load  conditions  to 
define  actual  performance  curves  over 
the  load  range  of  Figure  9.  The 
specified  load  conditions  at  the  given 
frequencies  are  programmed  into  the 
auto-controller  and  the  test  is  con¬ 
ducted  automatically  except  for  the 
changing  of  the  test  samples  in  and  out 
of  the  test  machine. 

At  a  preprogrammed  point  during  the 
performance  of  a  given  test  segment, 
the  analyzer  section  of  the^mini-compu- 
ter  "reads"  the  output  signals  of 
deflection,  elastic  force,  and  damping 
force  from  the  test  sample  along  with  a 
time  reference  at  which  each  data  point 
was  collected.  The  analysis  of  these 
data  points  is  based  on  a  Fast  Fourier 
Transform  (FFT)  method  which  is  now 
being  used  over  a  wide  spectrum  of 
dynamic  analyses.  Reference  3  thor¬ 
oughly  describes  the  application  of 
mini-computers  and  the  FFT  method  to 
dynamic  testing  and  data  analysis.  For 
purposes  of  this  paper,  suffice  it  to 
say  that  the  basic  equation  involved  in 
the  FFT  analysis  is: 

A0  N 

^otal^  =  ~+  FK(n)  cos  nut  + 
FC(n) 


Wherein  the  mini -computer  is  programmed 
to  fit  the  actual  data  to  the  Fourier 
representation  and  to  print  out,  by  way 
of  mathematical  manipulation,  the 
dynamic  characteristics  of  the  test 
sample.  These  characteristics  may  be 
calculated  to  any  degree  of  nonlinear¬ 
ity  desired  as  programmed  into  the 
analysis  portion  of  the  program. 

In  the  case  of  the  HEAO-B  isolation 
mounts,  only  the  first  harmonic  of  the 
analysis  equation  was  considered  since 
it  was  known,  from  previous  tests  on 
similar  products  and  from  the  known 
design  point  for  these  mountings,  that 
the  dynamic  loadings  would  not  deflect 
the  mountings  beyond  their  linear  range 
of  motion.  The  HEAO-B  mountings  were 
tested  to  the  conditions  noted  in 
Table  II ‘and  a  typical  data  printout  is 
shown  in  Figure  12.  In  addition  to  the 
conditions  of  Table  II,  two  of  the 
isolators  were  tested  at  a  frequency  of 
20  Hz  and  at  loads  from  +890  N  to 
+4,450  N  (+200  lbs  to  +1,000  lbs)  in 
order  to  more  completely  characterize 
the  mountings. 

Figures  13  and  14  are  plots  of  the 
actual  dynamic  performance  of  the 
HEAO-B  isolators  against  the  calculated 
performance  characteristics  which  were 
previously  presented  in  Figures  9  and 
10.  Figures  15  and  16  show  the  actual 
"static"  load  versus  deflection  curves 
of  the  isolators  in  the  axial  and 
lateral  directions  of  test  at  the  BECO 
loading  conditions.  The  static  spring 
rates  of  the  mountings  were  calculated 
as  being  the  slope  of  the  load  deflec¬ 
tion  curve  in  the  linear  region.  These 
spring  rates  are  indicated  on  Figures  15 
and  16.  They  were  well  within  the 
allowable  ranges  for  the  static  stiff¬ 
nesses  of  the  isolator  specification. 

One,  final,  long-term  test  of  the 
HEAO-B  isolation  mounts  is  still  in 
progress.  That  is  the  60  day  drift 
(creep)  test  in  which  the  isolator  is 
subjected  to  its  Ig  static  load  of 
3,560  N  (800  lbs)  and  its  deflection 
is  monitored  over  the  entire  test 
period.  The  reason  for  this  test  is  to 
determine  if  the  drift  of  the  mountings 
will  be  such  as  to  cause  loss  of  cali¬ 
bration  of  the  telescope  during 
long-term  loading  prior  to  launch.  The 
speci fi *ation  for  the  isolators  allows 
a  drift  margin  of  0.762  mm  (.030  inch) 
after  the  initial  deflection  of  the 
mountings  due  to  the  Ig  load 
appl ication. 
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Figure  17  presents  the  data  gathered  to 
date  during  the  drift  test.  Projec¬ 
tions  are  that  the  actual  drift  will  be 
less  than  half  of  the  maximum  allowable 
by  a  wide  margin.  It  should  be  noted 
that  the  drift  margin  was  based  on 
available  data  on  the  BTR  II  elastomer 
as  loaded  1r.  shear  only.  The  actual 
mountings  are  loaded  In  a  combination 
of  shear,  tension,  and  compression. 
Thus,  the  actual  drift  was  expected  to 
be  well  within  the  maximum  limit  even 
prior  to  the  beginning  of  the  drift 
testing. 

Finally,  the  aft  mount  mass  was  mea¬ 
sured  at  4.54  kg  (10.01  lbs)  and  the 
front  mounts  at  4.97  kg  (10.96  lbs). 
These  figures  were  well  within  the 
allowable  budget  of  5.90  kg  (13  lbs). 

CONCLUSIONS 

The  completion  of  the  testing  of  the 
HEAO-B  vibration  mounts  and  the 
analysis  of  the  data  serve  to  support 
several  conclusions: 

1.  A  body  of  data  comprising  the 
dynamic  characteristics  of  an 
elastomeric  material  may  confi¬ 
dently  be  applied  to  predict  the 
dynamic  performance  of  products  In 
which  such  an  elastomer  Is  used, 
even  though  the  basic  material  test 
sample  is  quite  different  In  size 
and  configuration  from  the  end 
product. 

2.  The  HEAO-B  isolation  mounts  will 
perform  as  specified.  Thus,  pro¬ 
viding  the  desired  predictability 
of  loading  on  the  X-ray  experiment. 

3.  From  the  plots  of  Figure  13,  it  may 
be  calculated  that  the  natural  fre¬ 
quency  of  the  system  composed  of 
the  X-ray  experiment  and  the  four 
isolation  mounts  will  be  between 

35  Hz  and  21  Hz.  This  system  will 
very  effectively  isolate  the  exper¬ 
iment  from  any  high  frequency 
random  vibration  generated  by  the 
missile  engines  and  from  most  shock 
loadings  which  the  experiment  may 
encounter. 

4.  The  HEAO-B  isolation  mounts  exhibit 
low  drift  (creep)  characteristics 
which  should  provide  a  very  stable 
orientation  of  the  experiment,  thus 
lending  to  the  overall  accuracy  of 
the  various  experiments  in  the 
HEAO-3  package. 
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An  extensive  experimental  program  was  undertaken  to  investigate  the 
mechanics  of  bird  impact  and  to  define  the  loads  which  birds  exert 
at  impact.  Bird  impact  pressures  were  measured  by  impacting  birds 
against  a  heavy  steel  plate  in  which  piezoelectric  transducers  were 
flush  mounted.  Data  was  collected  for  bird  masses  ranging  from  60g 
to  4kg  and  velocities  ranging  from  50  to  300  m/s.  The  experimental 
data  is  presented  and  compared  with  the  predictions  of  a  fiuidynamic 
theory. 


INTRODUCTION 

Birds  and  aircraft  occupy  the  same  air 
space  and  collisions  between  the  two  are 
inevitable.  As  aircraft  speeds  have  in¬ 
creased,  the  severity  and  importance  of  bird/ 
aircraft  impact  have  also  increased.  As  a 
result,  efforts  have  been  made  to  reduce  the 
probability  of  collision  by  controlling  the 
movement  of  birds  and  by  changing  the  flight 
paths  of  aircraft.  These  actions  can  and  have 
reduced  the  probability  of  collision  but  have 
not  eliminated  it. 

The  design  cf  birdstrike  resistant  air¬ 
craft  requires  a  better  and  more  detailed 
knowledge  of  the  response  of  critical  aircraft 
components  to  bird  impact.  Programs  designed 
to  apply  modern  structural  analysis  tech¬ 
niques  to  the  investigation  of  aircraft 
windshield  and  engine  blade  responses  to 
impact  have  been  initiated.  With  such  tools 
proven  and  placed  at  the  designers  disposal, 
the  process  of  obtaining  birdstrike  resistant 
transparency  and  blade  designs  should  become 
much  more  efficient. 

One  of  the  most  important  inputs  to  a 
structural  analysis  code  is  the  loading.  The 
loading  is  particularly  important  in  the  anal¬ 
ysis  of  transient  response  suuh  as  occurs  in 
bird  impact.  For  a  few  of  the  impact  -:ases 


of  interest,  it  would  seem  that  the  only 
loading  information  needed  is  the  initial 
momentum  of  the  impacting  bird.  Initial 
studies  by  Tsai,  et  al,  [1]  demonstrated  the 
ability  to  predict  the  maximum  deflection  of 
simple  beams  impacted  by  soft  rubber  projec¬ 
tiles.  The  only  information  required  were 
beam  properties  and  the  momentum  of  the  pro¬ 
jectile.  Their  analytical  model  gave  good 
results  for  impacts  of  short  duration  (rela¬ 
tive  to  the  period  of  the  beam. )  However,  it 
became  apparent  that  for  impact  durations  on 
the  order  of  a  quarter-period  of  the  beam  or 
greater,  this  model  was  not  applicable. 

In  many  of  the  impact  cases  of  interest, 
such  as  the  impact  of  a  large  bird  against  a 
flexible  transparency,  the  duration  of  impact 
is  not  sheet  relative  to  the  period  of  the 
structure.  Thus  a  much  more  detailed  descrip¬ 
tion  of  the  impact  loading  is  required.  Also, 
any  analysis  cf  damage  in  the  target  near  the 
point  of  impect  requires  a  knowledge  of  the 
local  impact  pressures.  The  research  described 
in  this  paper  was  designed  to  provide  experi¬ 
mentally  obtained  and  quantified  loading  input 
data.  An  experimental  program  was  undertaken 
to  measure  the  spatial  and  temporal  distribu¬ 
tion  of  the  pressures  exerted  on  a  rigid  target 
during  the  normal  impact  (90°)  of  a  bird. 
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EXPERI MENTAL  PROCEDURE 

In  order  to  study  the  pressures  exerted 
by  birds  at  impact,  birds  must  first  be 
launched  to  velocities  of  interest.  A  suita¬ 
bly  instrumented  target  must  then  be 
constructed  and  measurements  of  the  pressures 
obtained.  A  compressed  air  launching  tech¬ 
nique  was  developed  and  a  flat,  steel  plate 
was  employed  to  minimize  the  effect  of  target 
response  on  the  measurements. 

A  compressed  air  gun  located  at  the  Air 
Force  Materials  Laboratory  (AFML)  was  used  to 
launch  birds  ranging  in  mass  from  60  to  600g. 

A  compressed  air  gun  located  at  Arnold 
Engineering  Development  Center  (AEDC)  was  used 
for  launching  birds  ranging  from  1  to  4kg. 

Both  guns  were  capable  of  launching  birds  at 
velocities  up  to  300  m/s. 

The  target  used  at  the  AFML  facility  is 
shown  in  Fig.  1.  It  was  a  heavy  steel  plate 
in  which  pressure  transducers  were  mounted. 

The  transducers  used  for  these  tests  were 
piezoelectric  quartz  pressure  transducers 
manufactured  by  PCB  Corporation.  Four  trans¬ 
ducers  were  mounted  flush  to  the  surface  and 
located  at  the  center  of  impact  and  1.27  cm, 
2.54  cm,  and  3.81  cm  from  the  center.  The 
steel  plate,  15.25  cm  in  diameter  and  5.08  cm 
thick,  was  mounted  as  shown  in  the  figure. 

The  transducers  had  a  specified  frequency  band 
width  from  0  to  100  kHz.  A  steel  target  of 
similar  design  was  used  at  AEDC.  Because  of 
♦he  larger  birds  tested  at  AEDC,  the  target 
was  considerably  larger,  being  76.20  cm  in 
diameter  and  10.16  cm  thick,  and  was  able  to 
accommodate  up  to  29  pressure  transducers. 

Both  experimental  facilities  are  discussed  in 
greater  detail  in  Refs.  [2,3]. 


Fig.  1.  The  target  plate  at  AFML. 

THEORETICAL  CONSIDERATIONS 

In  order  to  facilitate  reduction  and 
analysis  of  the  large  body  of  data  collected. 


a  theoretical  description  of  bird  impact  was 
undertaken.  This  analysis  was  not  intended  to 
provide  a  rigorous  description  of  bird  impact, 
but  rather  to  provide  theoretical  guidance  to 
the  experiments  and  data  reduction  process. 

For  the  case  of  impact  in  which  the 
stresses  generated  by  projectile  deceleration 
greatly  exceed  the  yield  strength  of  the  pro¬ 
jectile  material,  the  problem  can  be  approached 
hydrodynamically  [4].  It  became  apparent 
during  initial  testing  that  this  was  true  for 
the  case  of  birds  impacting  steel  targets  at 
velocities  above  50  m/s.  An  approximate  theory 
was  developed  in  which  the  bird  was  represented 
by  a  homogeneous  right  circular  cylinder  of 
fluid  with  a  length  to  diameter  ratio  of 
approximately  2.  This  approximation  greatly 
simplified  the  theoretical  problem.  An  exten¬ 
sive  amount -of  theoretical  and  experimental 
research  has  been  conducted  on  the  impact  of 
fluids  on  solid  targets,  in  which  the  target 
is  assumed  to  have  little  or  no  plastic 
deformation. 

The  majority  of  work  in  this  area  has  been 
focused  on  the  impact  of  water  jets  and  water 
droplets,  both  in  the  study  of  rain  and  steam 
erosion,  as  well  as  water  jet  cutting.  A 
detailed  description  for  the  normal  impact  of 
a  right  circular  cylinder  of  fluid  against  a 
rigid  plate  has  been  developed  in  the  litera¬ 
ture  [5,6, 7,8].  The  impact  may  be  divided  into 
four  phases  as  illustrated  in  Fig.  2.  The 
initial  impact  phase  (a)  consists  of  very  high 
shock  p  -essures  generated  at  the  projectile- 
target  interface.  As  the  shock  propagates  into 
the  projectile  (b),  radial  release  of  the 
shocked  mterial  results  in  a  decaying  pressure 
at  the  target  face.  The  pressure  decay  con¬ 
tinues  unt'l  a  state  of  steady  flow  (c)  is 
reached.  A*,  the  end  of  the  projectile 
approaches  the  target  (d),  the  pressure  decays 
to  zero. 
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During  the  initial  impact  phase,  the  par¬ 
ticles  at  the  front  surface  of  the  projectile 
are  instantaneously  brought  to  rest  relative 
to  the  target  face  and  a  shock  propagates  into 
the  projectile  as  shown  in  Fig.  2.  As  the 
shock  wave  propagates  into  the  projectile  it 
brings  the  material  behind  the  snock  to  rest. 
The  pressure  in  the  shock  region  is  initially 
uniform  across  the  impact  surface.  For  the 
normal  impact  of  a  cylinder  on  a  flat  plate, 
the  flow  across  a  shock  can  be  considered 
one-dimensional,  adiabatic,  and  irreversible. 
If  the  target  is  assumed  to  behave  in  an 
elastic  manner,  the  pressure  behind  the  shock 
may  be  derived  from  the  shock  relations  as 


P  =  p  vs  v 


j  P<Vs 

IP'  V'  +  p  V, 


(1) 


and  p  and  p'  are  the  densities  of  the  projec¬ 
tile  and  target,  respectively,  v  and  v  '  are 
the  shock  velocities  of  the  projectile  and 
target,  and  v  is  the  impact  velocity.  For  the 
case  of  water  impacting  a  steel  target, 
p'v  '  »  p  v  ,  so  that  Eq.  (1)  may  be  approxi¬ 
mated  by  the  relationship  for  the  impact  of  a 
rigid  target 


steady  pressure  and  velocity  fields  are 
established . 

During  the  release  phase,  the  shock  is 
weakened  by  the  release  waves,  with  an  accom¬ 
panying  decrease  in  shock  velocity.  For  a 
subsonic  impact,  the  shock  wave  will  be  ulti¬ 
mately  eliminated  by  the  release  waves.  In  a 
supersonic  impact  the  shock  wave  will  not 
disappear.*  The  shock  propagation  velocity 
will  decrease  until  it  becomes  equal  to  the 
impact  velocity  (a  standing  shock.)  Behind 
this  standing  shock,  the  flow  will  be  subsonic 
and  will  follow  steady  flow  streamlines.  The 
velocity  and  pressure  fields  in  the  fluid 
during  steady  flow  will  be  different  for  the 
two  cases. 

For  the  case  of  a  subsonic  impact,  the 
pressure  at  any  point  in  the  flow  field  during 
steady  flow  can  be  related  to  the  velocity  at 
that  point  by  Bernoulli's  equation.  For  the 
normal  impact  of  a  uniform,  cylindrical  projec¬ 
tile  on  a  rigid  plate,  axial  symmetry  dictates 
that  the  pressure  at  the  center  of  the  plate 
is  the  stagnation  pressure,  P  (gage  pressure), 
and  the  velocity  at  the  center  is  zero.  There¬ 
fore,  at  the  center  of  the  plate,  Bernoulli's 
equation  takes  the  form. 


P  =  P  vr  v  (2) 

From  this  relationship,  it  is  clear  that  the 
shock  pressure  depends  not  only  on  the  impact 
velocity,  but  also  on  the  shock  velocity 
(which  is,  in  general,  a  function  of  the  impact 
velocity)  and  the  bird  density. 

Although  the  shock  pressure  is  very  high, 
on  the  order  of  hundreds  of  HN/m2,  it  lasts 
for  only  a  few  microseconds.  The  edge  of  the 
projectile  is  a  free  surface  and  the  material 
near  the  edge  is  subjected  to  a  very  high 
pressure  gradient.  This  pressure  gradient 
causes  the  material  to  accelerate  radially 
outward  and  a  radial  release  wave  forms.  As 
this  release  wave  propagates  inward,  a  decrease 
in  pressure  results.  The  arrival  of  this 
release  wave  at  the  center  of  the  projectile 
marks  the  end  of  the  initial  impact  phase. 

As  the  radial  stresses  in  the  projectile 
decrease  during  the  pressure  decay,  shear 
stresses  develop  in  the  projectile  material. 

If  the  shear  strength  of  the  material  is 
sufficient  to  withstand  these  shear  stresses, 
the  radial  motion  of  the  projectile  will  be 
restricted.  If,  however,  the  shear  stresses 
in  the  projectile  are  greater  than  the  shear 
strength  of  the  material,  the  material  will 
"flew1.  The  shear  strength  of  birds  is  so  low 
that  th *  pressures  generated  are  usually 
sufficient  to  cause  flow.  For  the  impact  velo¬ 
cities  of  interest  (above  50  m/s),  the  bird 
can  be  considered  to  behave  as  a  fluid.  After 
several  reflections  of  the  release  waves,  a 
condition  of  steady  flow  is  established  and 


where  P  and  v  are  the  pressure  and  velocity  of 
the  uniform  flow  field  some  distance  away  from 
the  impact  surface  and  are  approximated  by  the 
atmospheric  pressure  and  the  initial  impact 
velocity.  If  the  fluid  is  assumeu  incompress¬ 
ible,  Eq.  (3)  gives, 

Ps  =  |  pv2  (4) 

For  most  materials,  the  density  tends  to  in¬ 
crease  with  the  applied  pressure,  i.e.,  they 
are  compressible,  and  Eq.  (3)  becomes 

Ps=  |  pv2  (5) 

where  k  >  1. 

Along  the  surface  away  from  the  center  of  the 
plate,  the  velocity  increases  and  the  pressure 
decreases.  The  pressure  must  be  zero  as  the 
radial  distance  from  the  center  approaches 
infinity. 

For  tne  case  of  a  supersonic  impact  a 
standing  shock  is  set  up  in  the  flow.  The 

*  In  this  context,  subsonic  and  supersonic 
refer  to  the  comparison  between  the  impact 
speed  and  the  sound  speed  in  the  projectile. 


change  in  particle  velocity  across  the  shock 
may  be  small.  However,  the  flow  behind  the 
shock  will  be  subsonic  because  of  the  greatly 
increased  local  sound  speed.  Bernoulli's 
equation  of  the  form  given  in  Eq.  (3)  cannot 
be  used  since  the  shock  is  a  discontinuity. 
•Instead,  the  change  in  stream  properties 
across  the  shock  must  be  evaluated  using  shock 
relations.  In  the  region  just  behind  the 
shock,  the  stream  properties  may  not  be  con¬ 
stant  over  the  cross-section  since  the  shock 
will  not,  in  general,  be  planar.  However,  at 
the  center  of  the  projectile  the  shock  can  be 
assumed  planar.  One-dimensional  shock  equa¬ 
tions  can  be  used  to  determine  the  pressure 
P.,  the  density  p. ,  and  the  velocity  v. ,  at 
the  center  behind  the  shock.  Applying 
Bernoulli's  equation  along  the  streamline 
which  passes  through  the  center  of  the  shock 
wave  and  intersects  the  stagnation  point,  the 
relation  for  the  stagnation  pressure  takes  the 
form 


During  impact,  bird  material  is  turned 
near  tie  target  surface.  As  a  particle  of 
fluid  nears  the  target  surface,  its  velocity 
decreases  and  the  local  pressure  increases. 
During  steady  flow  a  pressure  field  is  set  up 
in  the- fluid.  As  the  end  of  the  projectile 
enters  this  pressure  field,  the  field  is  dis¬ 
rupted  due  to  the  intrusion  of  a  free  surface 
(the  end  of  the  bird. )  Steady  flow  no  longer 
exists  and  the  pressures  at  the  impact  surface 
decrease.  This  pressure  decrease  continues 
until  the  end  of  the  projectile  reaches  the 
surface  of  the  plate.  At  this  time  the  impact 
event  is  ended. 

The  total  duration  of  the  impact  c.'  be 
approximated  by  the  time  needed  for  the  pro¬ 
jectile  to  "flow  through"  its  length,  i.e., 

t  =  A/v,  (7) 


where  A  is  the  length  of  the  projectile.  In¬ 
herent  in  this  relationship  is  the  assumption 
that  “he  projectile  does  not  decelerate  during 
impact . 


EXPERIMENTAL  RESULTS 

During  the  course  of  this  program  a  great 
many  bird  impact  tests  were  conducted.  The 
pressure  traces  obtained  from  the  center  trans¬ 
ducer  on  two  of  these  shots  are  shown  in 
Fig.  3.  Here  the  pressure  and  the  time  are 
presented  in  non-dimensionalized  form, 
obtained  by  dividing  the  pressure  by  1/2  pv2 
(the  steady  flow  stagnation  pressure  for  an 
incompressible  fluid,  Eq.  (4)),  and  the  time 
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Fig.  3.  Center  transducer  pressure  traces. 


by  A/v  (the  theoretical  duration  of  impact, 

Eq.  (7)).  The  bird  sizes  ranged  from  60g  to 
4kg.  All  of  this  data  was  reduced  and  ana¬ 
lyzed.  Measurements  of  peak  (shock)  pressure, 
steady  flow  pressure,  and  Dressure  duration 
were  obtained. 

In  order  to  use  Eqs.  (2)  and  (3)  to  pre¬ 
dict  impact  pressures,  a  constitutive 
relationship  was  needed  to  represent  the  bird 
(chicken)  material  used  in  these  tests.  Work 
by  Wilbeck  [2]  showed  that  a  gelatin  mixture 
with  10  percent  porosity  (p  =  0.95  g/cc)  was 
an  adequate  simulant  for  a  chicken.  The  con¬ 
stitutive  model  derived  for  that  mixture  was 
used  to  represent  birds. 

Earlier  it  was  pointed  out  that  the  highest 
pressures  generated  during  the  impact  should 
occur  during  the  initial  stages  of  the  impact. 
The  pressure  should  rise  to  the  shock 
(Hugoniot)  pressure.  The  initial  impact  pres¬ 
sures  measured  for  all  the  normal  impact  tests 
for  which  the  initial  impact  pressure  could  be 
read  are  presented  in  Fig.  4.  The  measured 
impact  pressures  agree  well  with  the  calculated 
pressures,  Eq.  (2),  for  large  birds  (i.e., 

4kg).  However,  the  results  for  smaller  birds 
show  significant  departures  from  prediction. 

The  discrepancy  appears  to  increase  with  de¬ 
creasing  bird  size. 


IMPACT  VELOCITY  (m/») 

Fig.  4.  Initial  impact  (Hugoniot)  pressures 
versus  impact  velocity  for  normal 
impact.. 

This  may  be  explained  by  considering  the 
shock  process.  The  duration  of  the  shock 
pressure  is  directly  proportional  to  the  bird 
diameter  or  radius.  Large  birds  produce  the 
full  shock  pressure  for  longer  duration  than 
do  small  birds.  The  limited  band  width  of  the 
transducers  (100  kHz)  results  in  a  signifi¬ 
cant  attenuation  of  the  measured  signal  for 
the  short  shock  durations  (several  ys)  which 
might  be  expected  for  small  birds.  Thus,  it 
is  not  entirely  surprising  that  the  full 
shock  pressure  is  not  detected  in  snail  bird 
impacts . 

For  virtually  all  the  impacts  conducted  a 
steady  pressure  region  in  the  pressure  record 
could  be  identified,  us  seen  in  Fig.  3.  The 
center  transducer  data  for  normal  impacts  was 
colle>.t-*d  and  compared  to  predicted  stagnation 
pressures.  For  the  assumed  bird  material 
model,  the  impacts  were  supersonic  and  the  pre¬ 
dicted  stagnation  pressures  were  obtained 
using  Eq.  (6).  The  results  are  shown  in 
Fig.  5.  The  pressures  measured  at  the  center 
of  the  plate  correlate  well  with  the  predicted 
difference  between  experimental  results  of 
small  birds  (60g)  and  medium  size  (600g)  birds. 
The  limited  large  bird  data  also  shows  good 
agreement. 

TTi  steady  flow  pressure  data  obtained 
from  thi  transducers  located  off-center  is 
presented  in  Fig.  6.  The  experimental  results 
are  compared  to  a  theoretical  distribution, 
developed  in  Ref.  [2],  which  satisfies  three 
conditions;  (a)  the  pressure  at  the  center  of 
impact  is  the  stagnation  pressure,  (b)  the 
pressure  is  zero  (atmospheric)  at  large  dis¬ 
tances  from  the  center,  and  (c)  momentum  is 
concerved.  The  data  is  presented  in  Fig.  6. 


Fig.  5.  Steady  flow  pressure  versus  impact 
velocity  at  center  of  impact  for 
normal  impact. 


NONOIMENSIONAL  RADIUS ,  r/o 

Fig.  6.  Steady  flow  nondimensional  pressure 
distribution  for  normal  impacts. 


Because  of  the  large  scatter  in  the  data,  only 
average  values  are  presented.  The  large  error 
bars  on  the  mean  values  of  pressure  are  indica¬ 
tive  of  this  scatter  which  was  most  probably 
due  to  lack  of  cylindrical  symmetry  in  real 
birds  and  to  real  variations  in  bird  properties 
from  bird  to  bird. 

As  seen  from  the  two  examples  in  Fig.  3, 
the  duration  of  the  impact  was  adequately  given 
by  the  relation  t  =  A/v,  Eq.  (7). 

SUMMARY  AND  CONCLUSIONS 

In  summary,  the  pressure  measurements 
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indicate  that  birds  behave  as  a  fluid  during 
impact.  The  pressure  records  consist  of  an 
initial  high  pressure  associated  with  the  one- 
dimensional  impact  stress  in  the  bird.  This 
pressure  decays  by  radial  release  of  the  high 
impact  pressures.  A  steady  flow  regime  is 
then  established.  The  steady  pressures 
finally  decay  and  the  pressure  drops  to  zero 
when  the  end  of  the  bird  reaches  the  plate. 

The  important  features  of  bird  impact 
pressures  can  be  analytically  described, 
assuming  the  bird  has  material  properties 
similar  to  gelatin  with  approximately  10  per¬ 
cent  porosity.  The  initial  impact  pressures 
can  be  calculated  using  the  Hugoniot  relation 
(P  =  pvsv)  for  a  mixture,  together  with  the 
shock  properties  of  gelatin.  Steady  flow 
pressures  and  pressure  distributions  can  be 
obtained  using  Bernoulli's  equation  and  poten¬ 
tial  flow  theory,  as  described  in  Ref.  [2]. 

The  duration  of  impact  is  simply  the  time 
required  for  the  bird  to  travel  its  own  length. 


RECOMMENDATIONS 

The  development  of  a  standard  substitute 
bird  for  use  in  development  and  qualification 
testing  should  be  pursued.  The  current  inves¬ 
tigation  has  shown  wide  variation  in  every 
parameter  of  impact  loading  which  was 
measured.  These  variations  are  undoubtedly 
due  to  real  variations  in  bird  material  pro¬ 
perties,  bird  structure,  and  bird  geometry. 
These  variations  are  beyond  the  control  of  the 
experimenter  or  test  engineer.  The  demon¬ 
strated  variations  can  be  very  large  and 
represent  an  unacceptable  and  uncontrollable 
test  variation.  In  contrast  to  real  birds, 
the  use  of  substitute  bird  materials  would 
provide  highly  repeatable  loading.  This 
repeatability  offers  very  significant  advan¬ 
tages  in  the  development  and  qualification  of 
aircraft  components.  Further  work  is  required 
to  more  carefully  investigate  and  document  the 
properties  of  candidate  substitute  bird 
materials  such  as  gelatin  with  10  percent 
porosity.  The  effects  of  substitute  bird 
geometry  also  require  investigation. 
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DISCUSSION 


Voice :  I  would  like  to  ask  a  question.  Where 
are  we  in  the  state  o£  the  art?  Could  you 
summarize  where  we  are  in  Foreign  Object 
Damage  (FOD)  and  in  blade  design  in  general? 

Capt.  Wllbeck:  In  FOD  of  course  there  are 
several  areas  which  we  worry  about.  We  have 
been  studying  lately  such  things  as  sand  impact. 
Sand  particles  do  cause  small  craters;  small 
craters  cause  cracks  and  cracks  can  ruin 
titanium.  So  we  are  looking  at  that  sort  of 
thing  right  now  to  try  to  understand  different 
types  of  particle  impacts.  As  far  as  bird 
impact,  we  have  a  new  program  out,  just  won 
by  General  Electric  to  develop  design 
methodology  for  engine  fan  blades.  It  is  a 
very  large  program  which  will  take  data  such 
as  was  just  generated  here  and  develop 
computer  analyses  which  will  aid  in  designing 
engine  fan  blades  which  will  not  break  the 
first  time  around.  Building  fan  blades  is 
like  the  old  pholosophy  of  building  many 
things;  you  build  one,  test  it  and  if  it 
breaks  you  come  back  and  build  another.  This 
is  a  very  expensive  process  which  costs  many 
millions  of  dollars,  on  such  things  as 
composite  fan  blades.  We  feel  with  this 
type  of  program  we  will  learn  to  design 
intelligently. 

Voice;  Is  there  any  merit  to  the  consideration 
of  the  design  of  a  frangible  composite  blade 
as  opposed  to  a  titanium  blade? 

Capt.  Wllbeck:  there  are  two  basic  approaches 
to  making  a  blade,  one  is  to  make  a  blade 
which  will  survive  the  bird  impact.  That  is 
the  normal  process.  In  the  normal  approach 
you  make  a  titanium  blade  or  a  steel  blade 
which  will  actually  eat  the  bird  up  and  keep 
going,  the  other  approach  is  a  frangible 
blade,  one  that  might  be  made  of  graphite 
epoxy  which  totally  shatters  in  a  million 
pieces  when  struck.  One  of  the  biggest 
problems  with  blade  breakage  is  not  that  you 
loose  one  blade,  because  I  could  fly  with  one 
blade  going  sometimes.  What  I  can't  allow 
is  that  the  titanium  blade  goes  through  the 
engine,  it  will  churn  through  the  next  few 
stages  and  you  may  end  up  with  a  titanium 
fire  and  everything  else.  It  is  a  very 
big  problem  so  you  try  to  keep  the  blade 
from  breaking  in  the  first  place.  The  other 
approach  is  to  make  the  blade  frangible  so 
it  will  break  into  many  pieces,  sawdust  in 
essense  which  the  engine  can  ingest.  I  think 
both  approaches  are  being  tried  right  now. 

Many  people  feel  you  can't  afford  to  loose 
one  blade;  if  that  is  the  case  then  the 
frangible  blade  is  not  a  good  approach. 

If  it  is  a  fact  that  you  can  afford  to  loose 
one  or  two  blades  and  not  get  into  too  much 
of  a  vibration  problem  then  the  frangible 
blade  concept  deserves  some  consideration. 


Gary  Fox.  (Rohr  Marine;)  Is  there  a  problem 
with  the  bones  in  the  chicken  as  opposed  to 
modeling  with  it  with  just  gelatin?  It  seems 
to  me  it  would  be  more  difficult. 

Cast.  Wllbeck;  That  is  a  very  good  question. 

As  I  said  you  have  to  assume  some  sort  of 
homogenious  material  as  far  as  what  theory  can 
do.  We  have  seen  no  effects  with  bones.  The 
pressures  we  are  talking  about  is  between 
30,000  psi  on  Impact  so  bone  probably  flows 
just  like  the  rest  of  the  bird.  We  have  seen 
no  effects  due  to  bones  up  to  four  klllogram 
birds.  We  have  never  seen  bone  impact,  of 
course  I  am  not  sure  you  wouldn't  know  what 
you  were  seeing  but  we  have  not  seen  any  effect 
of  something  like  that.  We  always  thought  it 
was  possible  but  we  haven't  seen  the  effects. 

Dr.  D.I.G.  Jones,  (Air  Force  Materials  Lab.:) 
What  was  your  rationale  for  choosing  a  10 
percent  porosity. 

Capt.  Wllbeck:  I  was  going  to  get  back  into 
that.  First  of  all  if  you  look  at  a  bird  you 
realize  it  is  a  porous  medium,  it  has  lungs 
and  air  sacks  and  other  sorts  of  things. 
Historically  people  who  made  substitute  birds 
guide  them  with  porosity  because  without 
porosity  the  density  was  too  high;  gelatin  has 
a  density  of  1.05  gr/cc  and  some  rubber 
compounds  have  a  density  of  1.5  grams  per  cc. 
They  wo> Id  Inject  porosity  to  decrease  the 
density.  Another  reason  for  putting  in  the 
porosity  in  that  porosity  does  several  things. 

It  decreases  density,  decreases  shock  velocity 
and  increases  compressibility.  In  order  to 
simulate  the  sort  of  shocks  we  are  talking 
about,  if  you  had  no  porosity  the  shocks  would 
be  an  order  of  magnitude  greater  than  we  are 
seeing.  If  you  put  in  the  10  percent  porosity 
the  shock  velocity  drops  considerably  and  the 
shocks  come  in  line  with  what  we  are  seeing. 
Again  there  is  both  a  physical  and  theoretical 
reason  for  putting  porosity  in. 

Mr.  Silver,  (Westinghouse  Electric):  Referring 
to  your  data  fit  to  the  actual  birds  where  your 
curves  almost  match,  is  that  10  percent  porosity 
curve  analytical? 

Capt.  Wllbeck:  Yes,  all  the  data  I  showed  you, 
the  two  data  traces,  were  for  10  percent 
porosity. 

Mr.  Silver:  Would  15  percent  or  a  little 
higher  have  fit  those  heavy  birds  a  little 
better? 


Capt.  Wllbeck:  Which  data  are  we  talking  about, 
the  shock  pressure  or  the  steady  flow  pressure? 

Mr.  Silver:  The  shock  pressure. 


Capt.  Wllbeck:  Sure!  If  I  Increase  the 
porosity  it  would  fit  the  data  better.  But  I 
will  not  change  the  porosity  solely  because 
It  fits  my  data  better.  I  have  to  have  a 
physical  reason  for  doing  that.  My  physical 
reason  for  making  it  10  percent  was  first  of 
all  gelatin  has  a  density  similar  to  the  flesh 
of  a  bird,  chickens  for  example  have  a  density 
of  .95  and  so  physically  by  best  approach  is 
10  percent  porosity.  I  think  my  theory  would 
not  be  significantly  different  if  I  changed 
the  porosity  by  5  or  10  percent.  My  accuracy 
of  data  measurement  is  no  greater  than  that, 

I  think. 

Mr.  Silver:  You  might  get  a  little  surface 
effect  that  would  increase  the  porosity. 

Capt.  Wllbeck:  Yes,  of  course  there  are 
feathers,  there  are  all  sorts  of  problems 
and  surface  effects  is  one. 

Mr.  Silver:  Could  you  actually  have  a  test 
using  a  bag  of  gelatin  with  inserted  porosity? 

Capt.  Wllbeck:  We  currently  shoot  a  commercial 
gelatin.  We  have  shot  gelatin  with  10  percent 
porosity  and  shot  rubber  with  40  percent 
porosity.  Gelatin  with  10  percent  porosity 
gives  results  which  are  close  to  the  data  I  am 
showing  here.  It  looks  better  because  it  is 
not  a  cylinder  and  birds  are  not  cylindrical. 

Mr.  Wavman.  (McDonnel-Douglas):  Are  you 
saying  there  is  no  justification  for  using 
bones?  I  know  in  watching  our  movies  of  bird 
impacts  we  see  bits  of  the  bones  still  intact 
after  the  impact. 

Capt.  Wilbeck:  I  see  no  pressures  being 
generated  by  bones  which  is  significantly 
different  than  that  being  generated  by  just 
pure  gelatin.  There  is  no  pressure  data  that 
we  see  anywhere  that  shows  us  getting  higher 
pressures  than  we  expected  and  I  don't  think 
that  a  bone  would  give  me  a  higher  pressure. 

A  bone  being  porous  might  give  me  a  lower 
pressure  than  nonporous  water.  I  see  no 
reason  from  a  pressure  point  of  view  of  putting 
it  in. 
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Voice:  Are  you  saying  that  pressure  is  the  only 
damaging  effect? 

Capt.  Wllbeck:  Well  again  the  only  thing  that 
makes  a  hard  object  worse  than  a  soft  object 
is  that  the  shock  pressure  is  higher  and  it 
lasts  longer.  With  a  soft  object  you  get 
roughly  the  same  shock  you  get  with  a  hard 
object  but  slightly  different  because  of  the 
difference  impedances.  You  get  the  same  sort 
of  high  pressures;  but  you  get  release  weights 
in  a  aoft  object.  In  a  steel  bullet  you  don't 
get  release  weights.  So  your  shock  pressure 
lasts  for  a  longer  period  of  time.  We  have 
never  seen  any  for  example  in  the  steady 
flow  region  where  you  would  expect  to  see  a 
high  pressure  spike  from  a  bone  impact  coming 
in  later  on  in  time,  we  haven't  seen  anything 
of  the  sort. 
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Impact  response  data  are  often' subjected  to  Integration  and  differen¬ 
tiation  procedures.  These  procedures  are  low-  and  high-pass  filtering 
processes.  This  paper  discusses  the  measurement  frequency  response  re¬ 
quirements  using  harmonic  analysis  and  shows  how  these  requirements  are 
related  to  three  differentiation  procedures.  Results  indicated  that  for 
operations  in  the  frequency  domain,  the  bandwidth  used  for  differentiation 
must  be  higher  than  that  used  to  reconstruct  the  function  itself.  For 
operations  in  the  time  domain,  the  sampling  rate  must  be  sufficiently 
high  to  avoid  frequency  cutoff. 


INTRODUCTION 


error  but  amplifies  the  high  frequency  noise 
associated  with  the  measurement. 


In  impact  experiments,  the  responses  of  the 
test  object  and  other  related  components  are 
frequently  recorded  using  electronic  and  photo¬ 
graphic  methods.  A  complete  set  of  kinematics 
consisting  of  the  data  of  acceleration,  velocity, 
and  displacement  is  often  required  in  bio¬ 
mechanical  experiments.  Depending  upon  the  type 
of  transducers,  various  Integration  and  dif¬ 
ferentiation  procedures  can  be  used. 


Integration  and  differentiation,  when  con¬ 
sidered  in  frequency  domain,  are  low-  and  high- 
pass  filtering  processes  where  the  frequency 
harmonics  (components)  are  weighted  at  -6  dB/ 
octave  and  +6  dB/octave  respectively.  Therefore, 
an  acceleration  measurement  requires  higher 
frequency  response  than  a  velocity  measurement. 

A  velocity  measurement  in  turn,  requires  higher 
frequency  response  than  a  displacement  measure¬ 
ment.  Although  integrations  and  differentiations 
can  be  applied  quite  freely  to  the  measurements, 
they  have  drawbacks.  For  example,  a  single 
integration  accumulates  bias  error  proportional 
to  time  and  a  double  integration  accumulates 
bias  error  proportional  to  time-squared.  On  the 
other  hand,  a  differentiation  removes  the  bias 
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Administration  under  Contract  DOT-HS-6-01400. 
The  opinions,  findings  and  conclusions  stated 
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necessarily  those  of  the  Department  of  Trans¬ 
portation. 


This  paper  discusses  the  frequency  respon¬ 
se  requirements  for  measurement  data  which  are 
subjected  to  the  processes  of  integration  and 
differentiation.  This  allows  compatible 
kinematic  comparisons  between  the  electronic  and 
the  photographic  data.  Furthermore,  since  the 
frequency  response  requirement  becomes  more 
stringent  only  when  taking  derivatives,  this 
paper  discusses  only  the  differentiation  re¬ 
quirements. 

HARMONIC  ANALYSIS 

Fourier  series,  in  a  least-squares  error 
sense,  is  a  powerful  tool  involving  periodic 
functions.  Since  many  real-world  impact  data 
do  not  involve  periodic  functions  (aperiodic 
functions),  the  more  complicated  Fourier  trans¬ 
form  must  be  used  [1] .  However,  if  proper 
arrangement  of  a  section  of  the  data  can  be 
made,  Fourier  series  analysis  is  still  ap¬ 
plicable. 

Figure  la  illustrates  a  section  of  the 
aperiodic  data  with  initial  value  b  and  period 
T.  The  slope  between  the  initial  and  final 
value  is  m.  When  this  section  of  the  aperodic 
data  is  made  to  repeat  itself  as  shown  in  Figure 
lb,  this  function  becomes  periodic  and  the 
Fourier  series  representation  is 
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and  the  Fourier  coefficients  are 

a,  -  |  l  Ht  )  cos  2anti  (At) 
n  1  i-1  1  T 

for  n  =  0,1,2, . . .  .N 

b  -  |  l  f(t  )  sin  2nlTti  (At) 
n  T  i-1  1 

for  n  =  1,2,....N 


t^  "  sampled  time 

N  =  total  number  of  harmonics  in  frequency 
domain 

n  =  frequency  index,  1,2,...., N 
i  =  time  index,  1,2,...,! 

I  *=  total  number  of  data  points  in  time 
domain 

At  =  time  increment 

The  value  of  N  is  established  by  checking  the 

diminishing  values  of  a  and  b  as  n  Increases 
n  n 

or  by  checking  the  magnitude  of  the  complex 
Fourier  coefficient  c  . 


c  >1  a2  +  b2  for  n  =  1,2,....N 
nun  n 


Because  of  the  discontinuities  between  the 
initial  and  final  data,  this  series  converges 
slower  than  those  functions  with  no  dis¬ 
continuities.  Figure  lc  shows  how  a  continuous 
function  can  be  created  [2]  by  subtracting  the 
initial  value  b,  removing  the  slope  m,  and 
creating  an  image  for  the  extended  half  period. 
In  addition  to  the  fast  convergence,  this  is 
an  odd  function  thus  eliminating  the  computation 
of  a ^  (a^  *  0) .  One  disadvantage  is  that  the 

harmonic  component  is  equivalent  to  a  lower 
frequency  because  of  the  longer  period  T.  It 
is  obvious  that  the  reconstructed  function 
f(tj)  must  be  corrected  by  the  reverse  process, 

i.e.,  adding  the  slope  m  and  the  initial  value 
b.  Similarly,  the  calculated  first  derivative 
must  be  corrected  by  the  constant  m. 

DIFFERENTIATIONS 

Differentiation,  when  considered  in  fre¬ 
quency  domain,  is  a  high-pass  filtering  process 
where  the  frequency  harmonics  are  weighted  at 
6  dB/octave  or  twice  heavier  for  each  doubling 
of  the  harmonics.  For  example,  if  the  50th 
harmonic  is  80  dB  down  (0.012)  in  the  funda¬ 
mental  frequency  in  a  function,  then  it  becomes 
only  46  dB  down  (0.52)  in  the  first  derivative. 


(a)  A  section  of  aperiodic  data 


(b)  A  periodic  function 


T/IT- - ' —  T  3T/2 

(c)  A  continuous  periodic  function 

Fig.  1.  Fourier  series  analysis  setup. 


When  this  function  is  twice  differentiated,  the 
harmonic  becomes  only  12  dB  down  (242)  in  the 
fundamental  frequency. 

Three  differentiation  methods  are  compared. 
They  are  the  truncated  Fourier  series,  the 
Lanczos  convergence  factors,  and  the  Lagrangian 
polynomial  methods.  The  Lagrangian  polynomial 
method  operates  in  the  time-domain  rather  than 
in  the  frequency-domain  as  do  the  first  two 
methods.  It  uses  a  polynomial  of  degree  four 
relevant  to  five  successive  points.  These  three 
methods  are  applied  to  two  examples:  (1)  a 
human  head  rotation  rate-gyro  data  under  a  crash 
impact  condition  and  (2)  a  cascaded  sinusoidal 
waves  of  various  frequencies. 

Truncated  Fourier  Series  Method 
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When  Figure  1  is  differentiated  term-by- 
term,  the  first  two  derivatives  are 


-  b  sin^Slt,)]  for  O^t.^T  (6) 

n  T  i  l 


They  are  the  derivatives  of  a  truncated  Fourier 
series . 

On  the  one  hand,  the  derivative  can  be 
accurately  calculated  if  a  large  number  of 
harmonics  is  used  to  cover  the  significant  fre¬ 
quency  range  of  the  derivative  but  not  higher 
than  half  of  the  data  sampling  frequency  (1/At) 
to  avoid  "aliasing"  according  to  sampling  theory. 
On  the  other  hand,  the  number  of  harmonics 
should  be  kept  small  because  the  effect  of  the 
observation  (measurement)  error  increases  as  the 
number  of  harmonics  increases.  The  accuracy 
also  depends  upon  the  rate  of  change  (frequency 
response)  of  the  function. 

It  can  be  shown  [2]  [3]  that  the  residual 
of  a  truncated  Fourier  series  has  the 
characteristics  of  a  modulated  carrier  wave  of 
high  frequency.  This  modulating  effect  is  not 
significant  in  the  function  itself.  However, 
when  this  Fourier  series  is  differentiated 
term-by-term,  loss  of  accuracy  is  noted  in  the 
derivatives.  This  error  is  a  result  of  the 
fact  that  both  the  modulation  and  carrier 
waves  are  differentiated  rather  than  the  mod¬ 
ulation  alone  without  the  carrier.  These  high 
frequency  components  cannot  be  ignored  be¬ 
cause  they  are  important  in  the  derivatives 
although  they  are  insignificant  in  the  original 
function  due  to  the  high-pass  filtering  effect 
in  the  differentiation  process. 


Lanczos  Convergence  Factor  Method 


The  adverse  effect  of  the  high  harmonics 
can  be  significantly  reduced  with  a  modified 
process  given  by  Lanczos  [3]  and  Haut  [2], 
Lanczos  used  a  modified  operator  to  replace  the 
formal  differentiation.  This  operator,  when 
applied  to  a  truncated  Fourier  series,  reduces 
the  differentiation  process  to  a  term-by-term 
multiplication  by  the  Lanczos  convergence 
factor  in  the  form  of  (sin  nx)/nx.  When 
this  process  is  repeated  again,  it  reduces  the 
two  differentiation  processes  to  a  term-by-term 
multiplication  by  the  same  factor  squared.  The 
first  two  derivatives  are 


.  2N  r.  .  2mt,.  .  .  .  nit. 

+  (sinF> 

n»l 


f,,<V " '  t2  L  V~¥***»2  r> 

2  N 

4N  v  ,  ,  .  2nir  x  .  2  n«r* 

"  n-1  (  10  ^ 

for  Qst^T  (8) 

The  factors  (sin  jp)/  (^)  are  the  Lanczos 
convergence  factors. 

Lagrangian  Interpolation  Polynomial  Method 

This  method  fits  each  data  point  using  a 
Lagrangian  interpolation  polynomial  of  degree 
four  relevant  to  five  successive  points  [4]. 
The  derivatives  are  expressed  as: 

f'(ti)  -  I5|j[-25f(t1)+48f(t2)-36f(t3) 

+16f(t4)-3f(t5)]  (9a) 

f'(t2)  "  12fEI_3f(tl)“:l0f(t2)+18f(t3) 

-6f(t4)+f(t5)]  (9b) 

f*(ti>  =12l?If(ti-2>-8f(ti-l>+8f(£i+l) 

-f(ti+2» 


for  i  -  3,4 . ,1-3, 1-2 


f’<tTJ  - 


I-l>  *  l2S[-f(tI-4)+6f(tI-3)-18f(tI-2> 


+10f(tI1)+3f(tI)] 


f’(tI>  “  l2Sl3f<ti-4)-16f(tI-3)+36f(tI-2) 


-48f(tI_1)+25f(tI) 


EXAMPLE  1:  BIOMECHANICAL  IMPACT  DATA 


Figure  2  is  the  head  angular  velocity  of 
a  test  subject  during  a  rear  sled  impact.  The 
original  function  is  identified  by  the  short 
vertical  lines  while  the  reconstructed  function 
f(tA)  using  Eq.  (1)  with  30  harmonic  (N  »  30, 

or  37.5  Hz),  is  identified  by  the  crosses. 

There  is  essentially  no  difference  between  these 
two  curves.  In  other  words,  using  30  harmonics 
with  fundamental  frequency  of  1.25  Hz 
(fg  “  1/0.8),  the  angular  velocity  can  be 
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faithfully  represen:  d  by  the  first  30  co¬ 
efficients  and  bR.  The  magnitude  of  the 

complex  Fourier  coefficients  cq  is  shown  in 

Figure  3  which  is  commonly  known  as  the 
frequency  spectrum.  It  shows  that  the  sampling 
rate  of  500  Hz  is  quite  sufficient. 


Fig.  2.  Original  and  reconstructed  functions , 
Example  1. 


0  10  20  30  40  50  60  70  80  n 

0  25  50  60  75  100  Hz 

Fig.  3.  Frequency  spectrum.  Example  1. 

Figure  4  shows  the  derivatives  f'(t) 
(angular  accelerations)  computed  according  to 
Sq.  (7)  using  30,  60  and  90  harmonics  as  com¬ 
pared  with  the  derivative  computed  according  to 
Largangian  interpolation  polynomial  of  degree  4 
relevant  to  five  successive  points  [4].  The 
Lanczos  factor  data  are  indicated  by  the  short 
vertical  lines  while  the  Lagranglan  polynomial 
data  are  indicated  by  the  crosses.  One  point 
of  comparison  is  the  positive  peak  at  0.064 


Fig.  4.  .  Comparison  of  derivatives,  Exsaple  1. 


seconds.  It  shows  the  difference  between 
the  two  methods  is  759,  225  and  114  radians/ 

2 

sec  for  N  "  30,  60  and  90  respectively.  This 
example  illustrates  that  the  number  of 
harmonics  required  to  calculate  the  derivative 
is  much  higher  than  that  indicated  in  the 
frequency  spectrum  of  the  function  itself. 
However,  this  number  should  not  be  so  large  in 
order  to  prevent  the  high  frequency  noise  from 
occurring.  This  noise  can  be  observed  in 
Figure  4b. 


EXAMPLE 


CASCADED  SINUSOIDAL  HAVES 


In  order  to  examine  the  frequency  requirement  of 
a  sinusoidal  wave  for  differentiation,  a  gen¬ 
eral  test  function  is  generated  as  shown  in 
Figure  5.  This  function  consists  of  a  five- 
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Fig.  S.  A  cascaded  sinusoidal  test  function. 
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cycle  sinusoidal  wave  with  frequencies  of  1, 

2,  4,  8  and  16  Hr  (f0  *  1/2)  by  using  the  set¬ 
up  of  Figure  lb.  The  time  increment  is  0.01 
second  and  the  total  number  of  harmonics  N  used 
throughout  this  example  is  30  (15  He).  Figure 
6  shows  the  frequency  spectrum.  Using  Eq.  (1), 
the  reconstructed  function  is  also  shown  in 
Figure  5.  The  difference  between  the  original 


0  10  20  30  40  50  n  60 

0  5  10  15  20  25  H*  30 

Fig.  6.  Frequency  spectrum,  Example  2. 


and  the  reconstructed  functions  is  negligible  up 
to  4  Hz  input. 

Figure  7  is  the  normalized  derivatives  of 
the  test  function  calculated  by  three  methods, 
i.e.,  the  truncated  Fourier  series,  the 
Lanczos  convergence  factors,  and  the  Lagrangian 
polynomial.  Each  calculated  derivative  is 
compared  with  the  ideal  derivative.  Normal¬ 
ization  of  each  cascaded  section  is  required  for 
better  curve  scaling.  Each  section  is  scaled  to 
l/2uir  for  a  ■  1,  2,  3,  4,  or  5,  where  m  is  the 
number  of  each  curve  section. 

The  carrier  modulating  effect  in  the 
truncated  Fourier  series  derivative  is  clearly 
noticeable  in  Figure  7a  where  the  oscillating 
frequency  is  15  Hz  for  N  -  30.  Furthermore, 
the  signal  attenuation  as  a  function  of 
frequency  becomes  more  severe  as  compared  with 
Figure  5.  The  Lanczos  convergence  factor  method 
(Figure  7b)  removes  the  carrier  modulating 
effect  but  the  frequency  attenuation  is  more 
severe  than  that  of  the  truncated  Fourier  series. 
Figure  7c  seems  to  indicate  that,  at  least  in 
this  example,  the  Lagrangisn  polynomial  method 
provides  better  results  than  the  other  two 
methods.  The  apparent  frequency  attenuation  is 
caused  by  insufficient  number  of  sample  points 
(rate)  because  Lagrangian  polynomial  method  is 
independent  of  the  total  number  of  harmonics  N. 
The  Lagrangian  polynomial  is  processed  in  the 
time-domain  while  the  truncated  Fourier  series 
and  the  Lanczos  converge  factors  are  processed 
in  the  frequency  domain.  By  using  higher 
sampling  rate,  the  Lagrangian  polynomial  method 
error  will  be  reduced. 


Figure  8  is  the  second  derivatives  of  the 
test  function  calculated  from  the  same  three 
methods.  The  truncated  Fourier  series  result 
is  essentially  useless  unless  data  smoothing 
process  is  used  to  remove  the  carrier  modula¬ 
ting  effect.  The  Lauczos  convergence  factor 
result  is  smooth  but  the  frequency  attenuation 


becomes  even  more  severe  than  that  of  the  first 
derivative.  The  error  is  significant  for  any 
frequency  component  higher  than  2  Hz.  The 
Lagrangian  polynomial  data,  again,  seems  to 
have  better  results  than  those  obtained  by  the 
other  two  methods. 
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(c)  Lagrangian  polynomial  method 
Fig.  8.  Second  derivative  of  the  test  function. 


CONCLUS  IONS 


This  paper  discussed  the  Importance  of  the 
harmonic  analysis  in  establishing  a  data  chan¬ 
nel  frequency  response  and  sampling  rate  re¬ 
quirements.  Three  commonly  used  differentiation 
methods,  i.e.,  the  truncated  Fourier  series, 
the  Lanczos  convergence  factors,  and  the 
Lagrangian  polynomial  were  demonstrated  in  the 
examples. 

For  the  first  two  methods,  it  can  be  con¬ 
cluded  that  the  selection  of  the  total  number 
of  harmonics  used  for  differentiation  must  be 
higher  than  that  used  to  reconstruct  the 
function  itself.  A  6  dB/octave  for  the  first 
derivative  and  a  12  dB/oct  •,  .or  the  second 
derivative  high-pass  filter  vg  effect  must 
be  taken  into  consideratic  .  "he  total  number 
of  harmonics  is  limited  by  t..=  data  measurement 
error  and  the  computational  error.  One  way  of 
increasing  the  harmonic  frequencies  without 
increasing  the  number  of  harmonics  is  to  operate 
the  original  data  in  piecemeal  sections  in 
time-domain. 


The  last  method  is  independent  of  the 
selection  of  the  harmonics  because  it  operates 
in  time-domain.  In  general,  it  is  superior 
to  the  first  two  methods  as  long  as  the 
sampling  rate  is  high  as  compared  to  the 
highest  frequency  component  of  the  function. 
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STRUCTURAL  RESPONSE  OF  EARTH  PENETRATORS 


IN  ANCLE-OF-ATTACK  IMPACTS 


J.  D.  Colton 

SRI  International 
Menlo  Park,  California 

An  analysis  based  on  a  one-dimensional  beam-mass  model  was  developed  to 
predict  the  early-time  response  of  penetrator  structures  in  angle-of- 
attack  impacts.  It  was  found  that  the  peak  compressive  strain,  which 
determines  whether  or  not  the  penetrator  casing  fails,  depends  on  the 
magnitude  of  the  lateral  load  produced  by  impacts  at  an  angle  of  attack, 
the  load  rise  time  (which  is  inversely  proportional  to  imp.-ct  velocity) , 
and  the  relative  mass  of  the  nose  and  aft  sections.  By  relating  the 
loading  to  the  impact  conditions  through  empirical  data,  a  procedure  was 
devised  to  characterize  the  strength  of  penetrator  structures  in  terms 
of  impact  velocity  and  angle  of  attack.  The  resulting  critical  impact 
curves  can  be  used  to  make  tradeoffs  among  structural  dimensions 
(e.g.,  length  and  wall  thickness),  to  select  the  best  structure  for  a 
particular  application,  and  to  provide  a  framework  for  planning  and 
interpreting  experiments  and  more  detailed  calculations. 


INTRODUCTION 

Earth  penetrators  are  designed  to  impact 
targets  ranging  from  soil  to  soft  rock  and  to 
penetrate  up  to  several  hundred  feet.  This  may 
require  high  impact  velocities,  up  to  several 
thousand  feet  per  second,  and  can  result  in 
severe  loads  on  the  penetrator.  Determining 
the  mechanical  feasibility  of  deploying  an  earth 
penetrator  thus  requires  study  of  terradynamics , 
or  the  motion  of  the  penetrator  through  the 
target  material  that  determines  the  loads  on  the 
penetrator  and  its  trajectory;  the  early-time 
impact  and  structural  response  of  the  casing; 
and  the  response  of  the  internal  components. 

This  paper  describes  an  analysis  for  deter¬ 
mining  the  load-response  relationship  of  pene¬ 
trator  structures.  It  also  describes  a  proce¬ 
dure  for  combining  this  relationship  with  the 
impact-load  relationship  to  arrive  at  the 
impact-response  relationship  used  to  develop 
critical  impact  curves  for  penetrator  struc¬ 
tures.  The  procedure  is  illustrated  for  a 
simple  steel  tube  and  is  also  applied  to  more 
realistic  penetrator  structures. 

BACKGROUND 

Most  earlier  work  on  earth  penetrators 
focused  on  terradynamics  [1-3].  Of  particular 
interest  in  that  work  are  the  loads  produced  on 
the  penetrator  by  the  target  material.  Both 
calculated  impact  loads  [4]  and  measured  accel¬ 
eration  response  [2]  show  that  the  resultant 
force-history  for  normal  impact  consists  of  two 


distinct  parts:  an  approximately  linear  rise  to 
a  peak  force  F  over  the  time  t  required  for  the 
structure  to  penetrate  to  its  full  diameter, 
followed  by  a  very  gradual  decay  associated  with 
the  rigid  body  deceleration  of  the  structure. 

For  example,  for  a  nominal  full  scale  structure 
[6  inches  (15.24  cm)  in  diameter,  60  inches 
(152.4)  long,  and  weighing  400  pounds  (181  kg)] 
impacting  sandstone  at  1500  ft/sec  (457  m/sec), 
the  loading  rise  time  is  about  1  msec  and  the 
peak  force  is  about  500,000  pounds 
(2.24  x  106N)  [4], 

Tests  on  deep-penetrator  structures  have 
revealed  some  of  the  important  features  of  the 
structural  response.  In  reverse  ballistic  tests 
performed  at  AVCO  [5],  relatively  low  strains 
were  produced  in  a  simple  penetrator  structure 
under  a  normal  impact  with  a  rock  simulant; 
however,  under  an  angle-of-attack  impact,  much 
larger  strains  were  produced  by  the  bending 
induced  in  the  penetrator.  In  ballistic  tests 
performed  on  scale  model  penetrators  at  Martin 
Marietta  Aerospace  Company  [6],  the  penetrator 
structure  failed  in  angle-of-attack  impacts; 
these  test  results  also  indicate  that  large 
strains  and  failure  were  caused  by  bending. 
Below,  we  postulate  how  these  failures  occur. 

The  axial  component  of  the  load  produces 
compressive  stress  along  the  entire  length  of 
the  penetrator.  The  lateral  component  of  the 
load  produces  bending  stresses  whose  magnitudes 
in  tension  and  compression  are  equal  at  a  given 
axial  location.  Thus,  the  total  stress  of 
greatest  amplitude  is  compressive  and  above  a 
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critical  velocity  produces  local  yielding  of  the 
penetrator  wall.  The  weakened  cross  section  at 
this  location  allows  continued  deformation  which 
increases  the  bending  load,  and  ultimately  leads 
to  divergent  bending  and  fracture.  Since  incip¬ 
ient  yielding  in  compression  defines  the  onset 
of  this  divergent  instability,  the  elastic  re¬ 
sponse  up  to  yielding  determines  if  failure 
occurs.  Thus,  an  analysis  need  predict  only  the 
elastic  response,  and  the  critical  response  para¬ 
meter  is  the  maximum  total  compressive  stress. 

Observed  maximum  compressive  strains  and 
failures  in  penetrator  structures  occur  at 
several  diameters  from  the  penetrator  nose  [5,6]. 
The  stress  distribution  in  the  cross  section  at 
these  locations  therefore  depends  only  on  the 
resultant  forces  applied  to  the  end  of  the  struc¬ 
ture.  That  is,  failure  depends  only  on  the  re¬ 
sultant  axial  and  lateral  loading  forces  and  not 
on  the  details  of  the  pressure  load  distribution 
on  the  penetrator  nose.  This  observation  allows 
us  to  use  a  relatively  simple  response  analysis. 

OBJECTIVES  AND  APPROACH 

Our  primary  objectives  were  to  develop  a 
simple  predictive  analytical  method  that  would 
account  for  penetrator  bending  induced  by  angle- 
of-attack  impacts  and  that  would  determine  the 
effect  of  structural  and  loading  parameters  on 
the  survivability  of  a  penetrator  casing  on  im¬ 
pact.  These  results  could  then  be  used  first, 
to  identify  those  parameters  to  which  the  damage 
producing  loads  are  sensitive,  such  as  impact 
velocity  and  angle  of  attack;  second,  to  provide 
a  means  of  arriving  at  an  optimum  structural 
design  within  the  parameter  ranges  dictated  by 


system  requirements;  and  third,  to  select 
specific  configurations  and  loads  for  testing 
and  more  detailed  calculations. 

The  approach  to  predicting  penetrator  re¬ 
sponse  is  based  on  elastic  Timoshenko  beam  theory 
with  axial  thrust.  This  formulation  includes  the 
two  dominant  response  mechanisms  governing  angle- 
of-attack  impacts:  axial  compression,  and  bend¬ 
ing  at  any  cross  section  along  the 
structure.  The  nose,  aft  mass,  and  payload  are 
modeled  as  rigid  masses,  as  indicated  in  Figure  1. 
This  structure  is  loaded  by  a  resultant  force 
with  a  linear  rise  and  then  a  constant  level  that 
approximates  the  very  gradual  decay  found  for 
actual  penetrators.  Loading  is  through  a  fixed 
point  in  the  front  mass.  Thus,  the  load  is 
specified  by  the  rise  rime  tr,  the  magnitude  F 
of  the  axial  force,  and  the  ratio  n  of  the 
lateral  force  to  axial  force.  The  resultant  load 
decomposes  into  its  axial  and  lateral  components, 
and  the  response  in  these  two  directions  is  de¬ 
termined  independently.  The  loads  are  related 
to  the  impact  conditions  through  available  ex¬ 
perimental  and  analytical  load  data,  as  discussed 
later.  The  method  of  characteristics  is  used  to 
solve  the  governing  equations  numerically  [7] . 

This  analysis  is  an  efficient  way  to  calcu¬ 
late  the  elastic  response  of  penetrators,  allow¬ 
ing  a  broad  range  of  loading  and  structural 
parameters  to  be  examined  at  a  low  cost.  It  does 
not  replace  more  elaborate  finite  element  and 
finite  difference  codes,  but  rather,  it  supple¬ 
ments  code  calculations  at  the  design  stage  when 
a  number  of  configurations  are  being  considered 
and  structural  details  are  yet  to  be  determined. 
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(a)  GEOMETRY  OF  STRUCTURE 


V; 


(b)  FORCES  AND  MOMENTS  ON  THE  BEAM  AND  FRONT  AND  AFT 
RIGID  MASSES 

Fig.  1  -  Mathematical  Model  of  an  Idealized  Penetrator  Structure 


ILLUSTRATION  OF  APPROACH  FOR  A  SIMPLE  TUBE 


The  analysis  was  used  to  develop,  for  de¬ 
sign  purposes,  a  relationship  between  the  impact 
parameters  and  the  response  parameters.  This 
section  discusses  the  relationship  between  the 
dominant  impact  parameters  (iapact  velocity  and 
angle  of  attack)  and  the  dominant  response  para¬ 
meter  (peak  compressive  stress)  for  a  simple 
tube.  The  impact-response  relationship,  includ¬ 
ing  both  terradynamics  and  structural  response, 
is  complex  and  not  understood  for  many  impact 
conditions.  However,  some  insight  can  be  gained 
by  introducing  an  appropriate  set  of  parameters 
describing  the  loading  on  the  penetrator.  The 
impact-load  relationship  (determined  only  from 


terradynamics)  and  the  load-response  relation¬ 
ship  (determined  entirely  by  structural  response) 
is  then  treated  separately  and  combined  to  pro¬ 
duce  the  impact-response  relationship  sought. 

Load-Response  Relationship 

We  have  determined  the  load-response  rela¬ 
tionship  using  the  analysis  described  above,  by 
applying  loads  with  the  different  rise  times 
shown  in  Figure  2(a)  and  with  a  lateral-to-axial 
load  ratio  of  0.2.  The  structure  used  in  this 
example  was  a  simple  steel  tube  with  a  length-to- 
diameter  ratio  of  2/d  =  6  and  a  radius-to- 
thickness  ratio  of  a/h  =  4.  Figure  2(b)  shows 
the  bending  and  axial  stress  histories  at 


r  =  cbt/2 

(a)  AXIAL  LOADING  FORCE,  FA  VERSUS  TIME  (t?  =  0.20) 


(b)  STRESS  VERSUS  TIME  AT  x  =  x/L  =  0.4828 

Tig.  2  -  Response  of  a  Simple  Steel  Tube  to  Loads  with  Different 
Rise  Times  (2/d  ■=  6,  a/h  =  4) 
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station  X  “  *•  0.4828,  normalized  with  re¬ 

spect  to  the  normal  stress  Oe  at  the  loaded  end 
of  the  tube. 

The  largest  bending  stress  (o^/Cg  *  ±1.51) 
is  produced  by  the  loading  of  zero  rise  time 
(step  input).  In  order  of  increasing  loading 
rise  times  the  peak  bending  stresses  %/Og  pro¬ 
duced  are  1.48,  1.40,  1.31,  and  1.20.  As  the 
rise  time  increases  further,  the  peak  stress  at 
this  location  approaches  the  steady-state  value 
of  Ob/°s  ”  0.793.  Furthermore,  the  time  at 
which  the  peak  occurs  increases  with  rise  time. 

For  the  axial  stress,  the  peak  stress  at  a 
given  location  is  determined  by  whether  the 
loading  rise  time  is  less,  than  or  greater  than 
the  time  at  which  a  reflected  tensile  stress 
wave  from  the  aft  free  end  arrives  at  the  lo¬ 
cation.  For  loading  curves  with  rise  times  of 
less  than  one  transit  time,  the  maximum  axial 
stress  produced  is  oa/o8  ”  1.00.  For  the 
loading  curves  with  rise  times  of  more  than  one 
transit  time,  the  maximum  stress  is  <Ja/oy*- 0.617. 
The  steady-state  value  at  this  location  is 
aa/aa  -  -0.517. 


Thus,  the  largest  effects  of  increasing  the 
loading  rise  time  are  the  increase  in  the  time 
at  which  peak  bending  occurs  and  the  variation 
in  axial  stress  for  loading  rise  times  near  one 
transit  time.  The  variation  in  loading  rise 
time  has  less  effect  on  the  peak  bending  stress 
and  on  the  peak  axial  stress  for  rise  times 
larger  than  two  transit  times. 

We  now  determine  the  dominant  response 
parameter,  the  normalized  peak  compressive 
stress.  For  each  rise  time  and  value  of  n,  we 
find  Cjjjjjj,  the  total  compressive  stress  that  is 
maximum  in  space  and  time.  We  normalize  it  with 
respect  to  the  amplitude  of  the  normal  stress 
crs  on  the  loaded  end.  We  can  also  use  curves 
similar  to  those  shown  in  Figure  2  to  determine 
°oax/°8  £°r  different  values  of  n.  Since  the 
axial  and  bending  responses  are  independent,  the 
total  stress  for  different  values  of  t\  can  be 
computed  by  weighting  the  bending  component  by 
the  appropriate  factor.  The  load-response  re¬ 
lationship  is  summarized  in  Figure  3  as  curves 
of  the  normalized  peak  response  stress  as  a 
function  of  rise  time  for  several  values  of  ti, 

=  tfcb/d 

15  20  25 


0  1  2  3  4  5  6 

rT  =  t,ct/2 

Fig.  3  -  Load-Response  Relationship  for  a  Simple  Steel  Tube 
(f/d  *  6,  a/h  -  4) 


Impact-Load  Relationship 

The  dominant  impact  parameters  are  the  im¬ 
pact  velocity  V,  the  angle  of  attack  a,  and  the 
target  impedance*  Z.  Thus,  the  impact-load  re¬ 
lationship  relates  the  loading  parameters  tr, 

F,  and  n  to  V,  a,  and  Z.  The  rise  time  is  well 
approximated  by  the  submersion  time  of  the 
tapered  penetrator  nose  length  £n: 

tr  -  yv  (1) 

The  dependence  of  the  loading  force  F  on  the 
impact  parameters  is  not  as  well  understood. 
However,  a  reasonable  approximation  is  that  F  is 
proportional  to  the  impact  velocity  V, 

F  =>  b(Z)  V  (2) 

where  the  proportionality  factor  b(Z)  depends  on 
the  target  material.  For  normal  impacts,  this 
relationship  has  been  verified  both  experiment¬ 
ally  and  theoretically  for  soil  targets;  it  also 
appears  to  hold  for  rock  targets  but  fewer  experi¬ 
mental  data  are  available. For  angle-of-attack 
impacts,  we  assume  that  the  lateral  load  is  pro¬ 
portional  to  the  axial  load  for  the  time  of  in¬ 
terest  (slightly  longer  than  the  rise  time). 

The  dependence  of  the  load  ratio,  or  eccen¬ 
tricity  factor,  n  on  the  impact  parameters  is 
complex  and  has  not  been  adequately  investigated. 
However,  some  information  is  available.  For 
normal  impacts  (a-  0),  we  know  that  tan-1n  “  0. 


To  estimate  n  for  one  nonzero  value  of  a,  we  used 
the  analysis  to  interpret  a  reverse  ballistics 
test  (Test  D-l)  performed  at  AVCO  [5].  Our  pur¬ 
pose  was  not  to  predict  the  response,  out  rather, 
to  determine  the  eccentricity  factor  in  that  test 
by  adjusting  the  axial  and  lateral  load  ampli¬ 
tudes  so  that  the  predicted  strain  response  would 
b  it  match  the  measured  strain  response. 

AVCO  (Test  D-l)  used  a  3-inch-diameter 
(7.6  cm),  28-inch-long  (71.1  cm)  steel  penetrator 
structure  consisting  of  a  12-inch-long  (30.5  cm) 
solid  nose  and  a  16-inch-long  (40.6  cm)  cylin¬ 
drical  cavity.  The  cavity  was  1.8  inches  (4.6  cm) 
in  diameter.  This  structure  was  impacted  by  a 
15.2-inch-diameter  (38.6  cm)  mortar  projectile  at 
1500  ft/sec  (475  m/sec  )  at  a  5  degree  angle  of 
attack.  The  strains  measured  at  three  axial  lo¬ 
cations  were  reduced  to  their  axial  and  bending 
components  at  each  of  three  times.  The  nine 
axial  and  nine  bending  strain  data  points  are 
shown  in  Figures  4(b),  4(c),  and  4(d). 


The  impedance  Z  here  includes  any  target 
properties  affecting  the  loading  parameters, 
including  moduli,  strength,  density,  and 
viscosity  and  frictional  coefficients. 

P.  F.  Hadala,  private  communication,  January 
1977. 
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Fig.  4  -  Comparison  of  the  Predicted  Strain  with  the  Measured  Strain 
in  AVCO  Reverse  Ballistics  Test  D-l 


In  applying  the  analysis  to  this  experiment, 
the  shapes  of  both  axial  and  lateral  load-time 
histories  were  taken  as  bilinear,  with  the  rise 
time  of  250  psec  corresponding  to  a  4.5-inch 
(11.4  cm)  nose  length  divided  by  the  impact 
velocity  of  1500  ft/sec  (475  m/sec).  In  the 
analysis,  the  loads  were  applied  at  the  center 
of  mass  of  the  rigid  nose  '•■t  the  idealized 
structure. 


The  axial  and  lateral  load  amplitudes  that 
give  best  agreement  between  measured  and  calcu¬ 
lated  strains  were  determined  independently.  For 
example,  the  axial  response  was  first  calculated 
for  an  axial  load  of  unit  amplitude.  Then,  for 
each  axial  strain  datum  point,  the  unit  load  was 
weighted  so  that  the  calculated  axial  strain 
agreed  with  the  measured  strain.  The  axial  load 
amplitude  F  that  best  matched  the  axial  strain 
data  was  taken  as  the  average  of  the  nine  such 
weighting  factors;  thus,  F^  =  195,000  pounds 
(8.67  x  106N) .  By  the  same  method,  we  found 
that  a  lateral  load  amplitude  of  53,000  pounds 
(2.36  x  105N)  best  matched  the  bending  strain 
data. 

These  load  histories  and  resulting  calcu¬ 
lated  strain  distributions  are  also  shown  in 
Figure  4.  In  general,  good  agreement  was  ob¬ 
tained  between  the  calculated  and  measured 
strains.  For  this  5  degree  angle  of  attack,  the 
eccentricity  factor  is  t)  *  53,000/195,000  m  0.27. 
Thus,  the  eccentricity  angle,  tan“ln  ”  15 
degrees,  is  greater  than  the  angle  of  attack  a 
by  a  factor  of  about  3.  We  now  assume  that  the 
eccentricity  angle  increases  linearly  with  angle 
of  attack: 

tan-1n  *  3a  (3) 

over  the  range  of  a  of  interest. 


aact-Response  Relationship 


The  impact-response  relationship  is  now 
found  by  translating  the  three  parameters  tr, 
Oaax/Og,  and  n  in  the  load-response  relationship 
of  Figure  3  into  the  impact  parameters  V  and  a 
using  equations  (1),  (2),  and  (3). 


First,  tr  is  related  to  impact  velocity  by 
using  equation  (1),  which  requires  specifying 
the  nose  length  2^.  For  this  example,  we  have 
chosen  2„  «  1.5d.  Second,  0max/a8  is  related  to 
the  impact  force  F  through  equation  (2).  How¬ 
ever,  so  that  the  results  will  apply  to  any  tar¬ 
gets  for  which  a  linear  force-velocity  relation¬ 
ship  is  reasonable,  we  normalize  the  peak 
response  stress  with  respect  to  the  average 
loading  pressure  P  =  F/A  at  a  particular  velocity, 
where  A'  is  the  frontal  area  of  the  penetrator. 


For  this  normalization,  we  choose  Pi000»  the 
loading  pressure  generated  at  an  impact  velocity 
of  1000  ft/sec  (305  m/sec).  The  peak  response 
stress  normalized  with  respect  to  Pl000  i*  re“ 


Substitution  of  equation  (2)  into  equation  (4) 
and  rearrangement  gives 


a 

max 

P1000 


°max 

a 

8 


V  Al 
1000  A 


(5) 


where  V  is  in  ft/sec.  For  the  simple  steel  tube, 
A7A  -  2.29. 


Finally,  the  n  ■  constant  curves  of  Figure 
2  are  relabeled  at  a  ■  constant  curves  according 
to  equation  (3).  The  resulting  impact-response 
relationship  is  shown  in  Figure  5.  Although 
this  impact-response  relationship  relief  on  two 
assumptions  concerning  the  impact-load  relation¬ 
ship,  the  load-response  relationship  involves  no 
such  assumptions.  Thus,  when  more  information 
about  the  impact-load  relationship  is  available, 
the  procedure  developed  here  can  be  repeated  with 
the  same  load-response  relationship. 


CRITICAL  IMPACT  CURVES 


A  more  useful  form  of  the  impact-response 
relationship  is  found  by  constructing  cross 
plots  from  Figure  5  for  which  the  normalized 
peak  response  is  constant,  as  shown  in  Figure  6. 
These  curves  are  called  critical  impact  curves 
and  give  the  trade-off  between  impact  velocity 
and  angle  of  attack  at  the  maximum  capability  of 
the  penetrator.  That  is,  for  a  given  penetrator 
(fixed  O  )  and  target  (fixed  P determined 
experimentally  or  analytically) ,  tne  curve  for 
the  appropriate  ratio  of  a  /P ......  gives  the 

combination  of  allowable  vStues  of  V  and  a.  For 
example,  for  a  /pinno  “  if  the  penetrator 
is  to  survive  Stxangles  of  attack  as  large  as  5 
degrees,  the  impact  velocity  must  not  exceed 
1400  £t/sec. 


The  critical  impact  curves  can  also  be  used 
to  select  the  penetrator  material,  on  the  basis 
of  yield  stress,  for  a  given  range  of  V  and  a 
within  which  the  penetrator  must  function.  For 
example,  if  for  %  given  system  and  target  the 
maximum  impact  velocity  is  2000  ft/sec  and  the 
maximum  angle  of  attack  is  5  degrees,  a  material 
with  a  yield  strength  of  at  least  10  P. .....  is 

needed.  Similarly,  the  critical  impact  curves 
of  Figure  6  could  be  used  to  select  targets  for 
which  a  given  system  (that  is,  specified  coofci- 
nations  of  o^,  V,  and  a)  could  be  used. 

Critical  impact  curves  are  perhaps  most 
useful  for  comparing  the  performance  of  different 
penetrator  structures,  as  illustrated  below. 

Critical  impact  curves  were  developed  for  the 
the  four  penetrator  structures  shown  in  Figure 
7.  Structure  B  is  similar  to  that  already  used 
for  deep  penetration  into  hard  targets.  Structure 
C  is  similar  to  that  proposed  for  shallow  pene¬ 
tration.  A  and  D  were  analyzed  to  de¬ 

termine  the  effects  of  changing  2/d  (along  the 
rows  of  Figure  6)  or  a/h  (along  the  columns  of 
Figure  6). 


Fig.  7  -  Penetrator  Structures  Analyzed 


Figure  8  shows  the  critical  load  curves  for 
amax/p1000  =  10  for  these  four  structures.  For 
two  structures  of  the  same  thickness,  the 
shorter  structure  has  curves  with  a  steeper  slope 
for  t  <20  (compare  curves  of  structures  B  and 
C).  For  T  >20,  the  response  of  the  shorter 
structures  is  quasi-steady;  that  is,  the  peak 
stress  depends  on  the  load  amplitude  but  not  the 
rise  time.  In  constrast,  for  the  rise  times  con¬ 
sidered  here,  the  peak  stress  in  the  longer 
structures  depends  on  both  rise  time  and  load 
amplitude. 

Such  curves  can  be  used  to  plan  experi¬ 
ments.  For  example,  the  critical  load  curve  for 
structure  B  shows  that,  for  impacts  at  about 
2000  ft/sec  and  a  3-degree  angle  of  attack,  the 
severity  of  the  response  is  very  sensitive  to 
the  angle  of  attack.  Thus,  it  may  be  important 
to  he  ahle  to  control  the  angle  of  attack  in  a 
test  of  this  structure  or,  at  least,  to  be  able 
to  measure  it  accurately.  In  contrast,  structure 
C  is. more  sensitive  to  impact  velocity.  Thus,  in 
testing  structure  C  it  is  more  important  to  con¬ 
trol  or  measure  impact  velocity  than  angle  of 
attack. 


Critical  impact  curves  can  also  be  used  to 
interpret  results  of  experiments  or  more  detail¬ 
ed  load  and  structural  response  calculations 
(for  example,  a  finite  element  code  prediction). 
A  particular  experiment  or  detailed  calculation 
gives  a  single  point  on  a  critical  impact  curve. 
Although  such  a  datum  point  represents  a  more 
complete  response  description  than  a  similar 
point  generated  by  the  beam-mass  model  used 
here,  many  points  are  needed  to  determine  the 
shape  of  the  curve.  The  curves  calculated  with 
the  beam-mass  model  can  be  used  to  determine 
this  shape.  Thus,  the  appropriate  values  of  V 
and  a  can  be  selected  to  minimize  the  data 
points  needed  to  define  the  curve.  For  example, 
for  structure  B  small  increments  in  a  and  larger 
increments  in  V  should  be  made  to  efficiently 
define  the  amax/pjQ0Q  =  10  curve  for  small  a. 

The  critical  impact  curves  are  perhaps  most 
useful  for  making  design  trade-offs  among 
candidate  penetrator  structures.  For  example, 
the  curves  for  structures  3  (  deep  penetrator) 
and  C  (shallow  penetrator)  pass  through  a  similar 
region  in  the  V-o  plane  and  intersect  at 
V  *  1500  ft/sec  and  a  =  5.7  degrees.  However, 
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the  curve  for  B  (deep  penetrator)  is  steeper 
and,  for  small  angles  of  attack,  can  withstand 
greater  impact  velocities.  Both  these 
penetrators  can  be  made  stronger  by  increasing 
only  the  wall  thickness  (from  that  of  structure 
C  to  that  of  structure  A)  or  by  decreasing  the 
length  (from  that  of  structure  B  to  that  of 
structure  A) .  Each  such  change  would  reduce  the 
payload  volume.  Also,  for  small  angles  of 
attack,  the  velocity  range  can  be  extended  more 
by  increasing  wall  thickness  than  by  decreasing 
length.  Similar  conclusions  can  be  drawn  by 
comparing  curves  for  structures  B  and  C  with 
that  of  structure  D. 

CONCLUSIONS 

We  have  developed  a  procedure  for  character¬ 
izing,  in  terms  of  critical  impact  curves ,  the 
ability  of  penetrator  structures  to  withstand 
impacts.  This  procedure  characterizes  the 
response  over  a  range  of  impact  conditions, 
allowing  trade-offs  among  structural  dimensions, 
yield  strength,  and  target  characteristics  and 
selection  of  the  best  structure  from  a  group  of 
structures  for  a  particular  application.  The 
procedure  develops  critical  impact  curves  that 
can  be  used  to  plan  and  interpret  experiments 
and  more  detailed  calculations. 
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SCALING  AND  PREDICTION  OF  IMPACT  PUNCTURE 
OF  SHIPPING  CASKS  FOR  RADIOACTIVE  MATERIALS 


W.  E.  Baker 

Southwest  Research  Institute 
San  Antonio,  Texas 


Shipping  casks  for  spent  fuels  from  nuclear  reactors  must  be  designed  to 
be  proof  against  several  hypothetical  accidents,  including  falling  on  a 
sharp  object  which  could  puncture  the  outer  casing  and  penetrate  some  dis¬ 
tance  into  the  radiation  shielding  material  inside  the  casing.  These 
casks  are  quite  massive,  and  typically  have  carbon  steel  or  stainless 
steel  jackets  encasing  thick  lead  shielding.  To  aid  in  puncture-resistant 
design,  drop  tests  have  been  conducted  at  Oak  Ridge  National  Laboratory  on 
prismatic  and  cylindrical  simulants  of  shipping  casks  of  various  sizes, 
and  several  empirical  design  formulas  for  incipient  casing  puncture  devel¬ 
oped  on  the  basis  of  the  test  results,  which  apply  only  to  full-scale  test 
drops. 

The  ORNL  data  base  can  be  used  to  generate  more  general  relations  between 
energy  for  incipient  puncture,  casing  thickness  for  different  materials, 
and  diameter  of  cylindrical  casks,  if  the  data  are  properly  scaled  by 
similitude  analysis.  Also,  energy  balance  methods  can  be  used  in  con¬ 
junction  with  information  on  the  character  of  the  impact  damage  to  generate 
approximate  theoretical  predictions  of  scaled  impact  energy  for  incipient 
puncture  and  scaled  casing  thickness.  This  paper  reports  the  similitude 
and  energy  balance  analyses,  and  gives  scaled  puncture  threshold  predic¬ 
tion  equations.  The  equations  are  valid  for  any  self-consistent  set  of 
units.  All  data  from  ORNL  tests  are  shown  to  agree  well  with  the  scaled 
equations,  which  are  independent. of  scale  and  apply  for  similar  jacket 
materials. 

The  paper  also  demonstrates  that  differences  in  material  properties  for 
the  cask  materials  due  to  strain  rate  effects  have  negligible  effect  on 
scale  modeling  of  the  penetration  process,  for  geometric  scale  factors  up 
to  about  twenty. 


INTRODUCTION 

Shipping  casks  for  spent  fuels  from  nuclear 
reactors  must  be  proof  against  several  hypo¬ 
thetical  accidents,  including  a  free  drop  of 
40  inches  onto  the  end  of  a  6-inch-diameter 
steel  rod.  This  test  is  intended  to  guarantee 
that  the  outer  casing  of  the  cask  will  not  be 
punctured  in  a  shipping  accident. 

Most  shipping  casks  are  quite  massive,  lead- 
shielded  and  steel- jacketed.  To  determine  com¬ 
binations  of  jacket  materials  and  total  cask 
weights  which  would  pass  the  puncture  test, 
Spaller1  planned  and  conducted  a  series  of  drop 
tests  of  prismatic  simulants  of  shipping  casks. 
His  tests  included  full-scale  and  model  simu- 


recommended  the  following  empirical  equations 
for  thickness  of  the  two  jacket  materials  to 
just  prevent  puncture  of  a  full-scale  cask  drop¬ 
ped  from  40  inches  onto  a  6-inch  rod: 

h  =  (1.22  X  10-3)  w0'618  (1) 

for  A245  Grade  A  steei  and 

h  =  (2.07  X  10“5)  W  -  (1.306  X  10_1°)  W2 (2) 

for  type  304L  stainless  steel.  In  these  equa¬ 
tions,  W  is  cask  weight  in  pounds  and  h  is 
jacket  thickness  in  inches.  He  also  recommended 
that  other  tests  be  run  to  extend  these  equa¬ 
tions  to  other  materials  and  to  include  effects 
of  curvature  of  the  outer  jacket  of  casks. 


lants  with  two  jacket  materials;  ASTM  A245 
Grade  A  hot-rolled  steel  and  ASTM  A240  type 
304L  stainless  steel,  backed  by  thick  layers  of 
chemical  lead,  ASTM  B29-55.  He  was  able  to 
establish  incipient  puncture  impact  energies 
quite  accurately  for  a  variety  of  jacket  thick¬ 
nesses  and  puncture  rod  diameters.  Spaller 


In  later  work,  Nelms  conducted  a  number  of 
additional  tests  on  prismatic  casks  with  a  vari¬ 
ety  of  jacket  materials,  and  also  conducted 
tests  of  cylindrical  models  of  casks  with  a 
single  jacket  material,  ASTM  A245  steel.  To 
support  his  data  analysis  and  development  of 


PREVIOUS  PAGE 
IS  BLANK 


prediction  equations,  Nelms  tested  the  jacket 
materials  used  in  both  his  tests  and  Spaller's 
earlier  tests,  and  reported  ultimate  tensile 
strengths  au  for  all  of  the  materials,  and  fail¬ 
ure  strain  eu  and  yield  stress  Oy  for  some  of  the 
materials.  Nelms  realized  that  puncture  data 
for  different  materials  might  correlate  if  some 
measure  of  material  strength  were  included  in 
the  analysis,  and  used  the  parameter  (Ei/ou)  for 
his  correlations  where  is  the  measured  inci¬ 
pient  impact  energy  for  jacket  puncture.  In 
testing  models  of  cylindrical  casks,  Nelms  found 
that  more  energy  was  needed  for  puncture  of 
cylindrical  models  than  for  prismatic  models; 
and  that  this  energy  decreased  slightly  with 
increase  in  cask  diameter.  Empirical  equations 
obtained  by  Nelms  were: 

For  prismatic  cask  simulants  impacting  rods 
with  diameter  of  d  Inches, 

2.4  d1,6h1,4  (3) 

For  cylindrical  casks  of  diameter  D  inches  with 
jackets  of  ASTM  A245  steel,  with  thickness  h  of 
0.075  in., 

Ei  =  3040  d  -  256  -  16D  (4) 

for  prototype  (full-scale)  cylindrical  casks, 

|  =  (10.5  -  0.0554D)  h2  -  11. 8h3  (5) 

P 

The  experimental  work  in  refs.  1  and  2  is 
obviously  done  with  considerable  care,  and  is 
accurately  and  fully  reported.  But,  much  more 
general  inferences  than  equations  (1)  through 
(5)  can  be  drawn  from  the  test  data  if  the 
results  are  properly  scaled.  Further,  approxi¬ 
mate  analytic  expressions  can  be  generated  to 
relate  puncture  threshold  to  parameters  describ¬ 
ing  the  lead-backed  jacket  and  the  impacted  rod. 
These  two  kinds  of  generalizations  are  the  topic 
of  this  paper. 

SCALING  OF  CASK  PENETRATION 

Most  of  the  tests  reported  in  refs.  1  and  2 
are  tests  of  scale  models  of  full-scale  shipping 
cask  simulants,  with  geometric  scale  factors  as 
small  as  0.052.  The  tests  showed  very  repeat- 
able  scaled  deformation  patterns  of  steel  jac¬ 
kets  and  lead  shielding,  established  quite  ac¬ 
curately  the  impact  energies  for  incipient  jac¬ 
ket  puncture  for  a  range  of  scale  models  and 
several  full-scale  simulants,  and  showed  that 
the  impact  energy  governed  puncture  for  these 
low-velocity  impacts  with  massive  items,  rather 
than  the  impact  velocity.  One  can  therefore 
list  the  physical  parameters  entering  this  pro¬ 
blem,  preparatory  to  assembling  them  in  dimen¬ 
sionless  groups  in  a  similitude  analysis.  These 
are  given  in  Table  1,  together  with  their  dimen¬ 
sions  in  a  force,  length,  time  (F,  L,  T)  system. 


Some  parameters  included  in  Table  1  can  be 
shown  to  be  redundant  for  this  problem  by  phy¬ 
sical  evidence,  and  some  which  could  have  been 
included  are  not,  also  because  they  are  shown  in 
ref.  1  to  be  unimportant.  We  included  impact 
energy  E,  cask  mass  M  and  impact  velocity  v. 

Jut,  impact  energy  is  simply  the  kinetic  energy 

E  =  (1/2)  Mv2  (6) 


Syahoi 

E 
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v 

h 

K 
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D 
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V, 

Vj 


Table  1 . 

List  of  Physical  Paraneters 


D1  wens  Ions  Pwwten 

FI  Inpact  energy 

FTZ/L  Total  ndss  of  cask 

L/T  Inpact  velocity 

1.  Tnlckness  of  cask  sheathing 

L  Talckncss  of  lead 

L  Dlaaeter  of  Impacted  rod 

h  Minimum  face  dimension  of  Impacted  cask 

L  Diameter  of  cylindrical  cask 

L  Deformation  of  sheathing  and  lead 

L  Maximum  deformation 

L  Radius  of  deformed  region 

Volumeof  depression  in  lead 
L  Volume  of  lead  vith  permanent  strain 

F/L1  Yield  stress  of  i ^  material 

F / 1, 2  Ultimate  stress  of  lctl  material 

F/L2  Strain-hardening  slope  for  lt2>  material 

—  Strain  in  it2>  material 


and  results  in  ref.  1  show  quite  clearly  that  M 
and  v  themselves  are  superfluous  and  E determines 
impact  deformation.  Also,  from  discussion  in 
ref.  1,  it  is  clear  that  the  exact  size  of  the 
impacting  cask  is  unimportant,  provided  that  the 
impacting  surface  is  somewhat  larger  than  the 
radius  of  the  deformed  region,  ar.d  that  the  lead 
shielding  is  much  thicker  than  the  steel  sheath¬ 
ing.  We  can  therefore  eliminate  the  parameters 
M,  v,  b  and  H  from  Table  1  as  redundant  for  this 
problem,  subject  to  the  restrictions  that 


(There  is  strong  physical  evidence  that  strain 
rates  e.  do  not  affect  the  scaling.  We  will  pre¬ 
sent  oui  arguments  for  their  exclusion  later.) 


Eliminating  four  parameters  in  Table  1 
leaves  13  quantities,  which  can  be  combined  into 
13  -  2  =  11  dimensionless  groups,  using  the 
methods  of  dimensional  analysis.3  One  possible 
set  of  these  groups  (or  Pi  terms)  is  given  in 
Table  2.  Let  us  discuss  the  implications  of 
keeping  all  of  these  terms  constant  as  scale  is 
changed,  which  is  the  requirement  for  valid 
scale  modeling. 


Terms  113  through  v7  state  that  the  scaled 
geometry  of  the  deformed  lead-backed  sheathing 
and  the  lead  itself  should  be  identical,  if 
other  scaled  terms  are  also  held  constant,  re¬ 
gardless  of  the  complexity  of  the  deformation 
pattern,  for  prismatic  casks.  There  is  ample 


Table  2. 

Pi  Terns  for  Cask  Impact 


No. 

(E/auid’) 

An  energy  ratio 

ir2 

(h/d) 

*v 

IT  3 

(y/d) 

IT  4 

(y_/d) 

m 

Geometric  similarity 

' 

ITS 

(r;/d  ) 

ITS 

(Vj/d3) 

IT7 

(V2/d3) 

TTe 

(D/d) 

ir9 

(ayi/0ui>  1 

itio 

<Vaui>  J 

Constitutive  similarity 

*11 

6i 

Response 

evidence  in  refs.  1  and  2  that  this  is  so,  with 
very  repeatable  and  similar  deformation  patterns. 
Terms  Ttg  and  v1Q  simply  state  that  the  plastic 
portions  of  the  stress-strain  curves  for  each 
material  being  deformed  should  be  similar.  When 
materials  are  not  changed  as  model  scale  is 
changed,  this  is  obviously  true;  it  is  also 
approximately  true  when  sheathing  is  changed 
from  hot-rolled  steel  to  stainless  steel.  For 
other  materials  tested  by  Nelms,  such  as  brass, 
copper,  etc.,  thess  terms  are  not  necessarily 
invariant.  Term  7T-|  -j  simply  states  that  strains 
are  unchanged  at  similar  points  in  the  deformed 
materials.  So,  for  prismatic  casks  we  are  left 
with  the  term  it-)  which  one  should  be  able  to 
scale  with  term  t^,  which  in  turn  was  deliber¬ 
ately  varied  over  a  considerable  range  in  the 
experiments.  For  cylindrical  casks,  the  term 
itg  can  be  important,  and  was  varied  by  Nelms  in 
one  set  of  tests.  We  cam  test  this  scaling  law 
by  replotting  the  data  ir.  refs.1  and  2  in  scal¬ 
ed  form,  provided  we  enter  appropriate  values 
for  the  strength  parameter  ou£  in  term  tt-j  .  The 
original  data  appear  in  various  tables  in  refs. 

1  and  2.  We  present  the  data  for  prismatic- 
casks  in  Figure  1*  and  Table  3.  We  do  not  in¬ 
clude  here  the  data  obtained  by  Nelms  for  jacket 
materials  which  differed  markedly  from  ductile 
steel.  Use  of  the  term  tt-j  is  shown  in  Figure  1 
to  collapse  all  data  onto  a  single  curve,  verify¬ 
ing  the  scaling  law  over  the  range  of  these  test 
data.  It  is  also  apparent  from  Figure  1  that 
the  logarithmic  plot  is  linear,  so  an  equation 
of  the  form 


^•(h/d) 


Figure  1 .  Scaled  Penetration  Data  for 
Prismatic  Casks 


should  fit  the  scaled  data  very  well.  We  made 
a  least-squares  fit  to  an  equation  of  this  form, 
using  all  of  the  scaled  values  for  tt  ^  find  m2. 
This  gave 


/  E,  \  /. 

1.448 

\ 

(  •—)=  2.587(4 
Vo  d3/  \c 

u 

\)  ,  ±  9.4% 

(9) 


The  fitted  curve  and  the  error  band  are  shown  in 
Figure  1 .  This  fit  should  not  be  used  beyond 
the  limits  of  the  scaled  data,  which  are: 


u 


The  single  equation  (9)  should  replace  the  pair 
of  empirical  fits  given  by  equations  (1)  and  (2) 
and  the  dimensional  fit  of  equation  (3) .  The 
exponent  in  equation  (1),  if  inverted  to  give 
W  (or  E  for  constant  H)  in  terms  of  h,  is  1.618, 
which  is  not  greatly  different  from  our  exponent 
of  1.448.  If  equation  (3)  is  made  dimensionless 
ty  dividing  through  by  d3,  the  exponent  in  it  is 
1.4,  which  is  even  closer  to  our  fit.  We  see  no 

*In  this  table,  as  in  Tables  4  and  5  and  Figures 
4  and  5,  the  original  data  are  all  presented  in 
English  units  as  they  appeared  in  the  references. 
But,  the  scaled  pi  terms  are  all  nondimensional 
and  valid  for  the  International  System  of  Units 
(SI),  or  any  other  self-consistent  set  of  units. 


Table  3. 

Data  for  Penetration  of  Prismatic  Casks 


h, 

in 

d, 

in 

Ei, 

in-lb 

°u. 

ksi 

ill- 

(£) 

Uj- 

(5) 

Haterlal 

0.0495 

0.3115 

258 

41.9 

0.2037 

0.159 

0.072 

C.3115 

471 

47.8 

0.3260 

0.231 

0.117 

0.3115 

1063 

47.1 

0.7467 

0.376 

0.0495 

0.375 

332 

41.9 

0.1503 

0.132 

0.072 

0.375 

619 

47.8 

0.2456 

0.192 

0.117 

0.375 

1345 

47.1 

0.5415 

0.312 

0.072 

0.4365 

750 

47.8 

0.1887 

0.165 

0.072 

0.450 

814 

47.8 

0.1869 

0.160 

A245  Grade  A  Steel 

0.051 

0.500 

522 

41.9 

0.09967 

0.102 

0.0595 

0.500 

708 

47.1 

0.1203 

0.119 

0.072 

0.500 

943 

47.8 

0.1578 

0.144 

0.110 

0.500 

1875 

60.1 

0.2496 

0.220 

0.1183 

0.500 

2095 

47.1 

0.3558 

0.237 

0.136 

0.500 

2595 

62.0 

0.3348 

0.272 

0.072 

0.552 

1107 

47.8 

0.1377 

0.130 

0.0495 

0.625 

784 

41.9 

0.07664 

0.0792 

0.072 

0.625 

1409 

47.8 

0.1207 

0.1152 

0.031 

0.500 

489 

84.2 

0.04646 

0.062 

0.50 

0.500 

829 

84.2 

0.07876 

0.100 

304L  Stainless  Steel 

0.0625 

0.500 

1328 

84.2 

0.1262 

0.135 

0.074 

0.500 

1950 

84.2 

0.1852 

0.148 

1.39 

6.0 

3.611x10* 

60 

0.2786 

0.232 

A245  Grade  A  Steel 

0.883 

6.0 

1.745x10* 

62.9 

0.1284 

0.1472 

0.5 

6.0 

1.150x10* 

81.2 

0106557 

0.0833 

304L  Stainless  Steel 

0.078 

0.5 

1668 

85.1 

0.1569 

01156 

304L  Stainless  Steel, annealed 

0.120 

0.5 

2011 

46.5 

0.3459 

0.240 

ASTH-A366  Carbon  Steel 

0.038 

0.5 

337 

43.0 

0.06270 

0.076 

0.076 

0.5 

1897 

93.8 

0.1618 

0.152 

304  Stainless  Steel, annealed 

0.107 

0.5 

1743 

54.4 

0.2563 

0.214 

ASTM  A245  Steel 

0.031 

0.5 

279 

43.7 

0.05108 

0.062 

0.063 

0.5 

771 

45.5 

0.1355 

0.126 

bow  Carbon  Steel 

0.074 

0.5 

1759 

87.3 

0.1612 

0.148 

316  Stainless  Steel 

0.078 

0.5 

1807 

90.7 

0.1593 

0.156 

321  Stainless  Steel 

0.078 

0.6 

2520 

85.1 

0.1377 

O.iiO 

304L  Stainless  Steel, annealed 

01031 

0.6 

637 

86.6 

0103404 

0.0517 

0.120 

0.6 

2532 

46.5 

0.2521 

0.200 

0.038 

0.6 

443 

43.0 

0.04770 

0.0633 

ASTM-A366  Carbon  Steel 

0.027 

0.6 

591 

94.6 

0.02892 

0.045 

304  Stainless  Steel, annealed 

0.107 

0,6 

2509 

54.4 

0.2131 

0.1783 

ASTH-A245  Carbon  Steel 

0.031 

0.6 

347 

43.7 

0.03671 

0.0517 

Low  Carbon  Steel 

0.063 

0.6 

973 

45.5 

0.09899 

0.105 

need  to  make  a  fit  similar  to  equation  (2)  to  a 
higher  order  functional  relationship  for  stain¬ 
less  steel  jackets  (nor  did  Nelms  in  ref.  2) . 
The  scaled  data  for  stainless  steel  and  carbon 
steel  jackets  are  shown  in  Figure  1  to  agree 
very  well  and  a  single  curve  fits  all  data . 


Nelms  conducted  some  puncture  test3  of 
prismatic  cask  models  with  jacket  materials 
quite  different  from  the  ductile  carbon  and 
stainless  steels  included  m  Table  3  and  Fiaure 
1.  These  materials  included  brass,  copper, 
annealed  tool  steels,  4130  stainless  steel,  and 
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Figure  2.  Scaled  Penetration  Data  for  Prismatic 
Casks  with  Materials  other  than  Ductile  Steels 


a  hardened  301  stainless  steel.  The  high  yield 
strength  materials  in  this  group  usually  had 
ultimate  strains  much  lower  than  the  ductile 
materials  employed  before,  as  did  the  brass. 

The  copper  had  both  low  yield  and  high  ductility. 
Both  brass  and  copper  have  decidedly  different 
elastic  material  properties  from  the  steels.  So, 
one  would  not  expect  as  good  correlation  between 
scaled  incipient  puncture  energy  and  scaled 
thickness  ir2  because  the  constitutive  pi  terms 
itg  and  it io  in  Table  2  are  not  invariant.  The 
scaled  data  for  this  limited  test  series  are 
shown  in  Figure  2,  together  with  the  curve  fit 
given  by  Equation  (9) .  One  can  see  that  the 
data  do  deviate  significantly  from  the  previous 
curve  fit,  and  that  one  cannot  arbitrarily  change 
jacket  materials  and  expect  accurate  scaling. 


Why  do  we  feel  that  strain-rate  effects  are 
unimportant  in  the  scaling?  Stress-strain  data 
taken  at  very  low  strain  rates  in  a  laboratory 
test  machine  may  indeed  not  be  representative 
of  the  material  characteristics  at  the  somewhat 
higher  rates  representative  of  these  low-velocity 
impacts  and  penetrations.  But,  the  crucial 
question  in  estimating  the  effects  of  strain 
rate  on  the  scaling  of  the  penetration  process 
is  really,  “How  much  do  constitutive  properties 
change  between  scale  model  and  full-scale?" 

Mild  steel  shows  as  much  change  in  properties 
with  strain  rate  as  any  steel,  as  shown  in 
Figure  3  from  ref.  4.  Properties  of  lead  are 
shown  in  Figure  4,  from  ref.  5.  The  maximum 
difference  in  strain  rates  between  model  scale 
and  prototype  is  ir.  inverse  ratio  to  the  geo¬ 
metric  scale  (being  proportionally  higher  in 
the  small  models) ;  this  is  about  20  times  in 
the  experiments  of  Spaller1 .  If  mean  strain 
rateo  full-scale  are  about  1/sec,  they  will  be 
no  greater  than  20/sec  in  the  models.  From 
Figures  3  and  4 ,  one  can  see  that  ultimate  stress 
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Figure  3.  True  Yield  Stresses  at  Various  Strains 
vs.  Strain  Rate  for  Mild  Steel  at 
Room  Temperature 
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Figure  4.  Stress-Strain  Data  for  Lead  at 


for  mild  steel  only  increases  about  10%  over 
this  change  in  strain  rate,  while  for  lead  the 
change  is  about  15%.  The  standard  deviation  in 
the  determination  of  incipient  penetration  energy 
is  of  this  same  order  (9.4%) ,  so  differences 
caused  by  higher  strain  rates  in  the  models 
should  be  essentially  undetectable.  This  is 
indeed  borne  out  by  the  scaled  data  in  Figure  1 , 
which  include  results  over  geometric  scale 
factors  of  about  one  to  twenty.  The  full-scale 
data  are  quite  indistinguishable  from  the  small 
model  data.  Further,  the  observation  that  inci¬ 
pient  puncture  was  dependent  only  on  impact 
energy  and  not  impact  velocity  for  otherwise 
identical  tests  indicates  independence  from 
strain  rate,  because  the  tests  at  higher  velocity 
are  also  tests  at  higher  strain  rate. 


ENERGY  SOLUTIONS  FOR  DEFORMATION  AND  PUNCTURE 
OF  PRISMATIC  CASKS 


Analyzing  the  dynamic  processes  occurring 
during  impact  of  the  cask  simulants  onto  the 
rods,  and  subsequent  puncture  ,  is  quite  dif¬ 
ficult  and  expensive  if  one  attempts  to  follow 
the  entire  time  history  of  the  process.  But, 
by  using  the  observed  deformation  patterns,  one 
can  sometimes  obtain  approximate  analytic  pre¬ 
dictions  by  balancing  the  impact  energy  against 
plastic  strain  energy  which  is  absorbed  by  the 
cask  in  deforming  the  sheathing  and  the  lead 
and  shearing  through  the  sheathing.  Methods  of 
this  kind  have  been  quite  useful  in  predicting 
permaner^:  deformations  of  blast-loaded  struc¬ 
tures  ,  ’ ' and  in  determining  the  form  of  penetra- 
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tion  equations  for  tornado-borne  missiles  impact¬ 
ing  steel  reactor  containment  shells. 


The  contribution  of  plastic  strain  energy  in  the 
sheathing  to  absorbing  the  impact  energy  is  then 
simply 


The  steel  sheathing  develops  plastic  strain 
energy  by  bending,  U^,  by  extension  or  stretch¬ 
ing,  Ue,  and  by  shearing  U  at  the  periphery  of 
the  sharp-edged  rod  being  impacted.  Deformation 
patterns  in  ref.  1  are  very  similar  to  those  for 
steel  panels  impacted  by  long  rod  missiles.  Ex¬ 
pressions  for  Ub  and  Ue  were  developed  in  ref.  8, 
and  are: 


U.  =  -  cr  y 
b  2  jr  m 


(r?  -  tei  +  t) 


(11) 


“y^m* 
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VT 
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•  rl  +  drl 
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(12) 


Review  of  the  damage  patterns  in  ref.  1  show 
that  r1  is  essentially  a  constant  times  d,  r. 
3d/2.  Substituting  into  equation  (11)  and  02) 
gives 

°b  =  "Vmb2  (13) 

°e  =  "Vmh  (14) 

We  can  estimate  Ug  by  considering  the  plug  shear¬ 
ed  out  of  the  sheathing  on  impact  as  resisted  by 
ultimate  shear  stress  tu,  integrated  around  the 
periphery  of  the  impacted  rod,  and  displaced  the 
thickness  h  of  the  sheathing.  We  also  assume 
that  tu  is  related  to  ou  by 

x  =  cr  /2  (15) 

u  u 

which  corresponds  to  the  Tresca  yield  condition 
for  a  biaxial  stress  state.  These  assumptions 
yield: 

vGh®2  (16) 

The  total  strain  energy  for  steel  ^neathing  de¬ 
formation  is  then 

=  U.  +  U  +  U 
t  b  e  r 


°t“,,(v»h2  +  Vh+-T  h*d)  (17) 


Ee  =  U.  (18) 

s  t 

We  can  arrange  eqs.  (17)  and  (18)  to  cast  them 
into  the  form  of  the  ir  terms  from  our  model 
analysis,  giving: 


From  the  ASTM  standards,  the  ratio 


equals  0.625  for  ASTM  A245 


steel  and  equals  0.357  for  304L  stainless  steel. 

Strain  energy  absorption  in  the  lead  is 
somewhat  more  difficult  to  estimate  accurately, 
because  we  know  only  the  shape  and  size  of  the 
surface  deformation  near  the  impact.  This  shape, 
for  incipient  perforation  of  the  sheathing,  is 
shown  schematically  in  Figure  5.  A  much  larger, 
and  unfortunately  unknown,  volume  V2  of  lead 


than  the  volume  of  the  surface  depression  Vi  in 
Figure  5  has  been  plastically  deformed.  To 
estimate  strain  energy  absorbed  in  the  lead,  we 
make  several  simplifying  assumptions  and  use  in¬ 
formation  from  Figure  4.  We  first  approximate 
the  volume  Vi  by  the  conic  frustrum,  shown  in 
dashed  lines  in  Figure  5.  This  gives 


(20) 


(21) 


We  then  estimate  that  the  lead  is  being  loaded 
at  a  mean  strain  rate  of  10/sec,  and  establish 
from  data  in  Figure  4  an  approximate  strain¬ 
hardening  ratio  S/Cy  =  2.267,  to  account  in  an 
approximate  manner  for  the  severe  strain-harden- 
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ing  in  the  lead.  We  next  assume  that  the  volume 
ratio  V2/V1  is  in  proportion  to  scaled  maximum 
deformation  ym/d.  All  of  these  assumptions  lead 
to  the  approximate  relation  for  strain  energy 
still  containing  an  unknown  ratio 


>r  ” 


UT  =  TTd  0. 
L  L 


(?) 


1  +  2.267 


w 

13  fc?)  .  s/h\ 

12  \d  j  6  yd/ 


(22) 


Equating  this  to  the  portion  of  impact  energy 
absorbed  by  the  lead  and  rearranging,  we  have 


few 

\v  / 


1  +  2-267  (t)J 

’[#)-!(*)] 


(23) 


where  R  is  an  undetermined  dimensionless  ratio 
given  by 


■ft)  ft) 


(24) 


Consider  now  the  two  prediction  equations  devel¬ 
oped  by  energy  balances,  eq.  (19)  and  (23). 

Data  from  refs.  1  and  2  allow  prediction  of  the 
scaled  impact  energy  for  incipient  puncture, 
because  all  quantities  on  the  right  hand  side 
are  reported  in  ref.  1,  including  values  of 
(yjj/d)  corresponding  to  the  maximum  energy  for 
no  penetration.  Table  4  includes  all  of  these 
data,  and  in  the  sixth  column  the  values  of 
(E/aud3)  computed  from  eq.  (19),  using  the  appro¬ 
priate  values  of  (Cy/ou)  for  the  two  steels. 
These  scaled  energies  are  also  plotted  in 
Figure  6,  labeled  "Steel  Deformations."  One 
can  see  that  they  lie  well  below  the  curve 
which  we  previously  fitted  to  the  scaled  experi¬ 
mental  impact  energies  for  incipient  puncture, 
which  has  been  transposed  from  Figure  1 .  Also, 
the  dependence  of  scaled  energy  on  (h/d)  is 
different,  having  a  much  steeper  slope  on  this 
plot. 

Because  the  prediction  equation  for  energy 
absorbed  in  deforming  lead  contains  an  unknown 
parameter  R,  we  cannot  simply  compute  scaled 
energy  from  eq.  (23)  and  add  to  values  for 
energy  absorbed  in  steel  deformation.  Instead, 
we  must  use  experimental  values  of  scaled  energy 
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Figure  6.  Energy  Solutions 
to  help  us  estimate  R,  as  follows: 

1)  Compute  measured  3caled  energy  from  the 
definition  of  term  ir-|  using  data  from 
ref.  1  including  experimental  values  of 
incipient  puncture  energy  listed  in  4th 
column  of  Table  4.  These  values  are 
given  in  the  fifth  column  of  the  table. 

2)  Compute  the  ratio  (E/cud3)/R  from  eq. 

(23)  divided  by  R.  These  values  are 
given  in  the  seventh  column  of  Table  4. 

3)  Obtain  an  estimate  of  R  for  each  test 
point.  This  is  done  by  subtracting 
column  six  from  column  five,  and  divid¬ 
ing  the  result  by  column  seven.  The 
estimates  are  listed  in  column  eight. 

4)  For  each  jacket  material,  average  the 
estimates  of  R.  For  hot-rolled  steel, 
Ravq  =  0.09945,  while  for  stainless 
steel,  RaVg  =  0.04710.  We  expect  the 
value  for  stainless  steel  to  be  somewhat 
lower  than  for  hot-rolled  steel,  because 
stainless  steel  has  a  higher  ultimate 
stress  (see  eq.  24) . 

5)  Using  the  appropriate  average  value  for 
R,  compute  an  adjusted  scaled  energy  by 
multiplying  RaVg  by  column  seven  and 
adding  to  column  six.  These  values  are 
given  in  the  last  column,  column  nine, 
and  are  plotted  in  Figure  6. 
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Table  4. 

Predictions  from  Energy  Solutions 


19 


The  equations  for  predicting  scaled  energies  for 
incipient  penetration,  based  on  the  procedure 
described,  are: 


For  A245  Grade  A  steel  sheathing. 


For  304  L  stainless  steel  sheathing. 


By  inspecting  Figure  1  and  6,  one  can  see 
that  predictions  from  eq.  (25)  and  (26)  do 
describe  nearly  the  same  relationship  between 


scaled  impact  energy  for  puncture  and  scaled 
sheathing  thickness  as  the  purely  empirical 
fit  given  by  eq.  (9) .  The  scatter  is,  however, 
somewhat  greater  for  the  energy  method  pre¬ 
diction  equations.  A  least-square  fit  to  a 
logarithmic  relation  between  scaled  impact 
energy  and  scaled  sheathing  thickness  yields 
the  equation 


1.491 


=  2.92of  t  13.5% 

ad3/  Vd' 

u  ' 


(27) 


with  limits  the  same  as  given  in  eq.  (10).  By 
comparing  with  eq.  (9) ,  we  can  show  that  either 
equation  gives  predictions  which  lie  within  the 
error  band  for  the  other  over  the  entire  range 
of  (h/d). 


IMPACT  PUNCTURE  OF  CYLINDRICAL  CASKS 


Spaller1  conducted  a  few  exploratory  tests 
of  cylindrical  cask  models  to  supplement  his 
primary  data  for  prismatic  casks.  Nelms^  ran 
a  more  extensive  series  of  model  impact  tests 
of  cylindrical  casks,  obtaining  values  for 
incipient  puncture  energies  for  several  combi¬ 
nations  of  ffg  =  (D/d)  and  irj  =  (h/d)  and  a 
single  jacket  material,  A245  steel.  Nelms' 
tests  cevered  three  values  of  t^,  with  ms  being 
systematically  varied  for  each  value  of  112. 

Both  investigators  found  that  cylindrical  casks 
were  somewhat  more  resistant  to  puncture  than 
prismatic  casks  with  equal  jackets,  and  Nelms 
obtained  enough  data  to  generate  the  empirical 
equations  (4)  and  (5) . 


Nelms'  data  for  cylindrical  cask  puncture 
thresholds  can  be  generalized  somewhat ,  using 
the  dimensionless  pi  terms  from  our  model 
analysis  and  using  eq.  (9)  to  extend  the  range 
of  one  parameter.  To  do  this,  we  first  generate 
a  new  pi  term  from  vg  by  inverting. 
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We  then  scale  Nelms'  data,  in  Table  5,  but  also 


include  scaled  values  for  it  =  0,  from  the  fit 


8 


to  prismatic  cask  teat  data  in  equation  (9) . 
The  scaled  data  are  also  plotted  in  Figure  7. 
The  plots  show  that  scaled  impact  energy  Tt  -j  is 


a  weak  function  of 
is 


V 


The  general  dependence 


*1  =  f  (V  "s’ 


Table  5.  Data  and  Scaled  Data  for 
Cylindrical  Cask  Puncture  Tests 


d. 

in 

D» 

in 

*i. 

in-lb 

fc&O 

(1) 

(«) 

0.4 

4.19 

877 

0.2670 

0.1875 

0.09542 

0.4 

4.65 

868 

0.2644 

0.1875 

0.08598 

0.4 

5.20 

863 

0.2629 

0.1875 

0.07692 

0.4 

6.16 

853 

0.2600 

0.1875 

0.06494 

0.5 

4.19 

1213 

0.1892 

0.150 

0.1193 

0.5 

4.66 

1202 

0.1874 

0.150 

0.1073 

0.5 

5.15 

1198 

0.1868 

0.150 

0.09709 

0.5 

6.17 

1181 

0.1843 

0.150 

0.08103 

0.5 

6.65 

1173 

0.1830 

0.150 

0.07519 

0.5 

7.18 

1166 

0.1819 

0.150 

0.06964 

0.6 

4.65 

1482 

0.1338 

0.125 

0.1290 

0.6 

5.22 

1472 

0.1381 

0.125 

0.1149 

0.6 

6.65 

1451 

0.1310 

0.125 

0.09025 

0.6 

6.9 

1444 

0.1304 

0.125 

0.08696 

- 

- 

- 

0.2407 

o.ie^s 

0 

- 

- 

- 

0.1720 

0.150 

0 

- 

- 

- 

0.1307 

0.125 

0 

Notes: 

1)  For  all  tests,  h -0.075  In  and  Ou-51,300  psl. 

2)  Last  three  values  are  obtained  frott  fit  to  prlsnatlc 
cask  data. 
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Figure  7.  Scaled  Puncture  Energy  for 
Cylindrical  Casks 


An  excellent  empirical  fit  describing  the  func¬ 
tion  f  in  eq.  (29)  is 


/  E  v  1.448  /  r  * 

(cT^) =  2,587 ^  v +  (°}  r58*03^ 


which  holds  for 


°*125-  (d)  "  °*1875> 


°-(f)  i 


(31) 


0.129 


The  solid  lines  in  Figure  7  represent  equation 
(30)  bounded  by  the  expressions  (31),  and  can 
be  seen  to  pass  almost  exactly  through  all  data 
points.  Note  also  that  the  scaling  extends  the 
overall  range  of  the  test  data  and  permits  cor¬ 
relation  with  prismatic  cask  data. 

DISCUSSION  AND  CONCLUSIONS 

1  2 

Based  on  Staller's  and  Nelms'  experimental 
data  on  puncture  resistance  of  prismatic  simu¬ 
lants  of  shipping  casks  for  spent  nuclear  re¬ 
actor  fuels,  the  author  has  conducted  a  simili¬ 
tude  study  and  developed  an  empirical  relation 
between  scaled  energy  for  incipient  cask  shell 
puncture  and  scaled  shell  thickness.  This  re¬ 
lation,  eq.  (9),  fits  all  model-scale  and  full- 
scale  data  in  refs.  1  and  2  quite  well. 

Both  the  impact  test  data  and  material  test 
data  taken  at  various  strain  rates  for  steels 
and  lead  indicate  that  variation  in  material 
properties  due  to  different  average  strain  rates 
in  models  and  prototypes  do  not  measurably 
affect  the  validity  of  the  scaling  law  for  scale 
factors  up  to  tw.  -ty. 

Approximate  analytic  formulas  for  predicting 
impact  energies  to  puncture  can  be  developed  by 
equating  strain  energies  developed  inplasticall 
deforming  the  sheathing  and  lead  shielding  in 
the  cask  simulants  to  the  impact  energy.  The 
author  develops  and  presents  such  formulas. 

They  require  input  from  experimental  data  to 
determine  certain  constants,  but,  once  these 
constants  are  determined,  they  give  good  predic¬ 
tions  of  puncture  energy  and  essentially  the 
same  relationship  between  scaled  energy  and 
scaled  sheathing  thickness  as  eq.  (9) .  Further¬ 
more,  these  relations  show  that  the  majority  of 
the  impact  energy  is  absorbed  by  deforming  the 
lead  shielding  for  small  values  of  scaled 
sheathing  (h/d) ,  but  that  the  steel  sheathing 
absorbs  much  more  energy  as  (h/d)  increases. 

The  model  analysis  is  used  as  a  basis  for  a 
two-parameter  fit  to  data  for  puncture  of  cyl¬ 
indrical  casks,  including  data  for  prismatic 
casks.  A  single  empirical  equation  fits  all  of 
these  data  very  well. 

The  empirical  and  energy  equations  in  this 
paper  are  limited  in  their  applicability  to  the 
specified  ranges  of  scaled  parameters,  and  to 
other  restrictions  based  on  the  limitations  of 
the  tests  in  ref.  1  and  2.  The  other  restrict¬ 
ions  are  normal  impacts,  room  temperature  of 
cask,  no  gap  between  sheathing  and  lead,  and 
the  specific  geometry  of  the  impacted  "piston" 


(sharp-cornered,  right  circular  cylinder) . 
Limited  additional  tests  are  reported  in  ref.  1 
which  partially  evaluate  the  effects  of  tempera¬ 
tures  from  -80°F  to  +180°F,  and  of  small  gaps 
between  sheathing  and  lead  simulating  gaps 
which  could  exist  in  real  casks, 
eluded  that: 


Spaller1  con' 


1)  Casks  at  temperature  significantly  be¬ 
low  room  temperature  require  increased 
impact  energy  to  puncture. 

2)  Casks  at  elevated  temperatures  (up  to 
+180°F)  show  no  significant  decrease  in 
puncture  resistance  over  casks  at  room 
temperature  (70°F) . 

3)  Gaps  between  sheathing  and  lead  shield¬ 
ing  had  no  apparent  effect  on  puncture 
resistance. 

These  conclusions  all  render  the  prediction 
of  puncture  energies  from  the  basic  data  in  ref. 

1 ,  and  from  prediction  equations  in  this  paper, 
somewhat  conservative. 
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FINITE  ELEMENT  ANALYSIS  OF  MULTICOMPONENT 
STRUCTURES  IN  RIGID  BARRIER  IMPACTS 
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J.  D.  Colton,  and  H.  E.  Lindberg 
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Menlo  Park,  California 


Techniques  are  presented  for  the  transient  analysis  of  multicomponent 
structures  impacting  rigid  barriers  using  the  finite  element  method. 

The  analysis  considers  distortion  and  failure  of  joints,  multiple  im¬ 
pacts,  and  elastic-plastic  material  behavior.  The  models  for  each 
component  of  an  example  structure  are  developed  separately,  guided  by 
the  results  of  impact  experiments.  A  comparison  of  the  predictions 
of  these  finite  element  models  with  the  results  of  the  experiments 
demonstrates  the  applicability  and  accuracy  of  the  models.  The  com¬ 
plete  structure  is  then  analyzed  by  combining  the  component  models. 

The  net  result  is  good  correlation  of  experiment  and  analytical  pre¬ 
diction  for  the  acceleration  of  a  mass  on  a  rather  complex  structure. 

INTRODUCTION  model  are  then  developed  and  the  predictions  of 

these  models  are  compared  with  experimental 

The  structural  analyst  working  in  the  measurements.  Finally,  the  component  models  are 

fields  of  crashworthiness,  safety  analysis,  or  assembled  to  analyze  the  complete  structure, 

shock  isolation  is  often  asked  to  analyze  the 

transient  response  of  structures  in  which  sev-  STRUCTURAL  RESPONSE 

eral  structural  components  are  joined  together 

with  bolts  or  spot  welds.  The  analysis  of  such  Consider  the  multicomponent  structure  shown 

multicomponent  structures  in  rigid  barrier  im-  in  Figure  1.  It  consists  mainly  of  a  circular 

pacts  poses  difficult  modeling  problems,  because  plate  bolted  at  30°  intervals  to  the  flange  of  an 

joints  may  fail  during  the  time  of  interest  and  L-section  circular  ring.  The  web  of  the  ring  is 

more  than  one  structural  member  may  ?<-rike  the  attached  to  a  thin  cylindrical  shell  with  two 

barrier.  Standard  finite  element  tuques  rows  of  rivets.  In  the  figure,  the  shell  edge 

are  generally  sufficient  for  mode. .cq  f >  in-  is  shaded  for  clarity.  The  gap  between  the  edge 

dividual  structural  components,  b.;  as*,  -  j  ysis  of  of  the  plate  and  the  inside  surface  of  the  shell 

joint  distortion  and  failure,  and  >  -  '.sent  of  is  about  8/10  of  a  bolt  diameter.  A  rigid  mass, 

multiple  impacts  require  innovative  <•  .niques.  representing  electronic  and  mechanical  equipment, 

is  integrally  connected  to  a  rectangular  mounting 
This  paper  describes  the  development  and  pad.  The  pad  is  bolted  to  the  plate  with  four 

application  of  two  modeling  techniques  that  can  bolts.  All  structural  elements  except  the  high 
be  incorporated  into  most  finite  element  pro-  strength  steel  bolts  are  6061-T6  aluminum.  The 

grams  for  the  analysis  of  multicomponent  struc-  response  of  this  structure,  especially  the  accel- 

tures:  a  simple  method  by  which  shearing  bolts  eration  of  the  equipment  mass,  during  a  lateral 
can  be  modeled  and  a  straightforward  method  of  impact  of  the  shell  against  a  rigid  barrier  is  to 

treating  multiple  impacts  against  a  rigid  bar-  be  determined, 

rier  during  a  single  simulation.  An  example 

also  illustrates  the  use  of  experiments  to  de-  An  initial  set  of  experiments  was  conducted 

fine  the  requirements  of  analytical  models  and  to  determine  the  important  response  features  and 

guide  their  development.  the  sequence  of  the  response  [1].  The  structure 

drawn  in  Figure  1  was  launched  so  that  it  struck 
First  a  multicomponent  structure  and  its  side-on  into  a  rigid  barrier.  In  high  speed  im- 

experimentally  determined  response  in  rigid  pacts  (>10  m/sec)  the  shell  wall  suffers  perma- 

barrier  impacts  is  described.  For  each  com-  nent  radial  deformation  locally  at  the  impact 

ponent  of  the  structure,  a  finite  element  model  point.  The  ring  forms  a  plastic  hinge  near  the 

is  developed,  The  level  of  refinement  necessary  impact  point  but  otherwise  remains  elastic.  In 

to  achieve  accurate  predictions  Is  determined  by  the  impact  configuration  shown,  the  bolt  nearest 

comparing  the  models  against  experiments  designed  the  impact  point  shears  to  failure  while  plaati- 

to  measure  the  response  of  a  single  component.  cally  deforming  the  bolt  holes  in  the  ring  and 

The  shearing  bolt  model  and  the  multiple  impact  plate.  Most  of  the  early  load  to  the  plate  comes 


Fig.  1  -  Multicomponent  Structure  in  Impact 
Orientation 


from  this  bolt  and  the  two  neighboring  bolts. 

Ihe  plate  then  continues  its  forward  motion  un¬ 
til  it  strikes  the  inside  of  the  shell.  This 
second  impact  produces  plastic  strain  in  the 
plate.  For  about  250  fisec  the  plate  strains 
are  almost  entirely  membrane,  and  it  is  during 
this  interval  that  the  peak  in-plane  acceler¬ 
ation  of  the  equipmentmass  occurs.  The  only 
forces  acting  on  the  equipment  mass  arc  the 
equipment  mounting  bolt  forces.  Depending  on 
the  mass  of  the  equipment  and  the  impact  veloc¬ 
ity,  these  bolts  may  also  break. 

The  value  of  these  initial  experiments  is 
twofold.  First,  they  determined  the  response 
features  that  must  be  included  in  an  accurate 
analytical  model.  These  are  the  plastic  hinge 
in  the  ring,  bolt  failure,  plate  impact,  plate 
plasticity,  and  equipment  acceleration  due  to 
bolt  forces.  Second,  the  experiments  suggested 
a  major  simplification  in  the  analysis.  That  is, 
even  though  the  structure  is  three-dimensional 
the  significant  response  features  are  all  basic¬ 
ally  planar  phenomena.  Thus,  for  this  problem, 
plate  bending  and  out-of-plane  ring  bending  car 
be  neglected.  Also,  by  inspection,  the  shell 


stiffness  is  small  compared  to  that  of  the  ring, 
so  the  shell  can  be  treated  in  a  simplified  way. 

COMPUTATIONAL  MODELS 

To  analyze  the  structural  response  and  pre¬ 
dict  the  acceleration  of  the  equipment  mass,  two- 
dimensional  finite  element  models  for  the  plate, 
ring,  and  bolts,  and  an  algorithm  for  multiple 
impacts  were  first  developed  separately.  The 
shell  effects  were  approximated  by  including  a 
nominal  length  of  shell  in  the  ring  cross  section. 
The  bolts  were  modeled  with  simple  beam  elements. 
For  each  component  an  experiment  was  performed 
to  determine  the  mesh  refinement  necessary  in 
the  model  and  to  verify  the  accuracy  of  the  pre¬ 
dictions.  Then  these  models  were  combined  to 
model  the  complete  structure.  The  computational 
models  were  developed  using  a  modified  version 
of  SUPER,*  a  three-dimensional  general  purpose 
finite  element  structural  analysis  code. 

Plate  Model 

The  circular  plate  was  modeled  with  elastic- 
plastic  constant  strain  triangular  plate  ele¬ 
ments  in  plane  stress.  The  element  mesh  used  in 
the  analysis  of  the  complete  structure  is  shown 
in  Figure  2.  It  contains  37  elements  and  28 
nodes.  Near  the  impact  point  the  element  side 
lengths  are  as  small  as  5  ran  so  that  local  plas¬ 
tic  response  and  high  strain  gradients  are  cal¬ 
culated  accurately.  The  plasticity  model 
consists  of  a  Von  Mises  yield  criterion  with 
linear  strain  hardening. 

A  mesh  similar  in  refinement  to  the  one  in 
Figure  2,  but  without  nodes  at  the  bolt  holes, 
was  used  to  analyze  the  experiment  designed  to 
measure  the  response  of  the  plate  alone.  In  the 
experiment,  a  5.1-mm-thick,  99.8-mm-diameter 
plate  was  press-fit  into  a  0.9-mm-thick  wall 
shell.  A  uniaxial  strain  gage  aligned  to 
measure  radial  strain  was  mounted  on  each  side 
of  the  plate,  25  mm  from  the  impact  point.  In 
the  analysis,  all  the  plate  nodes  were  given  an 
initial  velocity  except  the  node  at  the  impact 
point,  which  was  held  fixed. 

* 

The  SUPER  code  was  originally  written  at  the 
University  of  Illinois  at  Chicago  Circle  by 
Belytschko  et  al.  [2]  for  the  transient  analy¬ 
sis  of  three-dimensional  space  frames.  The 
governing  equations  are  formulated  using  a 
finite  element  technique  that  incorporates 
rigidly  convected  or  corotational  coordinates 
to  treat  arbitrary  large  displacements  with 
small  strains.  Both  explicit  and  implicit 
solution  techniques  are  included,  plus  a  modal 
analysis  option  for  determining  natural  fre¬ 
quencies  and  corresponding  mode  shapes.  The 
code  has  since  been  modified  at  SRI  to  expand 
its  range  of  applicability  ir.  structural  analy¬ 
sis.  In  particular,  a  three-dimensional  tri¬ 
angular  plate/shell  element  as  suggested  by 
Marchertas  and  Belytschko  [3]  has  been  incor¬ 
porated.  The  code  is  still  under  development 
and  no  comprehensive  documentation  is  available. 
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In  Figure  5,  the  strain  measured  at  0s  is 
compared  with  the  strain  calculated  at  node  lt 
integration  point  1,  in  the  analysis  of  the  test. 
The  peak  strains  agree  well  even  though  they  ex¬ 
ceed  the  elastic  limit  (0.445%).  The  rise  time 
in  the  calculation  is  considerably  lower  than 
measured,  but  again,  this  is  due  to  the  ideal¬ 
ization  of  the  impact  in  the  analysis.  Generally, 
comparisons  of  calculated  and  measured  strains 
at  the  60°,  90°,  120° ,  and  180°  locations  show 
that  the  calculated  strains  rise  more  quickly 
and  to  a  greater  magnitude  than  the  measured 
strains.  However,  in  botn  theory  and  experiment 
the  peak  strain  level  drops  off  sharply  away 
from  the  impact  point,  and  an  accurate  prediction 
of  these  low  level  strains  in  the  analysis  of 
the  complete  structure  is  of  secondary  importance. 
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Fig.  5  -  Measured  and  Predicted  Ring  Strains 
Bolt  Model 


Fig.  6  -  Quasi-Static  Bolt  Test  Configuration 


In  the  development  of  the  bolt  model, 
several  quasi-static  lap  shear  tests  were  per¬ 
formed  to  determine  the  combined  force-deflection 
properties  of  the  shearing  bolts  and  the  dis¬ 
torting  bolt  holes.  The  test  configuration  is 
illustrated  in  Figure  6.  In  the  first  set  of 
tests,  three  25-mm-wide  strips  of  high  alloy 
steel  were  bolted  together  with  a  single 
1. 2-mm-diameter  high  strength  steel  bolt  and  nut. 
The  middle  strip  was  2.5  mm  thick;  the  outer 
strips  were  1.27  mm  thick.  In  an  Instron  machine, 
the  outer  strips  were  pulled  in  one  direction, 
the  inner  strip  was  pulled  in  the  opposite  di¬ 
rection,  and  the  resulting  force-deflection  curve 
was  recorded.  The  cross-head  speed  was  0.5mm/min. 
A  typical  loading  force-deflection  relation  is 
shown  by  the  dashed  curve  in  Figure  7.  Since 
hole  distortion  was  negligible  in  these  tests, 
they  provided  a  direct  measure  of  the  energy 
absorbing  capacity  of  the  bolts  alone. 

In  the  second  set  of  tests,  the  steel  strips 
were  replaced  with  6061-T6  aluminum  strips.  In 
eight  tests  the  breaking  force  ranged  from  1086  N 
to  1935  N  and  averaged  1886  N.  The  breaking  dis¬ 
placement  ranged  from  0.58  mm  to  0.86  mm  and 
averaged  0.76  mm.  A  typical  loading  force-de¬ 
flection  relation  for  these  tests  is  shown  by  the 
heavy  solid  curve  in  Figure  7.  The  force  mea¬ 
sured  here  is  twice  as  great  as  that  required 


Fig.  7  -  Quasi-Static  Test  Results  and  Bolt 
Element  Characteristic 
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to  break  one  bolt  since  the  bolt  was  sheared  in 
two  places  (between  the  outer  and  inner  aluminum 
strips) .  In  addition,  this  force-deflection  re¬ 
lation  represents  the  combined  effects  of  the 
bolt  shearing  and  the  local  plasticity  in  the 
aluminum  strips.  Based  on  the  area  under  the 
two  experimental  force-deflection  curves,  the 
energy  absorbed  through  bolt  deformation  is 
about  equal  to  the  energy  absorbed  through  hole 
distortion  in  the  aluminum  strips. 

The  technique  used  to  model  these  character¬ 
istics  uses  a  lumped  stiffness  beam  element, 
with  a  modification  to  account  for  bolt  breaking. 
Consider  the  shear  deformation  of  the  clamped- 
o lamped  beam  shown  in  Figure  8.  In  the  absence 
of  axial  stiffness,  the  internal  moments  M  and 
shear  forces  V  are  given  by 

f*  2l  fe  1 
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where  K  is  the  bending  stiffness  and  S.  is  the 
length.  For  the  particular  case  of  a  clamped- 
clamped  beam 


9I  =  ej 


0  =  tan'1  f 


where  d  is  the  shear  deflection.  It  follows  from 
Hqs.  (1)  and  (2)  that 

=  Mj  =  6  K0  (4) 


vt"vj.-HT  <5> 

The  shear  force  F,  which  is  work  conjugate  with 
the  shear  displacement  d,  is 


Combining  Eqs.  (5)  and  (6)  gives  the  force- 
deformation  relation  for  the  bolt  element 

„  12K0 

F  ”  — —  cosq  (7) 

Choosing  SL  =  0.76  mm  and  K  =  0.106  N-m  gives  a 
good  approximation  to  the  typical  experimental 
curve  representing  the  combined  effects  of  bolt 
shearing  and  bolt  hole  distortion.  A  comparison  is 
shown  in  Figure  7. 

To  model  breaking  of  the  bolt,  additional 
logic  was  introduced  in  the  subroutine  that 
calculates  the  bolt  force.  If  the  absolute  value 
of  the  bolt  force  exceeds  a  prescribed  value,  the 
internal  forces  are  set  equal  to  zero.  For  the 
force-deformation  curve  shown  in  Figure  7,  the 
bolt-breaking  force  was  taken  as  943  N,  which 
occurs  at  a  shear  displacement  of  0.76  mm.  These 
values  match  the  mean  results  of  the  quasi-static 
shear  tests.  For  simplicity,  since  the  peak 
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Fig.  8  -  Forces  and  Displacements  for  the  Bolt 
Element 

equipment  acceleration  occurs  while  the  mounting 
bolts  are  being  loaded,  experimental  unloading 
characteristics  were  not  modeled,  and  the  un¬ 
loading  path  for  this  bolt  model  is  the  same  as 
that  for  loading.  Results  of  impact  tests,  shown 
below,  Indicate  that  for  general  use  the  bolt 
model  should  include  experimental  unloading 
characteristics . 

The  principal  advantage  of  this  bolt  model 
is  that  one  simple  element  is  used  to  account  for 
both  the  shearing  of  the  bolt  and  the  plastic 
deformation  of  the  bolt  holes.  The  alternative 
of  including  a  sufficient  number  of  elements 
around  the  bolt  holes  to  account  for  the  local 
plasticity  would  make  the  cost  of  a  numerical 
simulation  prohibitive.  However,  the  bolt  ele¬ 
ment  formulation  also  has  limitations.  For  ex¬ 
ample,  in  two-  or  three-dimensional  analyses 
where  rotational  degrees  of  freedom  are  admitted 
at  the  bolt  element  nodes,  spurious  internal 
moments  generated  by  the  bolt  elements  would 
cause  additional  bending  deformation  and  would 
alter  the  force-deformation  characteristics  of 
the  element. 

An  experiment  was  performed  to  check  the  pre¬ 
dictions  of  the  bolt  model  (and  the  multiple 
Impact  model  discussed  below) .  The  structure 
consisted  of  the  standard  plate,  ring,  and  shell. 
However,  to  check  the  bolt  model  for  the  simplest 
feasible  cr* -.figuration,  the  plate  was  attached 
to  the  rin,  with  a  single  1.2-mm-diameter  high 
strength  fteel  bolt  at  the  0°  location  (in  line 
with  the  i  mpact  point) .  To  hold  the  assembly 
aligned  during  acceleration,  a  second  bolt  was 
Installed  in  a  radial  slot  at  the  back  edge  of 
the  plat* ,  so  that  it  exerted  no  force  in  the 
dlrectior  of  impact.  Strain  gages  were  mounted 
along  the  diameter  passing  through  the  impact 
point  to  measure  radial  strain  on  both  surfaces 
of  the  plate,  at  15.7  mm  from  the  leading  edge. 

A  contac  :-sensing  gage  (thin  films  of  copper  that 
closed  a  circuit)  was  mounted  on  the  inside  of 
the  shell  at  the  Impact  point  to  sense  the  impact 
of  the  plate  against  the  shell.  The  assembly 
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was  launched  into  a  rigid  harrier  at  8.6  m/sec. 


Figure  9  shows  a  comparison  of  the  membrane 
strain  measured  in  the  experiment  and  the  strain 
predicted  in  the  corresponding  finite  element 
analysl.' .  Zero  time  in  this  plot  is  the  initial 
barrier  contact.  The  origin  in  the  calculated 
curve  is  shifted  along  the  time  axis  to  the 
point  when  strains  are  first  measured  in  the 
experiment.  Up  to  about  140  ysec,  the  strains 
are  due  to  the  single  bolt  force;  after  that 
the  second  impact  forces  dominate .  The  measured 
strain  due  to  the  bolt  force  is  matched  very 
well  by  the  calculation.  The  dip  in  the  calcu¬ 
lated  strain  just  before  the  second  impact  is 
caused  by  the  bolt’s  breaking  at  a  shear  dis¬ 
placement  of  0.76  mm.  There  is  no  corresponding 
dip  in  the  experimental  strain  because  in  this 
particular  test  the  bolt  did  not  fracture.  (In 
other  experiments  with  different  instrumentation 
the  0°  bolt  commonly  fractured.) 
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Fig.  9  -  Measured  and  Predicted  Plate  Strains 
Due  to  Single  Bolt  Force  and  Second 
Impact 


Multiple 


pact  Model 


A  multiple  impact  algorithm  was  developed 
to  model  the  impact  of  the  plate  against  the 
shell  wall.  This  was  accomplished  by  modifying 
the  subroutines  in  which  the  initial  conditions 
are  specified  and  the  equations  of  motion  are 
integrated.  In  the  modified  subroutines  the 
maximum  allowable  displacement  of  a  given  node 
in  a  given  direction  is  specified,  and  the 
position  of  the  node  is  monitored  at  each  time 
step.  If  the  explicit  Integration  of  the 
equations  of  motion  produces  a  displacement 
greater  than  the  specified  maximum,  the  dis¬ 
placement  is  adjusted  to  equal  the  specified 
maximum  and  the  new  internal  forces  are  computed 
with  the  node  in  this  position.  In  the  example, 
the  leading  node  in  the  plate  is  allowed  a  dis¬ 
placement  of  0.89  mm  before  it  must  stop  at  the 
shell  wall.  As  long  as  the  calculated  force 
between  the  plate  and  shell  is  compressive, 
the  plate  and  shell  remain  in  contact.  As  soon 
as  this  force  becomes  tensile,  the  contact  is 
broken  end  toe  plate  is  allowed  to  move  away 
from  the  shell.  This  sequence  is  illustrated 
in  Figure  10 


Fig.  10  -  Illustration  of  Multiple-Impact  Model 

The  technique  of  adjusting  the  nodal  dis¬ 
placements  during  a  time  Increment  could  lead 
tc  computational  instabilities  if  the  increments 
of  displacement  are  too  large.  However,  no  in¬ 
stabilities  were  detected  during  the  example 
calculations,  and  it  was  not  necessary  to  re¬ 
duce  the  time  step  from  that  required  by  the 
explicit  integration  in  the  plate  model 
(0.5  usee). 

The  results  of  the  experiment  with  the 
plate  and  single  bolt  were  used  to  check  the 
performance  of  the  multiple  Impact  model. 

Figure  9  shows  the  comparison.  The  contact  gage 
sensed  the  Impact  of  the  plate  against  the 
shell  at  126  usee.  However,  the  gage* thickness 
is  about  0.1  mm,  and  a  finite  time  is  required 
to  develop  close  mechanical  contact  and  for 
disturbances  to  propagate  to  the  strain  gages. 
Thus,  the  measured  strains  do  not  show  signs  of 
the  second  Impact  until  about  140  usee.  In  the 
calculation,  the  second  Impact  occurs  at 
140  psec  on  the  scale 'in  Figure  9.  The  level 
of  strain  after  the  second  Impact  is  calculated 
very  accurately,  although  again,  because  of  the 
idealization  of  the  Impact  in  the  calculation, 
the  predicted  rise  time  is  less  than  the 
measured  time. 

ANALYSIS  OF  COMPLETE  STRUCTURE  TO  PREDICT 
EQUIPMENT  MASS  ACCELERATION 

The  finite  element  models  developed  for  the 
plate,  ring  (and  shell),  bolts,  and  multiple 
Impacts  were  combined  to  analyze  the  complete 
structure  drawn  in  Figure  1  and  to  predict  the 
acceleration  of  the  equipment  mass  in  a  high 
speed  lateral  Impact.  The  bolted  equipment 
mass  was  modeled  as  a  rigid  body  connected  to 
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nodes  at  the  bolt  holes  in  the  plate  and  to 
weightless  rigid  links  at  the  interfaces  between 
beam  elements  in  the  ring.  This  arrangement  is 
shown  in  Figure  11.  (The  bolt  elements  could 
not  extend  to  the  centroidal  nodes  in  the  ring 
because  these  nodes  could  not  be  located  at  the 
bolt  holes) 

To  test  the  model  an  experiment  was  per¬ 
formed  in  which  the  structure  was  launched  into 
a  rigid  barrier  at  12.3  m/sec.  An  accelerometer 
was  mounted  on  the  back  side  of  the  equipment 
mass  to  measure  in-plane  acceleration.  Radially 
oriented  strain  gages  were  mounted  in  front  of 
the  mass  on  both  sides  of  the  plate. 


Fig.  11  -  Bolt  Connection  Arrangement 

Figure  12  compares  the  predicted  and 
measured  equipment  mass  accelerations.  Both 
curves  begin  with  a  low  level  plateau  correspond¬ 
ing  to  the  period  during  which  the  ring  deforms 
locally  and  the  front  bolts  between  the  plate 
and  ring  begin  to  shear.  This  slows  the  plate 
slightly  and  the  equipment  bolts  respond  by  de¬ 
forming  slightly.  Thus,  the  equipment  mass  is 
slightly  decelerated.  When  the  second  impact 
occurs,  between  the  plate  and  shell,  the  plate 
slows  sharply  as  its  energy  is  absorbed  in 
plastic  deformation  at  the  front  edge.  The 
equipment  mass  continues  forward,  producing 
large  deformations  in  the  equipment  bolts.  Thus, 
its  acceleration  rises  sharply.  At  the  velocity 
of  this  Impact  the  equipment  bolts  are  sheared 
almost  to  the  breaking  point,  producing  an 
equipment  acceleration  of  approximately 
-13,000  g.  When  the  equipment  mass  stops  its 
forward  motion,  at  about  190  psec,  the  equip¬ 
ment  bolts  begin  to  unload.  At  this  time,  since 
the  tinloading  characteristic  of  the  bolts  were 
not  included  in  the  bolt  element,  the  predicted 
and  measured  equipment  accelerations  diverge. 
This  simulation  required  54  minutes  of  central 


processor  time  on  a  Burroughs  6700  computer. 
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Fig.  12  -  Measured  and  Predicted  Equipment  Mass 
Accelerations 

SUMMARY  AMD  CONCLUSIONS 

A  two-dimensional  finite  element  model  was 
used  to  analyze  a  multicomponent  structure  in 
rigid  barrier  Impacts  producing  multiple  impacts. 
Experiments  showed  that  the  model  describes  the 
response  of  a  three-dimensional  shell-ring- 
plate  structure  and  predicts  with  good  accuracy 
the  sequence  and  details  of  the  structural  re¬ 
sponse  and  the  acceleration  of  bolted  equipment. 
Furthermore,  at  each  step  in  the  development  of 
the  model,  confirmation  was  made  with  experi¬ 
ments  on  the  components  that  make  up  the  com¬ 
plete  structure.  The  type  of  elements  and  mesh 
sizes  required  for  good  agreement  with  experi¬ 
ment  were  determined,  and  this  should  be  useful 
Information  for  more  general  modeling  in  similar 
Impact  problems. 

The  bolt  model  and  multiple  Impact  model 
developed  In  this  work  were  demonstrated  to  be 
useful  calculatlonal  tools  that  can  be  incor¬ 
porated  into  most  finite  element  programs.  An 
analysis  of  the  local  plasticity  occurring  in 
bolt  hole  distortion  is  avoided  with  the  force- 
deformation  bolt  model,  ana  the  bolt  element 
does  not  reduce  the  allowable  time  step  in  the 
calculation  from  that  required  by  the  smallest 
plate  elements.  The  multiple  impact  model 
allows  one  to  perform  a  single,  continuous 
analysis  of  elastic-plastic  impact  problems, 
avoiding  restarts  that  require  complicated 
"initial"  conditions  for  multiple  impacts. 
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DISCUSSION 

Voice:  We  use  staybolts  to  mount  guns  on  gun 
mount  rings,  would  you  mind  clarifying  or 
stating  something  about  the  clearance  between 
the  bolts  and  -the  holes. 

Mr.  Colton:  I  can't  quantify  them.  All  I  can 
say  it  was  a  tight  fit  since  you  have  to  press 
the  bolts  through  the  holes.  I  have  also  been 
thinking  about  the  torque  on  the  nuts. 

Voice :  Yes,  Battelle  has  done  quite  an 
extensive  study  of  that  and  also  on  the  flatness 
of  the  surface  between  the  bolt  heads  and  the 
plates;  but  they  haven't  gone  into  the  study 
that  you  have.  This  does  enter  into  it 
especially  on  the  buckling  of  the  plate.  Also 
was  there  a  radius  in  your  L  shaped  ring? 

Mr.  Colton:  Yes,  but  it  probably  wasn't 
indicated  in  the  drawing.  With  regard  to  the 
bolts  and  quasi-static  pull  test  that  we 
performed  to  determine  their  strength,  we 
fabricated  all  of  those  parts  in  the  same  way 
that  we  fabricated  the  shell  structure  so  that 
the  tolerances  were  accounted  for  in  the  force 
displacement  curve  that  we  measured. 

Mr.  Sierakowski,  (University  of  Florida): 

I  noticed  that  all  your  input  into  the  computer 
program  for  your  bolt  shear  test  and  your  bolt 
element  characteristics  were  done  statically, 
did  you  do  any  dynamic  testing  such  as  drop 
testing? 

Mr,  Colton:  No,  and  the  main  reason  was  that 
the  strain  rates  are  higher  than  you  can  get 
with  any  testing  machine.  The  closest  thing 
we  did  to  checking  the  dynamic  deformation  of 
the  bolts  was  that  test  in  which  we  mounted 
the  plate  on  the  ring  with  a  single  bolt. 

That  is  essentially  a  dynamic  test,  if  you  look 
at  It  it  is  a  little  bit  indirect,  out  it  is  a 
dynamic  test;  that  is  if  there  were  some  dynamic 
effects  that  were  much  different  than  the  static 
test  they  would  show  up  in  that  experiment. 
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designer  to  obtain  the  required  performance  in 


The  Duke  Power  Co.  Of  Charlotte,  North 
Carolina,  has  developed  a  design  concept  for 
durable  low  cost  energy  absorbers  to  be  used 
as  piping  constraints  in  reactor  containment 
structures.  Safe  secure 'constraint  for  pipe 
sections  which  have  been  damaged  in  a  reactor 
containment  accident  must  be  assured.  In  the 
extreme  accident  case,  a  free  moving  pipe  sec¬ 
tion,  during  a  post-accident  period,  could  hit 
the  containment  wall  and  result  in  containment 
rupture;  the  consequences  of  such  a  rupture 
could  be  catastrophic. 

Duke  Power  Company  needed  a  population  of 
experimental  data  in  order  to  apply  their  design 
concept  to  real  reactor  installations.  In  con¬ 
junction  with  Franklin  Institute  Research 
Laboratories  (TIRL)  and  others,  a  program  of 
controlled  experiments  was  developed  for  this 
purpose. 

FIRL  personnel  designed  and  developed  a 
special  drop  test  machine  to  perform  the  many 
tests  in  this  program.  Impact  velocities  as 


a  machine  with  reasonable  overall  dimensions. 

In  order  to  accommodate  the  great  range  of  per¬ 
formance  which  was  inherent  in  the  requirements, 
the  machine  could  be  configured  to  use  zero  to 
twenty  strands  of  one  inch  diamater  bungee  cord 
in  groups  of  four  strands. 

Close  attention  to  the  demands  of  personnel 
safety  made  it  possible  to  complete  the  entire 
program  without  injury.  This  versatile  test 
machine  is  described  in  detail  in  the  paper; 
performance  data,  photographs,  etc.,  are  given. 

The  instrumentation/data  acqu' si ti on/data 
processing  systems  used  during  this  program  were 
extensive  for  tests  of  this  type.  Force,  velo¬ 
city,  deformation,  etc.,  were  recorded  in  analog 
form  as  a  function  of  time  on  tape  throughout 
the  energy  absorption  pulses.  Data  were  digi¬ 
tized  and  processed  in  digital  form  to  produce 
final  results  in  the  form  of  computer-made  plots 
with  the  following  coordinates: 

Strain  vs.  time 

Strain  vs.  deformation 


high  as  70  feet  per  secona  are  routinely  avail¬ 
able  for  the  lighter  drop  weights.  The  machine 
is  easily  calibratable  and  highly  reproducible 
as  to  its  performance.  Impact  velocities  with¬ 
in  five  percent  of  required  values  can  be  guar¬ 
anteed.  Drop  weights  are  controlled  to  the 
nearest  10  pounds  routinely;  lesser  values  can 
be  controlled  if  required.  The  drop  weight  can 
be  varied  from  70  lbs  to  7000  pounds.  One  of 
the  more  valuable  features  of  the  machine  is  the 
ability  to  separate  part  of  the  tup  mass  for 
tests  requiring  small  weights.  The  principal 
part  of  the  tup  can  be  stopped  by  built-in  hy¬ 
draulic  snubbers  while  the  separated  portion 
strikes  the  test  specimen.  The  separation  is 
accomplished  with  simple  foolproof  hardware; 
this  system  functioned  smoothly  whenever  it  was 
used  during  the  program. 

The  use  of  bungee  cord  assist  enabled  the 


Strain  rate  vs.  deformation 
Force  transmitted  vs.  time 
Deformation  vs.  time 
Force  vs.  deformation 

Routine  checks  on  the  quality  of  the  re¬ 
sults  were  made  by  comparing  the  kinetic  energy 
of  the  impact  mass  with  the  energy  absorbed  (Fdy) 
and  by  comparing  the  mass  impact  momentum  to 
/Fdt.  It  was  also  possible  to  compare  /vdt  with 
measured  specimen  deformation.  This  system  is 
described  briefly  in  the  paper. 

The  program  of  tests  is  discussed;  includ¬ 
ing  some  of  the  problems  along  with  their  solu¬ 
tions.  Typical  analog  records  are  shown;  oigital 
plots  of  the  same  data  are  shown. 

The  original  program  of  simple  crush  pipe 
specimens  was  extended  to  include  honeycomb  pad 


*Mr.  Yaeger  was  the  project  manager;  Mr.  Chou  designed  the  drop  test  machine. 
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sections  and  finally  dual  pipa  sections  in¬ 
stalled  at  a  90  degree  angle  with  respect  to 
each  other. 

The  bulk  of  the  program  data  are  not  pre¬ 
sented  herein.  Samples  are  shown  in  this  paper 
as  an  aid  in  describing  the  test  machine  and  its 
use. 
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THE  PROBLEM 

When  the  program  was  first  presented  it  was 
obvious  to  those  involved  that  no  test  equipment 
available  at  FIRL  could  perform  these  tests.  A 
familiarity  with  other  equipment  available  in 
the  U.S.  convinced  us  that  most  potential  per¬ 
forming  laboratories  would  have  to  build  some¬ 
thing  for  the  job.  The  FIRL  proposal  included 
design  and  fabrication  of  a  new  facility. 


In  brief,  it  was  our  task  to  impact  a  large 
family  of  weights  at  controlled  velocities  on  a 
number  of  special  short  pipe  sections  like  the 
one  shown  in  Figure  1,  and  to  measure  the  energy 
absorbed  by,  and  the  forces  transmitted  by,  those 
short  pipe  sections  in  stopping  the  weights.  The 
range  of  weights  extended  from  a  minimum  of 
31.7  Kg  (70  lbs)  to  a  maximum  of  3324  Kg  (7330 
lbs).  The  velocities  ranged  from  305  cm/sec 
(10  ft/sec)  to  2134  cm/sec  (70  ft/sec). 

It  was  further  required  that  it  be  possible 
to  account  for  any  significant  amount  of  the 
energy  transferred  from  the  impacting  weights. 

A  form  of  energy  balance  was  required  so  that 
the  dissipative  effectiveness  of  the  crushing 
pipe  sections  could  ne  determined  during  the 
dynamic  tests. 

The  great  bulk  of  data  to  be  expected  from 
a  program  which  involved  hundreds  of  test  speci¬ 
mens  demanded  some  form  of  automatic  data  pro¬ 
cessing.  This  became  a  program  requirement 
early  in  the  design  period. 

With  hundreds  of  specimens  in  the  initial 
program,  it  was  essential  that  a  systematic  pro¬ 
gram  be  established  for  their  processing,  care 
and  handling.  This  problem  was  compounded  by 
the  later  addition  of  a  number  of  honeycomb  pad 
specimens  and  some  crossed  pipe  specimens.  None 
were  lost  and  within  the  limits  of  the  quanti¬ 
ties  supplied  by  the  client,  no  program  delays 
were  recorded  for  lack  of  properly  prepared 
specimens. 


Figure  1.  Test  Specimen.  White  leads  are  from  eight  strain  gauges. 
Gauge  No.  3,  inside  bottom  of  pipe,  is  clearly  seen. 


Not  the  least  of  the  problems  was  the  need 
to  keep  all  proposed  costs  down  on  a  competi¬ 
tively  bid  project. 

The  resulting  drop  test  machine  is  not  like 
the  shock  test  machines  used  to  test  equipment 
to  existing  military  specifications.  Its  range 
of  impact  velocities  and  load  carrying  capabili¬ 
ty  would  make  it  useful  for  such  tests  but  we 
would  have  to  shift  the  measurement  emphasis 
from  energy  absorption  to  pulse  shapes  and  peak 
deceleration  values. 

THE  FOUNDATION 

We  started  at  the  bottom  with  the  problem 
of  measuring  the  energy  and  momentum  transmitted 
by  the  machine  to  its  mounting  base.  We  liked 
the  idea  of  having  a  known,  large  base  mass  for 
this  purpose  mounted  on  known  springs.  Wt  had 
such  an  item  on  hand  in  a  72562  Kg  (160,010  lbs) 
mass  on  air  springs  under  the  FIRL  Seismic  Simu¬ 
lator.*  The  use  of  this  mass  required  us  to 
idle  the  simulator  for  a  few  months  (initial 
estimates  were  2  months  —  it  eventually 
stretched  to  7  months)  but  the  schedule  was  not 
crowded  and  the  mass  was  used  for  this  program. 

It  was  possible  to  achieve  some  economies 
in  the  design  of  the  machine  by  using  the  exist¬ 
ing  foundation  block.  The  structure  of  the 
seismic  simulator  was  useful  as  the  main  sup¬ 
port  for  the  drop  test  towers  and  its  slides. 
Adequate  electrical  power  was  available  in  that 
area  of  the  building  and  a  heavy  duty  bridge 
crane  covered  the  entire  area.  This  bridge 
crane  saved  the  cost  of  a  special  hoist  for  the 
drop  weights  When  the  need  for  bungee  cord 
assistance  appeared,  the  crane  became  invalu¬ 
able.  Figure  2  is  a  photograph  showing  the 
general  area  in  which  the  machine  was  installed. 
The  arches  of  the  seismic  simulator,  which 
served  as  tower  supports,  and  the  outline  of  the 
foundation  block  are  clearly  seen  in  this  view. 
The  proposed  use  of  the  machine  on  this  founda¬ 
tion  required  recording  the  block  motion  through¬ 
out  each  test;  provision  for  this  was  included 
in  the  measurement  system. 

VELOCITY  REQUIREMENTS 


velocity  accuracy  and  only  2  specimens  had  been 
planned  for  a  given  test  condition.  We  had  a 
small  margin  for  error  in  the  base  program, 
none  in  the  add-ons. 

It  was  planned  to  use  a  daily  bungee  cord 
exercise  routine  both  when  calibrating  the 
machine  and  at  the  start  of  every  test  day. 

This  exercise  routine,  combined  with  equations 
developed  from  calibration  test  data  with  bun¬ 
gee  assist  permitted  us  to  obtain  the  desired 
repeatability.  Appendix  A  shows  these  equa¬ 
tions,  one  of  which  was  developed  for  the  bun¬ 
gee  assisted  drops  and  the  other  which  was  used 
for  the  gravity  drops  at  the  lower  velocities. 

The  success  obtained  in  using  bungee  cord 
in  this  machine  was  due,  in  a  large  way,  to  the 
manner  in  which  it  was  used.  The  cords  them¬ 
selves  were  all  made  in  one  special  run  with 
special  attention  paid,  by  the  manufacturer,  to 
uniformity  of  product.  The  machine  was  designed 
so  that  no  greater  than  100%  extension  was  pos¬ 
sible.  Each  25.4  mm  (1  in.)  diameter  cord  was 
made  up  double  length  (2  strands  per  cord)  with 
cable  thimbles  in  an  eye-splice  installed  by 
the  cord  manufacturer.  The  cords  were  strung 
on  the  machine  frame  in  the  manner  shown  on 
Figure  3.  The  original  plan  was  to  measure  the 
load  on  each  cord,  as  stretched,  as  a  method  to 
control  performance  uniformity.  The  cord  end 
clevises  were  strain  gaged  for  that  purpose. 

The  exercise  routine  proved  to  be  adequate  how¬ 
ever  and  tha  cord  load  measurement  system  was 
abandoned. 

The  moving  impact  mass  picked  up  each 
double  bungee  strand  on  a  shoulder-shaped  steel 
structure  as  it  was  lifted  above  the  test  anvil. 
In  the  maximum  stretch  condition  (see  Figure  4) 
each  strand  was  pulling  downward  with  a  force  of 
454  Kg  (1000  lbs).  With  20  strands  installed  at 
full  extension  and  a  moving  mass  of  680  Kg 
(1500  lbs)  the  total  lift  was  over  9070  Kg 
(10  tons)  on  the  worst-case  drops.  With  forces 
like  this  around  we  had  to  be  very  strict  about 
safety  procedures  and  equipment.  We  were  very 
strict  and  no  technician  has  been  hurt  using  the 
test  equipment  to  date. 


With  the  available  ceiling  height  in  the 
selected  FIRL  high  bay  testing  area  and  the 
higher  velocities  needed,  it  was  tempting  to 
conduct  these  tests  at  an  outdoor  location.  As 
it  turned  out  we  would  have  been  outside  between 
November  and  May  in  an  extremely  bad  winter.  It 
would  certainly  have  been  a  problem. 

Some  form  of  velocity  boost  was  required; 


The  general  design  approach  used  simplified 
equations  relating  the  kinetic  energy  at  impact, 
the  potential  energy  of  elevation,  the  mass  of 
the  falling  object  and  the  energy  which  could  be 
stored  in  the  bungee  at  a  given  elevation.  The 
kinetic  enerc  term  was  an  input  for  each  test 
using  the  known  mass  and  the  desired  impact 
velocity.  The  spring  constant  of  the  bungee 
came  from  manufacturers  data;  with  Kg  known,  the 
energy  stored  was  a  second  power  term  in  drop 


a  review  of  available  methods  narrowed  quickly 
to  the  use  of  bungee  cord(s)  of  suitable  length. 
Some  apprehension  was  felt  concerning  the  number 
of  cords  which  would  be  required  for  the  larger 
masses  involved  and  for  the  repeatability  of  the 
bungee  performance.  The  program  required  +  5% 


height.  The  potential  energy  term  involved  the 
first  power  of  the  drop  height.  Each  case  in¬ 
volved  solution  of  a  simple  quadratic;  these  were 
run  off  on  a  programmable  hand  calculator.  Pre¬ 
liminary  selections  of  the  number  of  bungee 
strands  (groups  of  four  were  used  to  preserve 


•This  facility  is  used  normally  to  qualify  Nuclear  Power  Plant  hardware. 


RELAXED  CORD 


symmetry)  were  tested  on  paper  for  all  known 
cases;  nominal  drop  heights  were  computed. 
Tables  of  such  values  were  used  for  preliminary 
test  procedures.  In  some  actual  .vses,  the 
number  of  strands  had  to  be  increased  when  the 
available  drop  height  was  exhausted  without 
achieving  the  desired  velocity. 


MOVING  WEIGHTS 


It  was  apparent  from  the  beginning,  that  no 
single  moving  mass  structure  could  satisfy  the 
required  100:1  range  of  impact  weight.  We 
finally  settled  on  a  concept  of  three  structures 
to  cover  that  range;  one  of  them  was  a  part  of 
one  of  the  others.  These  structures  were  called 
"tups"  in  this  program. 


We  arrived  at  a  heavy  structure  which 
weighed  approximately  408  Kg  (500  lbs);  it 
could  be  loaded  with  a  family  of  weights  to  the 
maximum  required  value.  The  largest  weights 
weighed  227  Kg  (500  lbs)  which  further  aggra¬ 
vated  the  safety  situation.  All  such  weights 
were  fitted  with  threaded  lifting  eyes  to  per¬ 
mit  safe  easy  handling.  This  so-called  heavy 
tup  was  used  only  for  gravity  drops  down  to  its 
unloaded  weight  (see  Figure  5). 


For  the  medium  weights  and  for  all  high 
velocity  drops  the  so-called  light  tup  was  used. 
This  had  a  minimum  weight  of  approximately  245 
Kg  (540  lbs);  it  was  used  with  add-on  weights  to 
a  maximum  weight  of  1075  Kg  (2370  lbs).  While 
the  striker  face  on  the  heavy  tup  was  integral 
with  the  structure,  on  the  light  tup  It  had  a 
variety  of  forms.  In  most  cases,  it  consisted 
of  a  special  structural  item  bolted  to  the  bot¬ 
tom  of  the  tup  core  structure.  When  a  large 
number  of  weights  were  required,  the  striker 
could  be  changed  to  a  hardened  plate  fastened  to 
the  lowest  weight.  The  light  tup  is  shown  in 
one  of  its  configurations  in  Figure  6. 


All  weights  had  to  be  firmly  attached  to 
the  moving  mass  structures.  Each  of  the  larger 
weights  (see  Figure  5)  was  held  in  place  by 
2-1 -1/2"  d.  (3.81  cm)  steel  studs  passing  through 
the  weights  and  the  large  tup  structure.  A  cen¬ 
tral  network  of  reinforcing  mass  transmitted 
forces  from  these  weights  directly  to  the  impact 
surface.  Smaller  weights  were  held  in  place  by 
1  inch  diam.  (2.54  cm)  copscrews.  No  weights 
depended  on  bolt  tensions  for  the  transmission 
of  direct  impact  force.  All  fasteners  were 
torqued  in  place  with  oversize  adjustable 
wrenches  and  extension  handles.  Technicians  were 
selected  for  their  ability  to  cope  with  the 
physical  requirements  of  the  test  equipment. 


In  order  to  reach  the  lowest  required  weight 
it  was  necessary  to  use  a  carriage  which  was  too 
small  to  support  the  main  bearings.  In  those 
cases  the  so-called  slider  was  used.  This  was  a 
carriage  (Figure  7)  which  was  part  of  the  light 
tup  structure  at  release  but  which  separated 
from  the  1 ighl  tup  structure  prior  to  impact  on 
the  specimen.  The  light  tup  was  snubbed  to  a 
stop  for  this  condition  by  means  of  a  pair  of 


hydraulic  shock  absorbers  shown  in  Figure  7. 


MAIN  STRUCTURE 


In  order  to  perform  a  controlled  series  of 
tests  it  was  necessary  to  guide  the  moving 
weights.  It  was  also  necessary  to  provide  sup¬ 
port  for  the  bungee  cords,  the  instrumentation, 
etc.  Two  square-section  hollow  steel  columns 
were  erected  and  fastened  securely  within  the 
seismic  simulator  framework.  The  hollow  steel 
tubular  guide  rods  were  fastened  to  these 
columns  in  a  way  which  permitted  their  accurate, 
parallel  alignment.  Each  tup  was  used  as  an 
alignment  key  by  raising  it  to  a  number  of 
levels  above  the  anvil  and  checking  the  slope 
and  the  bearing  clearances.  Jackscrews  at  in¬ 
tervals  permitted  the  technicians  to  warp  the 
guide  rods  into  precise  alignment  for  minimum 
friction  along  their  length.  Additional  com¬ 
ments  on  the  guide  rod  bearings  are  given  in  the 
next  section. 


An  upper  structure  was  assembled  to  tie  the 
columns  together,  support  the  bungee  cords  and 
permit  entry  of  both  the  crane  hook/block  and  a 
purchased  quick  release  hook. 


Between  the  columns,  at  their  lower  end, 
was  a  base  (thick  steel  plate)  surmounted  by  an 
anvil  structure  (see  section  on  Instrumentation 
below). 


Near  the  lower  ends  of  the  columns,  bungee 
rollers  were  installed  as  well  as  a  sturdy  safety 
bar  which  did  not  permit  either  tup  to  strike 
the  anvil  when  work  was  going  on  at  the  base  of 
the  columns.  An  overall  view  of  the  machine 
structure  is  shown  as  Figure  8.  The  entire 
working  area  was  surrounded  with  a  safety  cage 
which  had  to  be  closed  prior  to  each  test  drop. 


TUP  BEARINGS 


Probably  more  design  time  was  spent  on  this 
detail  than  on  any  other.  We  were  concerned 
with  friction  drag,  on  the  one  hand  and  the  pros¬ 
pect  of  Inadequate  guidance  on  the  other.  Pres¬ 
sure  pad  bearings  were  considered  but  considera¬ 
tions  of  cost  and  delivery  caused  them  to  be 
dropped.  The  eventual  selection  was  four  plain 
sleeve  bearings,  each  one  of  which  covered  an 
arc  of  225°  around  the  guide  rod  perimeter.  The 
660  bronze  bushings  had  a  nominal  clearance  of 
0.0127  cm  (0.005  in.)  on  the  7.62  cm  (3  in.) 
diameter  guide  rods.  Two  kinds  of  alignment 
shims  were  used  for  basic  alignment.  For  the 
heavy  tup,  the  shims  on  one  guide  rod  were  elas¬ 
tic  material  set  up  so  that  a  slight  pressure 
was  exerted  on  the  other  guide  rod  at  all  times. 
This  worked  well  with  the  heavy  weights;  it 
would  not  have  been  acceptable  for  the  lighter 
tup.  For  that  structure,  rigid  shims  were  used; 
considerable  difficulty  was  experienced  In  set¬ 
ting  up  these  rigid  shims. 


The  bearings  were  oil  lubricated  in  the 
early  tests;  a  light  grease  was  used  for  the 
latter  tests.  Lubricant  was  renewed  on  the  basis 
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of  a  visual  inspection. 

MEASUREMENTS 

The  following  paragraphs  describe  briefly, 
each  of  the  parameters  which  were  measur'--)  and/ 
or  controlled  at  the  test  site.  Combine!  cis  of 
these  data  items  are  discussed  in  the  ne;!  sec¬ 
tion  on  Data  Processing. 

The  weight  of  each  impact  r  s  was  a  con¬ 
trolled  parameter.  Each  basic  tup  structure 
was  weighed  prior  to  assembly  on  the  machine. 

Each  tup  was  equipped  with  a  family  of  weighed 
and  marked  add-on  weights  in  standardized  values 
(500  lbs,  250  lbs,  100  lbs,  etc.);  fasteners  for 
these  weights  were  also  carefully  weighed.  It 
was  possible  to  obtain  any  required  weight  in 
this  manner.  Changing  weights  was  the  slowest 
step  in  the  testing  process,  therefore,  all 
tests  were  arranged  in  order  of  increasing 
weight  to  minimize  time  required  for  this  step. 
The  total  weights  were  known  to  within  less  than 
a  pound  when  normal  care  was  used  in  selection 
of  the  add-on  weights. 

The  velocity  at  impact  and  for  the  period 
of  time  imnediately  following  the  impact  was 
measured  directly.  Impact  velocity  was  measured 
directly  with  a  light  beam/photocell  arrangement 
interrupted  by  a  carefully  machined  grid.  A 
secondary  measurement  of  impact  velocity  was 
made  with  a  self -generating  linear  velocity 
transducer  (LVT).  This  secondary  transducer 
also  produced  a  velocity  vs.  time  record  through¬ 
out  the  impact  period.  The  long  magnetic  trans¬ 
ducer  core  was  installed  on  each  of  the  tups  in 
turn;  we  experienced  difficulty  with  these  LVT 
cores  and  with  the  LVDT  core  on  high  velocity 
tests. 

The  force  exerted  by  the  crushing  pipe  on 
its  support  was  measured  with  quartz  thrust 
washers  installed  under  the  anvil  block.  This 
provided  a  continuous  force  signal  throughout 
the  impact  period. 

The  displacement  of  the  tup  with  respect  to 
the  anvil  from  the  moment  of  initial  contact  was 
measured  with  a  linear  variable  differential 
transformer (LVDT).  The  transformer  core  was  in¬ 
stalled  on  each  of  the  tups  in  turn.  The  contact 
signal  was  provided  when  the  lower  tup  surface 
closed  the  circuit  between  two  parallel  aluminum 
foil  strips  fastened  to  the  top  of  each  specimen 
over  a  layer  of  double  surfaced  insulating  tape. 

The  magnetic  core  for  the  LVT  and  the  iron 
core  for  the  LVDT  presented  problems  (see  below) 
because  of  the  size  of  some  of  the  specimens. 

We  had  to  allow  for  measurements  on  speciments 
as  large  as  12  in.  diameter.  The  coils  for  these 
transducers  had  to  be  installed  in  deep  holes  in 
the  cement  block;  a  core  drill  was  used  to  make 
these  holes  at  the  time  of  machine  assembly. 

Each  coil  was  susoended  from  a  nylon  holder  which 
provided  a  funnel  shaped  entry  for  the  core. 
Alignment  of  the  cores  with  the  coil  entry  was 
checked  prior  to  each  drop.  The  foam  blocks 


which  were  used  to  decrease  lateral  vibration 
had  a  secondary  benefit  (see  below);  they  en¬ 
abled  the  technician  to  preposition  the  core 
tips  over  the  coils. 

Strain  gages  were  attached  to  each  specimen 
and  outputs  from  these  were  recorded  as  a  func¬ 
tion  of  time.  The  number  of  gages  varied  with 
the  type  of  specimens  used. 

During  the  early  tests,  temperature  of  the 
specimens  at  the  points  of  greatest  strain  was 
of  interest.  A  number  of  these  were  recorded 
as  a  function  of  time  for  these  tests.  Interest 
in  temperature  as  a  variable  reduced  based  on 
the  early  data. 

The  motion  of  the  foundation  biock  was  re¬ 
corded  as  a  displacement  vs.  time  signal  from 
an  LVDT  anchored  to  a  fixed  point. 

All  functions  were  recorded  directly  on 
magnetic  tape  with  an  accurate  time  base  signal. 
Special  event  signals  were  added  to  assist  the 
data  processing  system  in  handling  the  data  from 
a  given  test.  Special  data  sheets  were  used  to 
make  certain  that  all  keying  information  was 
written  down  by  the  technicians  at  the  time  of 
each  test. 

In  order  to  maintain  a  high  level  of  confi¬ 
dence  in  the  value  of  the  data  which  was  recorded 
on  tape,  a  quick-lock  playback  system  was  in¬ 
cluded.  Key  channels  (force,  time  base,  veloci¬ 
ty  and  displacement)  were  played  back  immediately 
following  each  test  on  a  multichannel  pen-motor 
recorder.  We  were  fooled  a  few  times  by  spuri¬ 
ous  high  frequency  noise  on  some  of  the  traces. 

In  general,  however,  results  accepted  on  the 
basis  of  the  quick-lock  examination  turned  out 
to  be  usable  data.  When  the  quick-lock  was  bad, 
in  most  cases  we  were  able  to  repeat  the  test 
immediately. 

SPECIMEN  HANDLING 

With  hundreds  of  specimens  on  hand  it  was 
essential  that  care  be  observed  in  their  handling 
and  processing.  These  were  no  ordinary  pieces 
of  pipe;  they  were  obtained  from  identifiable 
mill  runs  in  the  same  manner  as  all  nuclear  grade 
pipe.  They  were  most  carefully  cut  to  size  an.i 
cleaned  free  of  scale,  etc.  FIRL  personnel  set 
up  a  production  line  for  measurement,  cleaning, 
marking,  strain  gaging,  etc.,  of  each  specimen 
prior  to  the  tests.  A  form  of  bonded  stock  was 
set  up  and  one  man  had  the  responsibility  to 
account  for  each  specimen  at  any  time.  Photo¬ 
graphs  were  taken  before  and  after  each  test  and 
a  post  test  examination  was  mandatory  for  each 
specimen. 

DATA  PROCESSING 

The  data  processing  was  performed  on  a  small 
digital  computer  which  had  been  programmed  speci¬ 
fically  to  do  this  task.  Analog  tape  records 
were  fed  into  the  computer  along  with  key  data 
peculiar  to  that  test.  The  computer  digitized 


the  data  and  operated  on  it  in  that  form.  The 
final  product  from  each  test  was  in  "He  form  of 
detailed  computer-produced  listings,  a  specified 
number  of  X-Y  plots,  a  number  of  key  special 
parameters  and  digitized  data  tapes.  Filtering 
of  the  final  data  was  minimized  to  avoid  any 
loss  of  real  data.  As  a  result,  some  of  the 
traces  appear  to  be  noisy.  Finished  11"  x  17" 
plots  were  provided  of  the  following  types: 

Force  vs.  time 

Deformation  vs.  time 

Strain  vs.  time 

Force  vs.  deformation 

Strain  vs.  deformation 

Strain  rate  vs.  deformation 

Samples  of  some  of  these  plots  are  shown  as 
Figures  9  to  13.  Figure  9  is  the  digitized 
force  vs.  time  plot  produced  on  the  computer. 
Figure  10  is  a  similar  plot  of  deformation  vs. 
time  for  the  same  test.  Figure  11  is  the  cross 
plot  of  force  vs.  deformation  of  that  data. 

Figure  12  is  a  typical  analog  trace  forshortened 
to  include  the  full  record.  Figures  9-11  show 
only  the  Initial  pulse.  Figure  13  is  a  digital 
playback  on  a  strip  chart  recorder  of  the  key 
variables. 

The  computer  determined  the  impact  energy 
from  the  impact  velocity  and  the  tup  weight. 

It  compared  this  figure  with  the  area  under  the 
force  vs.  deformation  curve  and  computed  the 
perceit  discrepancy.  The  computer  compared  the 
tup  impact  momentum  with  the  area  under  the 
force  vs.  time  curve  for  the  duration  of  the 
crush  and  computed  percent  discrepancy.  The 
comparison  was  also  made  between  the  maximum 
deformation  given  by  LVDT  data  and  the  final 
measured  specimen  height.  It  was  also  possible 
to  check  displacement  against  the  integral  of 
velocity  vs.  time.  Differences  in  these  para¬ 
meters  were  monitored  to  detect  problems  with 
the  equipment/instrumencation  before  they  became 
serious.  The  digital  tapes  which  were  obtained 
during  the  processing  were  supplied  to  the  client 
for  his  use  in  further  treatment  of  the  data. 

CALIBRATION 

Force  calibration  was  accomplished  by  re¬ 
ferencing  the  quartz  washers  against  a  calibra¬ 
ted  static  test  machine. 

Displacement  calibrations  were  performed 
before  every  test  using  measured  blocks  under 
the  tup  resting  on  the  anvil. 

The  light  grid  velocity  sensor  was  as  good 
as  the  time  base  signal.  The  LVT  sensor  was 
calibrated  against  the  grid  sensor. 

Strain  gage  bridges  were  calibrated  with 
shunt  resistors  on  the  tape  prior  to  each  test. 

The  basic  approach  to  calibration  involved 
a  tri- level  schtuule.  The  most  complete  and 
accurate  calibrations  were  performed  at  least 
every  three  months  (sometimes  more  often  if  an 


item  became  suspect  as  a  result  of  key  parameter 
shift).  Some  items  were  recalibrated  at  the 
start  of  every  test  day.  The  LVDT,  for  example, 
was  calibrated  over  its  full  range  daily  to 
nake  certain  that  no  sublety  caused  us  to  lose 
valuable  data.  Immediately  prior  to  every  test 
single  point  calibrations  were  performed  on  the 
taoe.  These  were  electrical  signals  comparable 
to  values  of  force,  velocity,  etc.  Every  test 
had  a  mechanical  spacer  type  displacement  cali¬ 
bration  at  2  points  which  spanned  the  expected 
specimen  deformation.  Figure  14  shows  a  sum¬ 
mary  of  all  of  the  test  drops  plotted  in  terms 
of  the  nominal  goal  impact  velocity  and  the 
measured  impact  velocity  error.  The  overall 
average  velocity  error  was  4.55%.  Points  on 
the  figure  represents  the  average  error  of  the 
tests  performed  at  that  nominal  velocity  va^ue. 

PROBLEMS 

In  spite  of  all  the  excellent  planning  and 
the  built-in  checks  a  minor  number  of  tests  had 
to  be  rerun.  Some  of  the  causes  may  be  of  in¬ 
terest  as  well  as  the  adopted  solutions. 

Deformation  and  velocity  were  recorded  as 
a  function  of  time  using  sensors  of  an  inductive 
type.  The  deformation  sensor  was  a  linear  vari¬ 
able  differential  transformer  with  the  coil  sup¬ 
ported  solidly  in  the  anvil  plate  and  the  iron 
core,  rod  suspended  from  the  moving  tup.  The 
velocity  sensor  was  similar  except  that  the  core 
was  a  permanent  magnet.  These  cores  were 
fastened  on  the  end  of  6.35  mm  (1/4  in.)  dia¬ 
meter  aluminum  rods;  the  total  length  of  the 
rod/core  combinations  was  of  the  order  of  61  cm 
(24  in.).  As  the  test  velocities  increased 
these  long  thin  structures  became  a  cause  for 
concern.  The  retention  system  for  the  LVT  mag¬ 
net  had  to  be  revised;  the  original  swaged  tube 
proved  itself  to  be  completely  unsatisfactory. 
The  Mder  mode  of  operation  introduced  a  minor 
lateral  motion  of  the  tup  which  res jl ted  in  ap¬ 
preciable  vibration  of  the  free  end  of  the  rods. 
The  amplitude  of  this  vibration  exceeded  the 
capability  of  the  coil  entrance  funnels;  several 
tests  were  lost.  Tne  correction  proved  itself 
to  be  simple;  two  rods  were  tied  together  with  a 
foam  spacer  shaped  as  shown  in  Figure  1c.  The 
foam  disintegrated  on  impact  causing  no  affect 
on  the  test  itself.  This  measure  was  effective 
in  every  case  where  it  was  used;  it  was  recom¬ 
mended  by  one  of  the  FIRL  technicians  who  opera¬ 
ted  the  drop  test  machine. 

The  analog  quick-lock  capability,  which  was 
used  for  these  tests,  was  based  on  a  compara¬ 
tively  low  frequency  response  penmeter  type 
stripchart  recordi.'.  In  nearly  all  instances 
this  was  an  acceptable  system;  i.e. ,  bad  tests 
were  detecteo  prior  to  entering  the  processing 
mill  and  good  tests  were  verified.  In  a  fee 
cases  high  frequency  noise,  on  the  records,  was 
not  seen  on  the  stripchart  playback.  This  tame 
noise  played  havoc  with  the  digital  processing 
system.  In  future  tests  of  this  type  we  will 
use  the  computer  for  the  quick-lock  and  use  it 
on-line  full  time  for  the  test,  program. 


Figure  15.  Bungee-Accelerated  Light  Tup  with  Slider  Showing 
Styrofoam  X  in  Place  on  LVT  and  LVDT  Rods 


Original  planning  for  this  program  assumed  same 
amount  of  computer  time-sharing  but  that  proved 
itself  to  be  impractical. 

We  experienced  a  number  of  analog  tape  re¬ 
corder  problems,  probably  at  least  one  instance 
of  every  conceivable  type  of  such  a  problem. 

More  time  was  lost  because  of  these  problems 
than  any  other  factor.  In  the  future  we  plan 
to  process  on-line  and  record  only  the  digital 
information.  The  traffic  in  analog  tapes,  play¬ 
backs,  etc.,  caused  more  problems  than  it  solved. 


APPENDIX  A 

MACHINE  PERFORMANCE  EQUATIONS 
Section  5.3  of  Ref.  1)* 


Calibration  tests  v.'re  performed  without 
bungee  to  determine  the  additional  drop  height, 
«hf,  to  be  added  to  the  theoretical  value  to  a- 
chieve  a  desired  ii.;?'Ct  velocity,  V.  An  addi¬ 
tional  drop  height,  «hr,  war  also  determined  by 
calculation,  to  allow  for  movement  of  the  reac¬ 
tion  mass.  The  travel  distance  before  "contact" 
for  a  gravity  drop  after  tup  release  is  h-D, 
where  h  is  the  height  of  the  tup  face  above  the 
anvil  and  D  is  the  specimen  diameter.  If  ht  is 
the  theoretical  free-fall  distance  for  a  fric¬ 
tionless  drop  with  inmovable  reaction  mass 

h  =  h*.  +  D  +  6hf  +  6h_ 
c  r  r 


where 

ht  =  V2/2g 

Calibration  tests  were  also  performed  with  bun¬ 
gee  to  determine  the  value  of  h  required  to  a- 
chieve  a  desired  impact  velocity  (see  below). 

DETERMINATION  OF  6hf 

It  was  assumed  that  friction  was  due  mainly 
to  viscous  drag  in  the  bearing  lubricant,  so  that 
friction  force  was  proportional  to  instantaneous 
velocity.  The  energy  consumed  by  friction  was, 
therefore: 


W  hf  =  Const  x  v  dy 
T  Jo 

where  v(y)  is  approximated  by  its  value  for 
frictionless  fall  through  distance  y: 

v  -  ?2gy 

Therefore,  hf  is  proportional  to  l/(wh^2). 
1/2 

Since  ly  is  proportional  to  V, 

$ 

hf  1  Const  x  g — y- 


The  empirical  value  of  the  constant  was  found  to 
be  approximately  900. 


*These  equations  were  developed  by  Dr.  G.P.  Wachtell. 


DETERMINATION  OF  6hr 

Since  W  «  W  ,  where  W  =  tup  weight  and 
Wr  =  reaction  mass  weight  (concrete  block),  the 
velocity  after  impact  is  approximately  (by  con¬ 
versation  of  momentum) 

vr  =  v  w/wr 

where  Vr  is  the  velocity  common  to  the  tup  and 
reaction  mass  after  impact.  The  kinetic  energy 
that  remains  is  appro'.'  lately 

Wr  Vr  .  W  WV2 
2g  Wr  2g 

This  represents  an  additional  energy  with  which 
the  tup  should  impact  the  specimen  in  order  to 
deliver  the  desired  energy  to  the  specimen. 

Thi s  1  .ads  to 


This  is  a  minor  correction.  Consequently,  in 
calculating  6hr,  no  correction  was  applied  to 
Wr  for  the  effect  of  rotation  in  reducing  the 
effective  value  of  the  reaction  mass.  (Rotation 
occurs  because  the  dynamic  test  machine  was  not 
located  directly  over  the  center  of  mass  of  the 
concrete  block).  That  is,  the  value  used  for 
Wr  was  the  weight  of  the  concrete  block  160,000 
pounds.  Thus,  the  final  height  equation  was: 


h  =  ht 


900  h2  W  ht 
WtV  +  160,000 


where  h,  ht  and  D  are  in  feet,  W  is  in  pounds, 
and  V  is  in  fps. 

It  was  possible  to  keep  impact  velocities 
within  5%  of  the  nominal  values  by  means  of  this 
equation.  It  was  applied  in  all  gravity  drop 
tests. 


CALIBRATION  TESTS  WITH  BUNGEE 


These  calibration  tests  were  performed  with 
four  bungee  cords  (the  minimum  number,  since  the 
number  of  cords  is  a  multiple  of  4).  To  simpli¬ 
fy  the  allowance  for  friction  (which  was  expected 
to  be  negligible)  it  was  assumed  that  friction 
force  was  constant  (rather  than  proportional  to 
v).  The  energy  released  by  the  bungee  cord  was 
approximated  as  being  proportional  to  hg,  where 
hg  is  the  drop  height,  h-D.  This  is  an  approxi¬ 
mate  assumption  rather  than  a  theoretically  ac¬ 
curate  one  for  two  reasons: 


1.  hg  depends  on  D.  Furthermore,  the  bun¬ 
gee  cord  is  completely  relaxed  when  the 
bungee  guide  is  low  enough  to  be  disen¬ 
gaged  from  the  bungee. 


2.  Although  the  bungee  force  is  quite  ac¬ 
curately  proportional  to  the  distance 
by  which  the  cord  is  stretched,  this 
stretching  is  not  proportional  to  hg 
as  the  bungee  is  stretched  from  a  "0" 
shape  (small  hg)  to  a  "W"  shape 
(large  hg). 

The  approximation  is  satisfactory,  however, 
because  the  number  of  cords  was  kept  small 
enough  so  that  hg  was  fairly  large. 

With  these  assumptions, 

^  V2  «  Whg  +  NLb  hg  -  Fhd 

where  N  is  an  integer  equal  to  one  fourth  the 
number  of  bungee  cords  and  Cb  and  F  are  constants. 

Empirically,  it  was  found  that  Cb  =  73.6 
and  F  =  0.  Solving  for  hg  leads  to: 

h  -  0  =  hd  =  T4t72“N  t  1  +  4.57  NV2/W  -  1] 

This  equation  was  used  to  determine  where  to 
position  the  tup  for  each  dynamic  test  in  which 
bungee  cords  were  used.  In  using  this  equation 
with  the  slider,  W  was  taken  to  be  the  sum  of 
the  tup  weight  and  carriage  weight,  rather  than 
the  tup  weight  alone,  and  the  gravitational  ef¬ 
fect  in  further  accelerating  the  tup  after  the 
carriage  contacted  the  shock  absorbers  was  ne¬ 
glected.  The  5%  allowable  velocity  error  (from 
nominal  value)  was  not  exceeded  in  normal  use 
of  this  equation. 
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Two  new  solutions  are  presented.  One  presents  a  nondimensionalized 
solution  for  estimating  the  specific  inpulse  imparted  to  flat  surfaces, 
cylindrically  shaped  bodies,  and  spherically  shaped  objects  in  the  vicinity 
of  cylindrical  explosive  charges.  The  second  solution  shows  how  to  esti¬ 
mate  the  velocity  of  fragments  which  had  been  constrained  cantilever  and 
clamped-clamped  beams  of  any  material  and  cross-sectional  area  by  accounting 
for  the  structural  strain  energy  associated  with  fracturing  these  structural 
components  at  their  supports. 

The  applied  specific  inpulse  solution  from  the  detonation  of  line  sources 
is  obtained  by  performing  a  model  analysis,  and  curve  fitting  the  resulting 
pi  terms  to  experimental  test  data.  Forty-eight  tests  on  a  variety  of  spheres 
and  cylinders  with  different  orientations,  various  amounts  of  explosive,  and 
numerous  standoff  distances  were  subjected  to  blast  waves  from  line  sources 
and  had  the  impulse  imparted  to  the  object  determined  by  measuring  velocities. 

Fragment  velocities  for  objects  which  had  originally  been  constrained  as 
cantilever  or  clamped-clamped  beams  were  obtained  by  modifying  the  impulse- 
momentum  relationship  used  in  velocity  predictions  for  unconstrained  frag¬ 
ments.  Use  of  approximate  analytical  energy  solutions  for  various  modes 
of  failure  in  brittle  as  well  as  ductile  materials  indicated  that  the  im¬ 
pulse  term  could  be  reduced  by  the  square  root  of  a  structural  strain  energy 
related  to  toughness  (area  under  the  true  stress-strain  curve)  and  fragment 
volume.  Sixty  observed  velocities  on  1020  steel,  1095  steel,  and  2024-T3 
aluminum  beams  of  different  sizes  and  with  various  applied  specific  im¬ 
pulses  were  used  to  complete  empirically  this  second  solution  and  demon- 
strate  it3  validity. _ 


INTRODUCTION 

The  velocity  of  an  unconstrained  secondary 
fragment  i3  estimated  by  applying  the  conserva¬ 
tion  of  line  ir  momentum  principle.  The  impulse 
imparted  to  the  potential  fragment  by  an  explo¬ 
sive  detonation  is  computed,  and  the  velocity 
is  obtained  by  dividing  this  impulse  by  the 
fragment  mass.  Such  an  approach  assumes  that 
the  object,  which  is  about  to  become  a  frag¬ 
ment,  is  unconstrained  or  free-standing.  In 
reality,  most  secondary  fragments  attain  a  much 
lower  velocity  because  of  the  energy  that  must 
be  consumed  in  fracturing  the  supports. 

The  purpose  of  this  paper  is  to  present 
approximate  engineering  procedures  for  estima¬ 
ting  secondary  fragment  velocities  when  con¬ 
strained  objects  are  exposed  to  explosive 
detonations.  To  do  this,  the  problem  is  divi- 
ujd  into  two  parts — the  first  for  estimating 


the  specific  impulse  imparted  to  flat,  cylindri¬ 
cal,  or  spherical  secondary  fragments  in  the 
vicinity  of  cylindrical  explosive  charges;  and 
the  second  for  estimating  the  velocity  of  con¬ 
strained  beams  of  any  material  and  cross- 
sectional  area  which  could  become  secondary 
fragments  because  of  this  impulsive  load. 

A  combined  theoretical  and  experimental 
program  was  conducted  which  led  to  Equation  (1) 
for  estimating  the  specific  impulse  imparted  to 
a  target  by  the  detonation  of  a  line  explosive 
source,  and  Equation  (2)  for  estimating  the 
velocity  of  constrained  cantilever  beam-like 
fragments  loaded  by  a  uniform  inpulse. 
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where 


i  =  specific  impulse  (N  -  S/M  ) 

=  radius  explosive  (M) 

1  =  length  of  explosive  (M) 

i  Rs  =  radius  of  fragment  (M) 

R  =  standoff  distance  (M) 

Y  =  target  shape  factor  (1.0  for  flat 
surfaces,  ji/4  for  cylinders,  and 
2/3  for  spheres) 


for 


603  (2-a) 


V  =  0 
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for 


ib  /  i  \°*3 


0.603  (2-b) 


where 

V  =  fragment  velocity  (M/S) 

3 

pg  =  fragment  mass  density  (KG/M  ) 

T  =  toughness  of  fragment  material  (Pa) 
b  =  loaded  width  of  beam  (M) 
l  =  length  of  beam  (M) 

2 

A  =  cross  sectional  area  of  beam  (M  ) 

2 

i  =  specific  impulse  (N  -  S/M  ) 

These  equations  work  for  cantilever  beams 
of  any  material  and  any  cross-sectional  area. 
To  estimate  the  velocity,  the  specific  impulse 
i  imparted  to  the  beam  is  estimated  from  the 


standoff  distance  and  line  charge  geometry  using 
Equation  ( 1 ) .  Substituting  this  impulse ,  beam 
properties,  and  beam  geometry  into  Equation  (2) 
gives  the  fragment  velocity.  If  the  quantity 
(ib A/b  TA)  (St/b/j)  *  is  less  than  0.603,  the 
fragment  will  not  break  free;  hence,  its  velocity 
is  zero. 

An  equation  similar  in  format  to  Equation 
(2) ,  but  with  different  coefficients  for  slope 
and  intercept,  can  also  be  used  for  beams  with 
other  boundary  or  support  conditions.  Although 
a  large  quantity  of  data  is  not  yet  available 
to  demonstrate  this  observation,  enough  data 
exist  on  clamped-clamped  beams  to  show  that  the 
coefficients  -0.6498  instead  of  -0.2369  and 
0.4358  instead  of  0.3931  work  better  for  this 
boundary  condition. 

This  paper  proceeds  by  describing  Equations 
(1)  and  (2)  in  greater  detail,  showing  how  these 
equations  compare  with  test  results,  and  pre¬ 
senting  derivations. 

Cantilever  Beam  Fragment  Velocities 

Constrained  secondary  fragments  will  have 
some  velocity  less  than  unconstrained  ones  when 
loaded  by  a  close-in  explosive  detonation.  To 
measure  velocities  experimentally  for  a  variety 
of  cantilever  beam  fragments,  technicians  placed 
various  size  fragments  near  line  explosive 
charges.  All  fragments  were  aligned  parallel  to 
the  explosive  source,  and  the  majority  of  the 
fragments  were  cylinders  with  a  diameter  of 
3.17  mm.  Most  of  these  cylindrical  beams  were 
made  of  either* 1020  or  1095  steel.  Their  length 
to  radius  ratios  varied  from  6  to  12  to  18. 

The  explosive  charges  were  usually  0.1016  m  in 
diameter  although  some  were  0.0508  and  others 
0.0762  m  in  diameter  so  a  variation  would  occur 
in  size  of  charge  relative  to  size  of  specimen. 
Standoff  distance  from  the  center  of  the  charge 
to  the  target  varied  from  0.086  to  0.350  meters 
so  a  variety  of  fragment  velocities  would  be 
obtained.  A  limited  number  of  additional  tests 
were  also  conducted  using  cylindrical  beams  of 
2024-T3  aluminum  and  1095  steel  beams  with 
square  2.5  by  2.5  mm  cross-sections. 

The  important  conclusion  to  be  drawn  from 
this  test  data  is  that  the  quantity  can 

be  plotted  as  a  function  of  (ib/JiT/So  (l/b/)0'3. 

Figure  1  is  this  plot  for  53  cantilever  beam 
data  points.  For  convenience,  all  1095  steel 
beams  are  plotted  as  triangles,  all  1020  beams 
are  plotted  as  squares,  and  all  2024-T3  beams 
are  plotted  with  an  X.  If  the  symbol  is  not 
shaded  in,  the  t/t,  2  ratio  equaled  6;  if  par¬ 
tially  shaded,  the  f/b/2  ratio  equaled  12;  and 
if  completely  colored  in,  the  £/b/2  ratio 

equaled  18.  All  tests  have  a  shape  factor  for 
a  cylinder  of  ir/4;  except  for  the  1095  square 
cross-section  beams  which  have  a  shape  factor  of 
1.0,  and  a  triangular  symbol  pointing  to  the 
right. 
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Although  scatter  occurs,  the  experimental 
data  appears  to  follow  a  straight  line  on  this 
plot  of  scaled  velocity  ^p^V/^T  versus  scaled 

applied  impulse  (ib/^p^TA) (i/b/2)0*3.  The  im¬ 
plications  of  this  observation  are  that  a  con¬ 
servation  of  linear  momentum  law  is  being  fol¬ 
lowed  by  these  test  results. 

Many  data  points  are  presented  with  a 
scaled  velocity  Vp^V/^t" of  either  0  to  0.1.  The 
velocities  of  these  fragments  were  not  measured 
in  experiments;  this  data  comes  from  threshold 
experiments  to  determine  what  impulse  will  just 
cause  fracture  of  the  support.  If  the  support 
does  not  break,  these  fragments  are  plotted  as 
having  a  velocity  of  0,  and  if  the  support 
breaks,  it  is  plotted  au  a  small  unmeasured 
finite  scaled  velocity of  0.1. 

The  nondimensional  ratios,  or  pi  terms,  in 
Figure  1  have  physical  significance.  This  sig¬ 
nificance  is  better  understood  if  we  ignore  the 
modification  made  by  the  geometric  ratio 
(i/b.  )0.3  in  the  abscissa  to  Figure  1.  This 
7  2 

term  only  makes  small  changes  which  we  believe 
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Fig.  1  -  Scaled  fragment  veil 


are  caused  by  biaxial  states  of  stress  in  short 
specimens.  If  the  abscissa  is  squared  and  mul¬ 
tiplied  plus  divided  by  i2,  a  quantity  can  be 
obtained  which  is  given  by  (i2b2v-/psAi)/(TAil)  • 
The  numerator  of  this  quantity  is  the  time 
equals  "zero  plus"  kinetic  energy  attained  by 
the  beam  from  the  explosive  source.  This  kine¬ 
tic  energy  goes  mto  strain  energy  at  rupture, 
and  kinetic  energy  of  the  result i-g  fragment. 

The  denominator  of  the  abscissa  (TAi)  is  related 
to  the  structural  strain  energy  at  fracture. 

Hence  the  ratio  (i2b2f2/psAJl)/(TAi)  represents 
the  initial  kinetic  energy  imparted  to  the  struc¬ 
ture  by  the  blast  source  divided  by  the  strain 
energy  in  the  structure  at  fracture. 

If  the  ordinate  to  Figure  1  is  squared  and 
multiplied  plus  divided  by  Ai,  a  ratio  is  ob¬ 
tained  that  is  given  by  psA&V2/TAf.  The  numer¬ 
ator  of  this  second  ratio  is  the  kinetic  energy 
in  the  resulting  fragment,  and  the  denominator 
is  once  again  the  strain  energy  in  the  beam  at 
fracture.  These  observations  show  that  the 
solution  which  has  been  developed  represents 
energy  ratios  relating:  (1)  the  energy  imparted 
to  the  beam  to  strain  energy,  and  (2)  the  kinetic 
energy  of  the  fragment  to  strain  energy. 


do  exist  on  clamped-clamped  beams  suggest  the  use 
of  the  same  analysis  when  the  coefficients  are 
changed. 


It  is  interesting  to  study  the  limits  given 
by  equation  for  the  line  in  Figure  1 .  This 
equation  was  presented  in  the  introduction  as 
Equation(2).  Very  small  yet  finite  values  of 
scaled  velocity,  settingy'p^V.V^  equal  to  zero, 
yield  the  nondimensionalizea  impulse  for  just 
fracturing  the  specimen. 


(scaled  impulse  to  just  fracture) 

This  ratio  relates  the  energy  imparted  to  the 
beam  to  the  strain  energy  to  fracture,  and  is 
independent  of  fragment  kinetic  energy  as  it 
should  be. 


Figure  2  is  the  plot  of  scaled  fragment 
velocity  ^P^V/^T  versus  scaled  applied  specific 

impulse  (ib^pgTX)  (Vb/2)0-3  for  clamped- 

clamped  beams.  The  number  of  data  points  is  not 
as  numerous;  however,  the  functional  format  of 
the  solution  is  precisely  the  same  as  for  canti¬ 
lever  beams.  Test  conditions  are  similar  to 
those  in  the  cantilever  beam  experiments  except 
for  the  additional  support  and  closer  standoff 
distances  needed  to  fracture  specimens.  All 
tests  were  on  cylindrical  specimens  of  either 
1020  or  1095  steel,  and  of  a  length  to  radius 
ratio  of  either  6  or  18. 


The  other  limit  to  Equation  (2)  is  for 
very  large  values  of  scaled  impulse.  Under 
these  conditions  the  coefficient  0.2369  be¬ 
comes  insignificant  and  we  obtain 


0.3931 


(4) 


(scaled  velocity  for  very  large  impulses) 


This  asymptote,  if  we  ignore  the  geometric 
ratio  (b/2/I)°-3,  is  a  statement  of  impulse- 

momentum.  The  limit  is  independent  of  struc¬ 
tural  strain  energy  as  it  should  be  with  most 
of  the  applied  energy  going  into  the  kinetic 
energy  of  the  fragment. 


Because  both  asymptotes  approach  reasonable 
values,  this  graphical  solution  increases  in 
credibility.  The  major  difficulty  that  will  be 
encountered  in  using  this  solution  is  speci¬ 
fying  the  toughness  of  the  beam  material. 
Toughness  as  used  in  this  paper  is  the  classi¬ 
cal  definition  of  area  under  the  true  stress 
versus  the  true  strain  curve  for  tensile 
specimens  taken  to  fracture.  Toughness  mea¬ 
surements  made  in  this  manner  only  crudely 
correlate  with  Izod  or  Charpy  measurements  or 
engineering  stress-strain  curves.  The  one 
helpful  fact  is  that  fragment  velocity  is  not 
a  very  sensitive  function  of  material  toughness. 
At  very  low  velocities,  the  velocity  is  pro¬ 
portional  to  the  square  root  of  toughness  and 
at  high  velocities  the  velocity  is  independent 
of  toughness.  These  observations  show  that 
some  error  in  knowing  toughness  can  be  toler¬ 
ated  and  reasonable  answers  will  still  follow. 


Constrained  Beam  With  Other  Boundary  Conditions 


Not  all  potential  secondary  fragments  have 
cantilever  supports.  Other  "beam-like"  frag¬ 
ments  can  have  simple  supports  or  clamped- 
clamped  supports  as  possible  boundary  condi¬ 
tions.  Little  data  are  available  on  either  of 
these  two  conditions;  however,  the  data  which 


Fig.  2  -  Scaled  fragment  velocities  for 
constrained  clamped-clamped 
fragments 


A  straight  line  curve-fitted  to  these  frag¬ 
ment  velocities  from  clamped-clamped  beams  is 
given  by: 


The  same  qualitative  observations  made  about  the 
limits  for  this  clamped-clamped  beam  solution 
apply  as  in  the  case  of  cantilever  beams. 


No  solution  is  presented  for  simply- 
supported  beams  or  beams  with  other  support 
conditions  because  the  data  are  not  available. 
We  believe  that  the  same  format  could  be  used, 
and  that  a  solution  is  possible  when  the  data 
become  available. 


ecific  Acquired  Impulse 


A  generalized  solution  for  determining  the 
impulse  per  unit  projected  target  area  imparted 
to  spheres,  right  circular  cylinders,  and  flat 


objects  exposed  to  a  detonating  line  explosive 
sources  wa3  developed  using  similitude  theojy , 
experimental  test  data,  and  empirical  observa¬ 
tions.  The  solution  considers  a  long  cylindri¬ 
cal  line  explosive  source  of  length  4e,  radius 
Re,  and  energy  per  unit  volume  e.  If  this 
charge  is  detonated  instantaneously,  a  shock 
wave  must  be  propagated  through  an  atmosphere 
defined  by  its  mass  density  pQ,  scnic  velocity 
c0,  and  ambient  atmospheric  pressure  p0.  Be¬ 
cause  secondary  fragment  velocities  depend  upon 
the  specific  impulse  imparted  to  the  fragments 
per  unit  projected  area,  we  determine  the 
specific  impulse  i  that  would  be  imparted  to  an 
infinitely  large  flat  plate  struck  nead-on. 

This  impulse,  termed  specific  acquired  impulse, 
can  depend  upon  fragment  geometry  and  orienta¬ 
tion.  To  make  a  complete  definition,  we 
assumed  that  the  fragment  geometry  could  be 
defined  by  two  parameters,  such  as  the  radius 
Rs  and  length  is  in  the  case  of  a  cylinder.  In 
addition,  the  impulse  imparted  to  the  fragment 
depends  on  a  nondimensional  shape  factor  Y  which 
accounts  for  its  orientation  as  well  as  geometry. 

Eleven  different  parameters  have  been  used 
to  determine  specific  acquired  impulse.  In 
functional  format  these  parameters  are  given  by 
Equation  (6) . 
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(6) 


This  eleven  parameter  space  of  dimensional 
parameters  can  be  reduced  to  an  eight  parameter 
space  of  nondimensional  numbers  by  conducting  a 
model  analysis.  Results  from  thi3  analysis  are 
given  by: 
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To  simplify  this  solution  further,  we 
wrote  a  dimensional  version  of  the  dimension¬ 
less  Equation  (7) .  This  can  be  accomplished  by 
recognizing  that  many  parameters  are  essentially 
invariant  and  can  be  treated  as  constants.  The. 
atmospheric  conditions  p  ,  c  ,  and  p  ,  for  ex¬ 
ample,  are  under  ambient  sea°level  conditions 
with  sufficient  small  variation  to  treat  each 
as  a  constant.  In  addition,  all  chemical  ex¬ 
plosives  have  an  energy  per  unit  volume  e 
whic!  is  almost  a  constant,  8  x  10+^n/m^ . 
Treating  these  four  parameters  as  constant 
reduces  the  eight  parameter  space  given  in 
Equation  (7)  to  a  six  parameter  space  of 
dimensional  numbers. 
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Further  reduction  of  Equation  (8)  was  ob¬ 
tained  by  applying  empirical  observations.  Two 
of  the  parameters  in  Equation  (8) ,  i/Re  and  Y» 
can  be  combined  to  form  t/YRe  from  our  definition 
of  the  shape  factor.  The  shape  factor  y  is  that 
numerical  constant  which  is  needed  to  relate  im¬ 
pulse  imparted  to  a  cylinder,  impulse  imparted 


to  a  sphere,  or  impulse  imparted  to  any  shape 
fragment  to  that  impulse  which  would  be  imparted 
to  a  flat  surface,  y  “  1 •  Thus  by  definition, 
Equation  (9)  can  be  written  from  Equation  (8) . 


Of  the  parameters  in  Equation  (9) ,  the  main 
two  are  the  scaled  impulse  i/YRe  ana  the  scaled 
standoff  distance  R/Rg.  The  other  three  parame¬ 
ters  (R  /R  ,  4  /R  ,  and  4-/R  )  are  geometric 
s  e  e  e  B  e 

aspect  ratios  which  usually  are  secondary  effects 
If  the  fragment  is  always  aligned  parallel  to 
the  line  charge  and  the  line  charge  is  larger 
than  the  fragment,  the  scaled  length  of  frag¬ 
ment  4  /R  should  not  enter  the  problem.  Exper- 

S  6 

imental  test  results  on  spheres  and  cylinders 
substantiated  this  observation.  The  functional 
relationship  which  was  curve-fitted  to  test  re¬ 
sults  is  given  by  Equation  (10)  which  ass  .tes 
that  fg/Re  f-s  insignificant. 

i  [r_  ^s  V]  (10) 

YR  ‘  R  ’  R  '  R 
1  e  [  e  e  ej 


Experimental  model  test3  were  conducted  in 
which  small  spheres  and  cylinders  were  placed  at 
various  standoff  distances  from  the  center  line 
of  various  size  cylindrical  explosive  Comp  B 
charges.  All  cylinders  and  spheres  in  these 
tests  were  unconstrained.  Basically,  the  test 
procedure  was  to  detonate  a  cylindrical  explo¬ 
sive  charge  and  measure  the  resulting  velocity 
imparted  to  these  unconstrained  fragments. 
Cylinders  were  oriented  with  this  axis  parallel 
to  a  line  radiating  from  the  explosive  as  in 
Figure  3-a,  in  which  case  a  flat  target  surface 
was  exposed  and  the  s1-  ~>e  factor  y  equals  1.0. 

In  addition,  other  uers  were  oriented  with 

their  axis  perpendio.  to  line  radiating 
from  the  charge  as  in  Figure  3-b,  in  which  case 
the  shape  factor  Y  equals  ir/4.  The  other  un¬ 
constrained  targets  were  spheres  as  in  Figure 
3-c  which  have  a  shape  factor  Y  of  2/3.  These 
shape  factors  can  all  be  calculated  analytically 
although  this  calculation  will  not  be  made  in 
this  paper.  The  velocities  of  the  fragments 
were  all  measured  using  sequential  flash  x-rays. 
By  using  conservation  of  momentum,  the  average 
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Fig.  3  -  Target  orientation  for 
unconstrained  tests 
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applied  specific  impulse  is  obtained  from  the 
fragment  mass  M,  projected  area  Ag,  and  mea¬ 
sured  velocity  V.  This  applied  specific 
impulse  i  equals  MV/A-Y- 


The  solution  was  completed  empirically  by 
first  plotting  the  two  principle  terms,  i/yRg 
and  R/Re,  versus  each  other  while  different 
symbols  were  used  for  various  quantities  Rg/Rs 
and  £e/Re.  Such  a  plot  indicated  the  existence 
of  two  different  regions  to  the  solution  for 
values  of  R/Ra  either  greater  or  less  than  5.25. 
A  systematic  trend  also  indicated  that  although 
Rq/Rs  and  ie/^e  had  a  weak  influence  on  scaled 
impulse  i/yRe>  large  values  of  Re/Rs  and 
smaller  values  of  £e/R0  had  smaller  scaled  im¬ 
pulses  i/yRe  for  almost  constant  values  of 
scaled  standoff  distance  R/Re.  These  observa¬ 
tions  suggested  that  for  each  of  the  two  R/Re 
domains,  the  scaled  standoff  distance  could  be 
related  to  the  scaled  ingsulse  i/yRe,  scaled 
charge  aspect  ratio  fe/Re,  and  scaled  radii 
ratio  Re/Rg  through  a  log  linear  approximation. 
After  performing  a  least  squares  analysis  to 
obtain  the  coefficients  and  exponents  in  each 
of  the  R/Re  realms,  we  found  that  in  both 
domains  the  terns  i/yRe,  le/R^,  and  Re/Rs 
could  be  combined  to  approximately  form  the 
quantity  U/yRg)  (Rfl  / R s) °- lS8(Re/ie) °- 333. 

The  two  equations  for  the  two  R/Re  domains 
which  resulted  from  these  efforts  were  already 
presented  as  Equations.  (1)  in  the  introduction 
to  this  paper.  The  units  on  i  must  be  N  -  S/ni 
and  on  Re  must  be  rt,  for  Equations  (la)  and 
(lb;  to  be  correct.  The  other  ratios  in 
Equation  (la)  and  (lb)  are  nondimensioral . 
Figure  4  is  a  plot  showing  the  functional  re¬ 
lationships  given  by  Equations  (la)  and  (1b) 
and  all  the  test  data  obtained  in  this  program. 
Different  shaped  symbols  denote  whether  tests 
were  on  a  sphere  (a  circle) ,  a  cylinder  with  a 
cylindrical  surface  (a  three  sided  triangle) , 
as  in  Figure  3-b,  or  a  cylinder  with  an  exposed 
flat  face  (a  four  sided  square),  as  in  Figure 
3-c.  If  the  symbol  is  not  darkened,  the  !fc/Re 
ratio  equaled  4.0;  otherwise,  the  darkened 
symbols  indicate  £e/Re  ratios  of  2.0  in  flat 
faced  encounters  or  9.33  In  cylindrical  encoun¬ 
ters.  The  direction  in  which  the  symbol  points 
indicates  the  Re/Rg  ratio  (either  4,  12,  or  16) 
in  Figure  4.  The  test  data  appear  to  collapse 
into  a  single  function  in  Figure  4,  and 
Equations  (la)  and  (1b)  are  excellent  approxi¬ 
mations  to  these  test  results. 


The  ordinate  in  Figure  4  has  a  quantity 
called  Rgff  in  it  instead  of  ReUe/Re) °-333. 
This  quantity  Reff  stands  for  the  effective 
radius  of  the  equivalent  sphere  of  explosive 
which  could  be  formed  from  a  cylinder  of  radius 
Re  and  length  le.  Because  Reff  is  related  to 
Re  and  °.e  through  Equation  (11),  either  the 
dependent  terms  in  Equations  (la)  and  (1b),  or 
the  ordinate  to  Figure  4  may  be  used. 


eff 


0.9066 


(*) 


0.333 


(11) 


Itie  existence  of  two  straight  line  regions 
for  values  of  R/Re  ^e3a  than  and  greater  than 
5.25  is  apparent  in  Figure  4.  In  the  near  field 
where  R/Rg  is  less  than  5.25,  the  slope  of  the 
line  in  Figure  4  is  minuu  1.0  which  means  that 
(i/yReff)  times  <R/Rg)  equals  a  constant  for  in¬ 
variant  Rg/R8.  This  observation  means  that  the 
normally  reflected  specific  impulse  close  to  the 
cylindrical  charge  is  caused  primarily  by  momen¬ 
tum  of  the  explosive  products.  In  other  words, 
the  impulse  close  to  the  charge  is  caused  by 
adding  up  the  mass  times  the  velocity  products 
of  all  the  particles  from  the  explosive,  casing, 
and  engulfed  air.  Because  the  specific  impulse 
i  is  caused  by  momentum  in  explosive  products, 
it  dissipates  with  standoff  distance  inversely 
as  the  surface  area  of  a  cylinder  which  en¬ 
closes  the  cylindrical  source.  The  surface 
area  equals  2trR£e;  hence,  the  appearance  of  an 
MiR"  product  close  to  an  explosive  line  source. 
Only  as  standoff  distances  grow  larger  do  the 
effects  of  momentum  loss  through  air  drag  a.id 
gravitational  effects  reduce  this  phenomena 
sufficiently  for  shock  wave  phenomena  to  be¬ 
come  more  important  and  the  slope  of  the  line 
to  change  in  Figure  4. 


Fig.  4  -  Specific  Acquired  Impulse 


Analytical  Development  of  Constrained  Pragnent 
Equations 


Whenever  a  secondary  fragment  is  uncon¬ 
strained,  its  velocity  is  estimated  by  applying 
the  conservation  of  impulse -momentum.  On  the 
other  hand,  should  a  structural  constraint 
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resist  the  motion,  the  imparted  impulse  is  re¬ 
duced  by  an  amount  I3(-  and  conservation  of 
impulse  momentum  must  be  rewritten  as: 


where  I  is  the  total  acquired  impulse  and  m  is 
the  total  mass  of  the  fragment.  The  impulse 
Iat  to  just  break  the  fragment  free  of  its  sup¬ 
ports  equals VirnlT as  a  limiting  value,  with  U 
the  strain  energy  stored  in  the  fragment  at 
fracture  of  the  supports.  The  relationship  of 
Ist  to  U  is  obtained  by  equating  the  kinetic 
energy  imparted  to  the  structure  when  the  sup¬ 
ports  fail  to  the  ultimate  structural  strain 
energy  U  as  in  the  following  derivation. 


rt  1  ,,2  m/1  St\  S 

U  =  7«T.  =  -fi 1  <s  — 

2  °  2\  m  /  2 


(l  -  cos 


where  wQ  is  the  tip  deflection.  I  is  the  total 
length  of  the  beam,  x  is  posxtion  along  the 
beam,  and  y  is  the  deformation  at  any  position 
x.  Notice  that  this  deformed  shape  has  no 
deformation  at  the  root  of  the  beam,  a  maximum 
deformation  at  the  tip  of  the  beam,-  no  slope  at 
the  root  of  the  beam,  a  maximum  slope  at  the 
tip  of  the  beam,  a  maximum  elastic  moment  or 
curvature  at  the  root  of  the  beam,  and  no  elas¬ 
tic  moment  or  curvature  at  the  tip  of  the  beam. 
Because  these  boundary  conditions  are  the  appro¬ 
priate  ones,  this  assumed  deformed  shape  is 
reasonable.  If  we  perform  a  bending  analysis 


for  a  rigid,  perfectly-plastic  beam-  the  strain 
energy  stored  in  the  beam  is  given  by  the 
moment-curvature  relationship. 


-A 


Substituting  the  yield  stress  times  the  plastic 
section  modulus  OyZ  for  the  yield  moment  My, 
and  differentiating  Equation  (15?  twice  before 
substituting  gives: 
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Substituting  the  square  root  of  Equation  (13) 
in  Equation  (12)  and  rearranging  algebraically 
gives : 

X  fzr  ,  mV  .... 

0-  (14) 

The  total  impulse  imparted  to  a  structural 
element  is  easily  obtained  by  using  Equation  (1), 
and  multiplying  the  specific  impulse  i  by  the 
projected  area  to  obtain  the  total  impulse. 

The  total  m  is  the  mass  density  times  the  volume 
of  the  fragment.  This  solution  is  completed 
when  procedures  are  developed  for  estimating 
the  strain  energy  U,  and  all  quantities  are 
substituted  in  Equation  (14). 

The  strain  energy  0  consumed  in  fracturing 
a  cantilever  beam  was  estimated  by  assuming  a 
deformed  shape  and  substituting  into  the  appro¬ 
priate  mechanics  relationships  for  different 
modes  of  response  in  both  ductile  and  brittle 
beams.  A  number  of  different  solutions  resul¬ 
ted;  however,  enough  similarities  were  noted  in 
all  solutions  to  permit  important  generaliza¬ 
tions  to  be  made  after  these  strain  energies 
had  been  determined. 

He  began  by  assuming  that  the  deformed 
shape  at  fracture  for  a  cantilever  beam  is 
given  by: 


Completing  the  integration  gives: 


But  the  maximum  stress  equals  the  half 
thickness  h/2  times  the  small  deformation 
approximation  to  the  curvature: 


K$) 


which  becomes  a  maximum  at  the  root  of  the 
cantilever  where  d2y/dx2  equals  x2w0/4i2 ,  and: 


Substituting  Equation  (20)  for  wQ  in  Equation 
(18)  and  rearranging  terms  gives: 


But  the  quantity  Oye^*  in  a  rigid,  perfectly- 
plastic  ductile  material  as  in  this  analysis  is 
the  area  under  the  stress-strain  curve  which  is 
called  toughness  T.  Expressing  U  in  terms  of 
toughness  and  dividing  by  toughness  times  beam 
volume  Ai  gives  the  desired  result. 


(bending  solution  ductile  material) 

Next  we  developed  an  elastic  bending 
solution  for  the  strain  energy  in  brittle  beasts. 
The  strain  energy  in  an  elastic  beam  is  given 
by: 


■/($) 


Assuming  the  same  deformed  shape  as  in  Equation 
(IS)  and  differentiating  twice  to  substitute 
gives: 
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Or  after  integrating: 
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(24) 


(25) 


Because  we  have  used  the  same  deformed  shape  in 
this  elastic  analysis  as  in  the  plastic  analysis 
the  maximum  strain  is  still  related  to  the  peak 
deformation  wQ  through  Equation  (20) .  Substi¬ 
tuting  w0  from  Equation  (20)  into  Equation  (25) 
and  gathering  terms  gives: 


But  Ee^^/2  is  the  area  under  an  elastic, 
brittle,  stress-strain  curve  which  is  toughness 
T.  Expressing  U  in  terms  of  toughness,  recog¬ 
nizing  that  I/(h/2)  is  the  elastic  section  modu¬ 
lus  S,  and  dividing  by  TAI  gives  the  desired 
result  for  a  bending  solution  in  a  brittle 
material. 


a  S_ 
TAI  “  Ah 


(27) 


(bending  solution  brittle  material) 

The  strain  energy  can  also  be  estimated 
for  other  modes  of  failure  such  as  brittle 
shear  and  ductile  shear.  Although  we  omit  the 
details  of  these  calculations  from  this  paper, 
the  results  for  ductile  shear  are  given  by 
Equation  (28)  and  for  brittle  shear  by  Equation 
(29)  where  |i  is  Poisson's  ratio. 


0  1 
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(28) 


TABLE  A 

Variations  In  Strain  Energy  Coefficients  O/TAt 


of 

Shape  of 

Ductile 

Banding 

Brittle 

Banding 

Ductile 

Shear 

Brittle 

Shear 

General  Solution 

M 

1 

2 

1 

2(1  ♦  U) 

Circular  Solid 

0.270 

0.125 

0.500 

0.385 

Rectangular  Solid 

0.318 

0.167 

0.500 

0.385 

I -Be a* 

•fcO.637  | 

%0.500 

0.500 

0.385 

The  second  major  observation  is  that  only 
toughness  T  appears  to  be  the  one  mechanical 
property  of  importance.  All  four  solutions 
conclude  that  this  area  under  the  stress-strain 
curve  times  the  volume  of  the  specimen  times  a 
constant,  equals  the  strain  energy  O  expended 
in  fracturing  the  specimen. 

For  analytical  purposes,  these  conclusions 
indicate  that  the  mode  of  failure  does  not  have 
to  be  determined.  The  solution  can  proceed  by 
assuming  that  strain  energy  is  given  by 

Equation  (30) ,  and  that  the  constant  C  will  be 
obtained  from  experimental  test  results. 

a  -  C(TAi)  (30) 

The  influence  of  assuming  other  deformed 
shapes  has  not  been  discussed.  A  different 
deformed  shape  will  not  change  our  conclusions 
that  0  is  directly  proportional  to  (TAi) »  how¬ 
ever,  a  different  shape  will  result  in  a 
slightly  different  numerical  proportionality 
constant  C.  Because  we  are  willing  to  allow  C 
to  be  determined  experimentally,  the  qualitative 
conclusions  still  can  be  applied  in  our  develop¬ 
ment  of  a  solution. 

All  four  modes  of  failure  were  developed 
for  failure  in  a  cantilever  beam.  Other 
boundary  conditions  such  as  clasped-c lamped , 
simply-supported,  etc.,  will  give  similar 
qualitative  results;  however,  the  proportionality 
coefficient  C  is  a  function  of  support  con¬ 
ditions. 


(shear  solution  ductile  material) 
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2(1  +  u) 


(29) 


(shear  solution  brittle  material) 


Equations  (22,  27,  28,  and  29)  should  be 
inspected  to  note  the  similarities  which  exist 
in  them.  The  major  observation  is  that  no 
matter  what  mode  of  failure  is  hypothesized, 
the  strain  energy  at  failure  equals  (TAi)  times 
a  constant.  For  some  modes  of  failure,  the 
constant  may  be  a  weak  function  of  the  cross- 
sectional  shape  of  the  fragment  (a  function  of 
S/Ah  or  Z/Ah) ,  but  this  constant  varies  very 
little.  Table  A  is  included  to  emphasize  the 
limited  variation  in  these  constants. 


The  solution  for  predicting  the  velocity 
of  constrained  secondary  fragments  can  now  be 
completed  by  substituting  into  Equation  (14). 
If  we  let  the  total  ispulse  I  equal  ibl  where 
b  is  the  loaded  width,  -the  total  mass  m  of  the 
fragment  equals  p^Ai,  and  the  strain  energy  0 
be  given  by  Equation  (30) ,  then: 


ibl 

yfCptivictur  "V2  +vp*r 


Or  after  reduction: 


(31) 


(32) 


Equation  (32)  is  a  two  parameter  space  of 
nondimensional  energy  ratios.  If  the  term 
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vfV/S^T is  squared,  this  group  is  the  ratio  of 
fragment  kinetic  energy  per  unit  volume  to 
strain  energy  expended  per  unit  volume.  The 
square  of  the  term  ib/A\/>sT  represents  the 
energy  per  unit  length  of  fragment.  This  solu¬ 
tion  infers  that  the  constrained  secondary 
fragment  velocity  is  independent  of  beam  length 
t.  Experimental  test  results  show  that  this 
conclusion  is  not  quite  accurate. 

The  final  equation  which  was  developed 
had  a  format  given  by: 


tr  ‘c“*c'(v^)(v)  1331 


Probably  the  most  confusing  point  is  why  test 
results  appear  to  be  a  function  of  i/b/2  when 

the  theoretical  energy  solution  infers  that 
velocity  should  be  independent  of  Jt/b 

Obviously  this  empirical  observation  means  we 
are  excluding  some  process  from  calculations 
which  should  be  considered.  Although  we  can 
only  conjecture  about  what  effects  are  entering 
the  fragment  fracturing  process,  our  opinion  is 
that  a  biaxial  rather  than  uniaxial  state  of 
stress  is  occurring  because  of  the  short  stubby 
nature  of  most  constrained  specimens.  The 
parameters  2/b  only  ranges  from  3  to  9.  For 
very  long  specimens  which  have  not  been  tested, 
measured  velocities  might  become  independent 
of  the  length  to  width  ratio.  Equation  (33) 
only  combined  ib/^psTA  and  i/b/2  because  of 

empirical  observation  on  tests  of  fairly  short 
cantilever  beams. 

A  second  concern  might  arise  from  our  ex¬ 
clusion  of  rotational  kinetic  energy  in  this 
analysis  for  fragment  velocity  in  constrained 
cantilever  beams.  In  spite  of  the  fact  that 
symmetry  is  destroyed  in  a  cantilever  beam,  the 
rotational  kinetic  energy  of  a  fragment  can  be 
ignored  because  it  is  small  relative  to  the 
translational  kinetic  energy  of  a  fragment. 

For  example,  in  various  tests,  double  flash 
x-rays  measured  rotational  velocity  as  well  as 
translational  velocity.  These  rotational 
velocities  were  all  less  than  251  rad/sec 
for  all  of  these  experiments.  If  one  computes 
1/2Iu2  for  comparison  with-  1/2MV2  in  these 
tests,  the  rotational  kinetic  energy  will  be 
found  to  be  less  than  1*  of  the  translational 
kinetic  energy. 

Other  boundary  conditions  such  as  clamped- 
clamped  beams  will  also  yield  a  solution  with 
a  format  as  in  Equation  (33) .  The  major  dif¬ 


ference  is  that  the  coefficients  Cq  and  C;  can 
be  different  even  though  strain  energy  coef¬ 
ficients  as  in  Table  A  may  be  identical  for  the 
same  mode  of  response.  For  cantilever  beams 
and  clamped-clamped  beams,  the  theoretical 
8 train  energy  coefficients  both  equal  4/ir(Z/Ah) 
for  ductile  Spending,  (S/Ah)  for  brittle  bending, 
0.500  for  ductile  shear,  and  1/2(1  +  p)  for 
brittle  shear.  This  observation  does  not  mean 
that  cantilever  and  clamped-clamped  beams  have 
the  same  Cq  and  C-|  coefficients  in  Equation 
(33) ,  because  clamped-clamped  beams  can  develop 
extensional  modes  of  response  which  cantilever 
beams  cannot  do.  In  clamped-clamped  beams,  the 
theoretical  scaled  strain  energy  coefficient 
(0/AlT)  for  ductile  extension  is  0.500  and  for 
brittle  extension  is  0.375.  The  limited 
amount  of  test  data  on  clamped-claaped  beams 
which  has  already  been  discussed  suggests  that 
these  differences  do  exist. 

Summary 

Two  solutions  have  been  presented — the 
first  for  predicting  the  specific  impulse  im¬ 
parted  to  fragments  from  cylindrical  explosive 
sources,  and  the  second  for  predicting  the 
velocity  of  constrained  fragments.  Both 
analyses  are  combined  theoretical  and  empirical 
solutions.  Sufficient  quantities  of  experi¬ 
mental  data  exist  to  establish  the  validity  of 
both  the  loading  solution  and  the  velocity 
solution  for  fragmenting  cantilever  beams.  A 
limited  amount  of  clamped-clamped  beam  data 
infers  that  the  solution  can  be  extended  to 
beams  with  other  boundary  conditions.  A 
Ballistic  Research  Laboratory  contractor's  re¬ 
port,  with  the  same  authors  and  title  as  this 
paper,  will  describe  this  effort  in  greater 
detail  and  present  all  test  data  for  those  who 
are  interested. 
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DISCUSSION 


Mr.  Slerakowskl. (University  of  Florida:) 

On  one  of  the  elides  you  show  specific  acquired 
impulse  yet  in  your  discussion  you  mentioned 
specific  Impulse  and  total  specific  impulse 
several  times.  Are  there  any  differences  in 
all  this  terminology? 

Mr.  Westine:  Yea .  lotal  impulse  is  specific 
impulse  times  some  area.  It  would  have  units 
of  force  times  tin**.  A  specific  impulse  is 
total  impulse  divided  by  an  area;  in  other 
words  it  is  an  impulse  per  unit  area  and  it  has 
units  of  force  times  time  divided  by  length 
squared.  I  tried  to  bo  careful  with  chose  two. 
As  far  as  using  the  phrase  specific  Impulse 
where  I  meant  to  say  specific  acquired  impulse , 
that  was  just  sloppiness  in  stringing  too  many 
words  together. 
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IMPEDANCE  TECHNIQUES  FOR  SCALING  AND 
FOR  PREDICTING  STRUCTURE  RESPONSE  TO  AIR  BLAST 
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Transfer  impedances  were  measured  on  a  1/12-scale  model  and  on  its  prototype 
structure.  The  structure  was  the  Perimeter  Acquisition  Radar  Building  (PARB) 
of  the  SAFEGUARD  ABM  System,  which  measures  125  ft  (38  m)  in  height, 

194  ft  (59  m)  on  its  front,  and  210  ft  (64  m)  on  its  side,  with  exterior  walls 
3  to  6  ft  (0.9  to  1.8  m)  thick.  The  impedance  measurements  for  both  struc¬ 
tures  were  then  used  with  air-blast  loads  to  predict  internal  acceleration 
responses.  Predictions  for  the  model  were  compared  to  test  acceleration 
records  taken  when  the  model  was  excited  by  an  air  blast  generated  from  a 
500-ton  (453,550  kg)  TNT  explosion.  The  data  were  scaled  for  comparison 
with  prototype  responses. 


1.  INTRODUCTION 

Equipment  survival  is  of  paramount  importance 
in  die  design  of  ground-based  strategic  and  tactical 
systems  against  nuclear-weapon  effects,  and  fre¬ 
quently  becomes  a  driving  consideration  when  the 
overall  cost  of  such  a  system  is  considered.  As 
is  to  be  expected,  every  effort  is  made  during 
the  conceptual  and  design  phases  to  minimize 
system  equipment  costs  while  trying  to  assure  a 
high  probability  of  survival.  Historically,  tills  has 
entailed  a  tradeoff  between  the  cost  of  designing 
special  shock-resistant  equipment,  and  the  cost  of 
using  unhardened  commercial  equipment  with  shock- 
isolation  techniques.  However,  the  expected  levels 
of  shock  and  vibration  must  be  established  before 
techniques  to  protect  the  equipment  can  be  decided 
upon.  Current  computer  technology  includes 
long  run  times,  modeling  assumptions,  and  some¬ 
what  awkward  structural  and  air-blast  loading 
approximations.  Therefore,  reliable  predictions 
of  the  shock  and  vibration  environment  inside  pro¬ 
tective  structures  are  generally  limited  to  about 
50  Hz.  This  is  not  a  serious  problem  for  the 
structural  designer,  since  the  structural  frame 
generally  is  loaded  by  the  lower  frequencies;  how¬ 
ever,  the  internal  equipment  is  generally  sensitive 


to  the  frequencies  above  50  Hz,  The  equipment 
must  be  assessed  for  survivability  by  determining 
failure,  malfunction,  and  degradation  levels  (often 
referred  to  as  "fragility")  in  terms  of  threat 
motions,  i.e. ,  characteristic  acceleration  time 
histories  expected,  rather  than  simple  sine  waves, 
saw-tooth  shock  pulses,  or  presently  used 
approximations  [1,2, 3,4].* 

An  alternative  procedure  to  determine  the 
internal  response  motions  of  a  protective  struc¬ 
ture,  particularly  in  the  higher  frequencies,  is  to 
measure  the  impedances  of  the  structure  from 
exterior  loading  surfaces  to  internal  points  of 
interest.  With  tills  method,  selected  points  on  the 
structure  are  vibrated  with  a  fixed-force  vibrator 
as  the  frequency  of  vibration  is  smoothly  changed 
over  the  frequency  range  of  Interest.  By  measur¬ 
ing  the  structural  response  at  selected  points 
inside  and  on  the  structure,  a  quantitative  mea¬ 
sure  is  obtained  of  the  structure  response  to  the 
vibratory  force.  The  complex  ratio  of  the  output 
acceleration  to  the  input  force  (magnitude  and 
phase)  obtained  can  be  multiplied  by  an  arbitrary 
input  force  to  predict  structural  motions.  The 
main  limitation  on  the  use  and  application  of  this 
technique  is  that  the  structural  system  must  be 


Numbers  in  brackets  Indicate  references  listed  at  the  end  of  the  paper. 
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linear  or  nearly  linear  so  that  the  principles  of 
superposition  apply.  The  Impedances  obtained  are 
nonparametric  functions  and  samples  of  the  dis¬ 
tributed  system.  Bandwidth  of  the  measurements 
is  limited  by  the  vibrators  used,  which  for  this 
study  ranged  from  30  Hz  to  3000  Hz  for  a  model 
structure  and  7  Hz  to  300  Hz  for  a  prototype 
structure. 


This  technique  was  applied  to  the  evaluation 
of  the  interior  shock  and  vibration  environment  of 
the  Perimeter  Acquisition  Radar  Building  (PARB) 
of  the  SAFEGUARD  ABM  System  [5,6].  The  pro¬ 
totype  building  is  a  reinforced-concrete  protective 
structure  that  measures  125  ft  (38  m)  in  height, 
194  ft  (59  m)  on  its  front,  and  210  ft  (64  m) 
on  its  side,  with  exterior  walls  3  to  6  ft 
(0.9  to  1.8  m)  thick.  In  this  case,  a  500-ton 
(453,550  kg)  TNT  high-explosive  blast  load  on 
a  1/12-scale  model  of  the  building*  had  produced 
a  set  of  acceleration  time-history  data  that  could 


(a) 


1/12-scale  model.  Defence  Research 
Establishment,  Suffleld,  Canada 


(b)  Prototype,  North  Dakota 


Fig.  1  -  Perimeter  Acquisition  Radar  Building 
(PARB) 


DIAL  PACK  Event  [7,8] 


be  used  for  comparisons.  Impedance  testing  was 
conducted  on  both  the  model  and  the  prototype 
structures  (see  Fig.  1).  These  data  were  con¬ 
volved  with  air-blast  loads  to  obtain  response  pre¬ 
dictions.  The  predictions  for  the  model  were 
compared  to  the  acceleration  records  from  die 
high-explosive  test  to  assess  the  accuracy  of  die 
method.  Subsequendy,  test  data  and  acceleration 
predictions  for  the  model  were  scaled  both  geo¬ 
metrically  and  by  impedance  methods,  for  com-’ 
perison  with  the  acceleration  predictions  for  the 
prototype  structure. 


2.  SYSTEM  FUNCTIONS 


2.1  General 


Dynamic  properties  of  passive  systems  may 
be  represented  by  a  complex  ratio  of  the  input 
loading  to  the  output  response  of  a  system.  This 
complex  ratio  may  be  presented  in  the  form  of 
magnitude  and  phase,  real  and  imaginary,  and 
real  vs.  imaginary,  all  as  a  function  of  frequency. 
Inverse  transformation  provides  yet  another  form 
of  this  ratio  in  the  time  domain:  the  impulse 
function.  The  complex  ratios  obtained  may  be 
viewed  as  samples  from  a  continuum  both  in  space 
and  bandwidth,  and  are  nonparametric.  These 
functions  can  be  determined  analytically  from  a 
mathematical  model  or  can  be  physically  mea¬ 
sured.  Fig.  2  illustrates  the  concept. 
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OUTPUT  FORCE 
INPUT  FORCE 


Fig- 


2  -  Impedance  and  transfer  functions 
conceptualized 


The  response  of  a  vibrated  point  on  a  struc¬ 
ture  is  inversely  proportional  to  the  impedance, 
which  will  be  defined  herein  for  a  given  frequency 
as  the  driving  force  on  the  structure  divided  by 
the  velocity  at  a  point  on  the  structure.  The 
motion  of  the  structure  may  be  recorded  as  dis¬ 
placement.  velocity,  or  acceleration,  and,  when 
ratioed  with  input  force,  is  defined  by  the  follow¬ 
ing  terms. 
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Another  important  function  is  the  ratio  of 
input  motion  to  output  motion  or  of  input  force  to 
output  force.  This  is  defined  as  a  transfer  func¬ 
tion.  Thus,  if  the  base  of  a  structure  is  put  into 
motion  by  a  blast  or  earthquake,  multiplying  this 
base  motion  by  the  transfer  function  produces  the 
motion  at  another  part  of  the  structure.  The 
terms  "impedance"  and  "transfer  function"  have 
been  used  to  simplify  the  presentation  of  fills 
report;  and  where  specific  functions  are  displayed, 
as  in  data  plots,  these  terms  are  defined. 


2.2  Measurements 

In  the  past,  the  frequency  response  character¬ 
istics  of  structures  have  been  measured  by  quasi¬ 
steady-state  methods.  One  method,  referred  to  as 
the  slow  sine-sweep  method,  involves  varying  an 
input  sinusoidal  forcing  function  over  the  frequency 
region  of  interest  and  measuring  the  output 
responses.  It  has  been  used  extensively  in 
impedance  and  transfer  function  testing.  Consid¬ 
erable  error  may  occur  if  steady-state  response  is 
arbitrarily  assumed.  To  minimize  such  error, 
convergence  techniques  are  used  in  the  testing 
procedures.  This  involves  progressively  slower 
sweep  rates  (or  time-af-frequeney  variation)  until 
essentially  asymptotic  response  amplitudes  are 
obtained.  For  the  projects  reported  in  this  paper, 
the  slow  stne-sweep  method  was  used.  On  subse¬ 
quent  projects,  random,  rapid  sine-sweep  (chirp). 
Impulse,  and  pulse-train  methods  have  been  used. 
Some  of  these  latter  excitation  methods  are  very 
beneficial  in  the  reduction  of  data  processing  costs 
and  the  minimization  of  noise  [9j. 

Input-force  signal  levels  were  set  at  the  high¬ 
est  level  compatible  with  test  objectives  and  the 
linearity  of  the  test  article,  to  obtain  favorable 
signal-to-noise  ratios.  This  objective  is  more 
often  limited  to  the  force-generating  equipment 


available.  Impedance  tests  performed  on  a  1/12- 
scale  model  of  a  protective  structure  at  the 
Defence  Research  Establishment,  Suffield, 

Canada,  ranged  from  15  to  45  lb  (0?  to  200  N). 

An  electromagnetic  vibrator  (MB  model  PM50)  was 
used  as  an  excitation  source.  Identical  impedance 
measurements  on  the  prototype  structure  in  North 
Dakota  ranged  from  1000  to  5000  lb  (4,500  to 
22,000  N).  For  the  prototype  an  electrohydraultc 
exciter  was  used  (CGS).  Nominally,  this  change 
in  force  level  between  the  two  structures  corre¬ 
sponded  to  the  scaled  impedance  difference  of  144. 
The  shaker  used  for  the  prototype  building  is 
pictured  in  Fig.  3. 


Fig.  3  -  Electrohydraulic  shaker  used  for 

measurements  of  the  prototype  PARS 
(Waterways  Experiment  Station) 

2.3  Linearity 

At  the  onset  of  testing,  a  survey  was  made  to 
ascertain  the  linearity  of  the  system  by  multilevel 
tests  and  by  reciprocity,  and  to  determine  system 
symmetry  and  cross-axis  coupling.  Quantitative 
information  gained  at  an  early  stage  allows  for 
reductions  in  test  efforts  or  provides  information 
for  alternative  procedures.  Linear  systems  will 
provide  system  functions  that  are  virtual  overlays 
of  each  other,  although  made  at  several  different 


input-force  levels.  For  (lie  Perimeter  Acquisition 
Radar  Building  (PARB)  ;  ( the  SAFEGUARD  system, 
force  input  of  1000  lb  to  7000  1L  (4,500  to 
31,000  N)  demonstrated  for  this  range  that  essen¬ 
tial  linearity  of  the  building  existed.  Reciprocity 
measurements  were  made  on  the  PARB  model  in 
Canada  and  the  prototype  PARB  in  North  Dakota  in 


1  -  x  •!>  fjtt.; 


accordance  wife  fee  diagrams  in  Fig.  4.  Recip¬ 
rocal  impedance  measurements  for  both  buildings 
are  given  in  Figs.  5  and  A.  Extensive  use  of 
reciprocity  was  made  in  fee  prototype  building, 
since  it  was  much  easier  to  move  accelerometers 
around  the  exterior  surfaces  than  to  move  the 
large  and  heavy  vibrator. 
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Model  PA  KB:  Direct  measurements 
(from  surffcjj  *o  response  point) 
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(b)  Prototype  PARB:  Reciprocity  measurements 
(from  response  point  to  surface) 


Measur  :ment  methods  used  on  PARB  model  and  prototype 


mi 


FREQUENCY,  HZ 

(a)  Drive  point,  roof  center  (T-7); 

measurement  point,  5th  floor  center  (1-VT) 


FREQUENCY,  HZ 

(b)  Drive  point,  roof  center  (T-7); 

measurement  point,  5th  floor  center  (1-VT) 


Fig.  5  -  Model  PARB  data  for  determining  reciprocity 


FREQUENCY,  KZ 

(a)  Drive  point,  5th  floor  center  (1-VT); 
measurement  point  roof  center  (T-7) 


FREQUENCY,  HZ 

(b)  Drive  point,  5th  floor  center  (1-VT); 
measurement  point  roof  center  (T-7) 


Fig.  6  -  Prototype  PARB  data  for  determining  reciprocity 
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FREQUENCY,  HZ 

Fig.  7  -  Model  PARB  cross-axis  transfer  impedances  to  5th  floor  vertical  response  point: 
North  wall  hroizontal  drive  point  compared  with  roof  vertical  drive  point 


Cross-axis  coupling  is  the  motion  induced  in  a 
test  article  orthogonal  to  the  direction  of  input 
force  or  motion.  Fig.  7  overlays  cross-axis 
coupling  impedance  on  an  axially  aligned  imped¬ 
ance  measurement  for  the  same  accelerometer 
location.  Accounting  for  cross-axis  coupling  was 
not  required  for  response  predictions  on  this 
building.  The  frequency  magnitudes  of  the  exter¬ 
nal  blast  loads  were  very  small  in  the  frequency 
range  where  cross  coupling  was  a  significant  pro¬ 
portion  of  the  regular  impedance  measurements. 
The  root  sum  square  for  all  four  walls  contributed 
less  than  5%  to  vertical  motion. 


Where  a  test  article  or  structure  possesses 
geometric  symmetry,  or  at  least  appears  reason¬ 
ably  symmetric,  only  one-half  or  one-quarter  of 
the  structure  (as  tne  case  may  be)  need  be  mea¬ 
sured,  thus  shortening  the  testing.  Tecisions  to 
use  symmetric  measurements  should  be  made  by 
impedance  surveys.  Where  unsymmetric  elements 
or  components  exist,  either  local  measurements, 
substitution,  or  a  strategy  of  redistribution  of  the 


measurement  matrix  can  often  be  judiciously  used. 
For  both  the  model  and  prototype  buildings,  sym¬ 
metry  was  employed  about  the  longitudinal  axis. 


2.6  System  Functions 

Typical  system  functions  of  inertance  magni¬ 
tude  (X/F  [o)]),  phase,  and  impulse  functions  are 
given  in  Fig.  8  for  the  scale  model  and  in  Fig.  9 
for  the  prototype.  These  nonpar ametric  functions 
have  been  digitally  processed  into  final  form  for 
use  in  response  predictions  of  the  structures. 

For  a  few  locations,  response  predictions 
require  a  large  number  of  measurements  taken 
over  the  structure's  external  surfaces.  These 
predictions  can  also  be  used  to  predict  responses 
at  additional  internal  locations  of  the  building  by 
using  transfer  functions.  The  response  prediction 
at  the  first  location  is  multiplied  by  a  transfer 
function  to  another  location  to  obtain  the  response 
at  the  second  location.  Transfer  functions  are 
obtained  by  the  complex  ratio  of  the  motion  at  a 
remote  location  to  the  motion  at  the  drive-point 
location,  as  illustrated  in  Fig.  10.  Transfer 
functions  are  represented  as 
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Response*  at  other  locations  la  Os  structure  were 
calculated  in  accordance  with  the  following 
equations: 


X,(u)  -  Xjtfcl)  Tj^j(u) 


!“ 

$.0 


0  30  U0  150  200  290  300  350  400 

FREQUENCY,  HZ  X  101 

(a)  Fourier  magnitude:  inertance 
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Measured  transfer  functions  to  the  4th,  3rd, 
and  2nd  floors  of  both  the  nodal  and  prototype 
structures  are  presented  in  Figs.  11  sad  12. 


2.7  Scaling 

Geometric  scaling  of  Am  l/12-scale  modal  to 
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(b)  Fourier  phase:  inertance 
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TABLE  2 

Scaling  Factors,  Model  to  Prototype,  for  Geometric  and  Inert ance  Measurement  Scaling 


Scale  Factors 

Difference 

Floor 

Inertance 

Geometric 

(Reference  Geometric) 

Displacement 
Factor  (a) 

Frequency 
Factor  (b) 

Displacement 
Factor  (1) 

Frequency 
Factor  (X) 

Displacement 

ft) 

Frequency 

ft) 

Stfa 

18.4 

10.2 

12 

12 

+63 

-15 

4th 

10.5 

12.7 

12 

12 

-12 

+6 

3rd 

25.3 

14.0 

12 

12 

+111 

+17 

2nd 

34.5 

9.7 

12 

12 

+188 

-19 

for  a  minimum  error  difference.  The  scale 
factors  determined  by  this  procedure  are  given 
in  Table  2  for  each  location. 


air-blast  pressure  functions,  pressure-area  zone 
engulfment,  traveling  pressure-wave  function,  and 
transfer  functions. 


3.  PREDICTION  OF  STRUCTURE  RESPONSE  TO 
AIR  BLAST 


S.1.1  Inertance  Functions  and  Associated 
Pressure-Area  Zoning 


The  method  used  to  calculate  the  response 
accelerations  of  the  1/12-scale  model  and  of  the 
prototype  Perimeter  Acquisition  Radar  Building 
(PARB)  is  similar  for  both.  Verification  or 
checks  on  the  accuracy  of  the  response  predictions 
is  made  by  comparing  the  predictions  with 
response  records  of  the  scale  model  taken  during 
the  DIAL  PACK  Event  17,8].  The  DIAL  PACK 
Event  was  a  500-ton  (453,550  kg)  TNT  explo¬ 
sion  that  subjected  air-blast  and  ground-shock 
loads  to  several  targets.  Calculations  for  both 
structures  were  made  for  the  vertical  direction 
only;  and  as  such,  the  traveling  air-blast  pres¬ 
sure  loading  over  the  roof  surface  comprises  the 
external  forcing  f  motion.  Exclusion  of  the  cross¬ 
coupling  contributions  to  structural  motions  from 
pressure  loads  on  the  external  four  walls  is  con¬ 
sidered  to  have  minimal  effect  on  the  calculated 
responses.  As  discussed  in  Section  2.4,  the 
rapid  roll-off  of  pressure  amplitudes  with  fre¬ 
quency  allowed  for  this  reduction  in  computational 
effort. 

All  data  and  calculations  are  internally  consis¬ 
tent  and  show  comparable  amplitudes  for  pres.- 
sures,  motions,  yield,  time,  and  frequency. 
However,  the  absolute  values  have  been  normal¬ 
ized  so  that  this  report  could  be  declassified. 


3.1  1/12-Scale  Model 

Response  predictions  use  inertance  functions, 
a  pressure  zone  for  each  inertance  function, 


The  use  of  inertance  measurements  to  predict 
the  response  of  a  structural  system  to  blast  load¬ 
ing  is  basically  a  special  application  of  the  imped¬ 
ance  technique.  An  inertance  test  measures  the 
point  acceleration  response  of  a  structure  due  to  a 
point  force  load.  Blasts  such  as  the  air-pressure 
loads  acting  on  the  model  PARB  structure  in  the 
DIAL  PACK  Event  are  a  continuous  forcing  func¬ 
tion  acting  on  a  continuous  structure.  Thus,  the 
sampled  impedance  information  must  be  summed 
over  the  structure  to  obtain  the  internal  point 
responses  of  the  structure  due  to  loads  acting 
everywhere  on  the  external  surfaces  of  the 
structure. 

Each  inertance  function  muet  be  associated 
with  a  specific  area  of  the  structure  upon  which 
foe  air-blast  pressure  acts.  This  assumes  that 
the  inertance  function  is  essentially  constant  for 
this  area.  Finite-element  plate  models  were  ini¬ 
tially  used  to  map  the  model  and  to  provide, 
thereby,  preliminary  measurement  and  drive-point 
locations.  Additional  refinement  of  drive-point 
locations  was  done  during  field  testing,  where 
quick-look  analog  impedance  measurements  veri-  ' 
fled  that  a  reasonable  density  of  measurement 
would  be  acquired  for  the  model  structure.  The 
smooth  change  in  functions  obtained  when  moving 
from  one  area  to  the  next  indicated  that  a  reason¬ 
able  number  of  measurements  had  indeed  been 
obtained.  Potentially,  interpolation  of  the  mea¬ 
surements  could  have  been  made  during  computa¬ 
tion,  should  the  need  have  arisen.  Additional 
measurements  showed  that  the  structure  had  a 


high  degree  of  symmetry  (see  Sec.  2.5),  which 
therefore  allowed  for  a  higher  density  of  measure¬ 
ment  per  surface  area. 

Boundaries  for  local  areas  of  each  acceptance 
measurement  were  drawn  by  observation  and 
evaluation  of  the  data.  The  impedance  zone  and 
input  pressure  zone  associated  with  each  of  the 
29  measurements  are  shown  in  Fig.  13. 
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Q  IMPEDANCE  ZONE 

13  -  Zoned  roof  on  PARB  model  showing 
impedance  zones,  air-blast  zones,  and 
impedance  measurement  drive  locations 


3.1.2  Pref sure-input  Development 

Only  three  air-blast  measurements  [7,8]  on 
the  roof  were  obtained  from  the  DIAL  PACK 
Event  (Figs.  14,15).  The  aboveground  structure 
perturbs  the  air-blast  loading  by  overexpanding  the 
transient  air  flow,  which  is  particularly  observable 
as  the  pressure  notch  in  the  time  history  of 
Fig.  14b  and  as  the  perturbation  in  the  frequency 
spectrum  of  Fig.  15b.  Hence,  test  data  rather 
than  conventional  blast  curves  (Figs.  14d,  15d) 
were  used  as  forcing  functions. 

The  air-blast  zones  shown  in  Fig.  13  were 
configured  on  a  simple  geometric  basis.  The  air- 
blast  functions  were  considered  to  be  constant 
within  each  air-blast  zone.  The  potential  for 
extrapolation  and  interpolation  exists  for  this  type 
of  data. 
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(a)  Air-pressure  gage  AP51 


‘■3bTsT^r3hr5T5TK07T».( 
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(b)  Air-pressure  gage  AP52 


30.0  32.5  35.0  37.5  40.0  42.5  45.0  47.5  50.0 
TIME,  SEC  X  10*2 

(c)  Air-pressure  gage  AP53 


0  2.5  5.0  7.5  10.0  12.5  15.0  17.5  20.0 

TIME,  SEC  X  19*2 
(d)  Analytic  (Brode) 

Fig.  14  -  Air-blast  measurements  on 

model  PARB  roof  and  conventional 
air-blast  representation  of 
pressure-time  histories 
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FREQUENCY.  HZ  X  101 


(a)  Alr-pre3sure  gage  AP51 


FREQUENCY,  HZ  X  101 


(b)  Air-pressure  gage  APS2 


FREQUENCY.  HZ  X  101 
(c)  Air-pressure  gage  APS3 


a.  Pressure  Area  Zones.  For  a  local  sur¬ 
face  area,  Aji<,  which  is  associated  with  one 
transfer  inertance  function,  it  is  necessary  to 
account  for  the  velocity  of  the  air  load  as  it 
traverses  the  surface.  This  accounting,  as 
illustrated  in  Fig.  16,  is  required  to  assure  a 
proper  surface  loading. 


Fig.  16  -  Moving  air  load  over  a  local  surface 
area  associated  with  a  transfer 
inertance  function  to  an  internal 
point  in  structure 


Upon  arrival  of  the  air  blast  at  time  t.,  the 
air  blast  successively  loads  the  surface  in  incre¬ 
ments  AX  where  nAX  «■  dj,  the  length.  The 
incremental  loading  time  is  given  by  At  *  AX/V. 
This  incremental  loading  subdivides  die  local  sur¬ 
face  into  segments  Aj  ^ (AX/d ; ) .  The  fineness  of 
AX  is  obtaiLed  from  the  At  selected  and  can  be 
as  small  as  die  digitizing  rate.  Depiction  of  air- 
blast  engulfment  and  the  development  of  an  effec¬ 


tive  pressure  as  seen  by  a  local  area  is  shown  in 
Fig.  17. 

A  pressure-time  history  of  frontal  velocity  V, 
which  is  successively  translated  and  sectioned  over 
the  surface  A;^  of  length  d;  equal  to  n.',X 
increments  is  given  by  an  effective  pressure  (pef  f ) : 

w”  -  ?["<•>  *p('-f)  4 -f) 


FREQUENCY,  HZ  X10 
(d)  Analytic  (Brode) 

15  -  Air-blast  measurements  on  model  PARB 
roof  and  conventional  representation  of 
Fourier  magnitude  pressure  spectra 
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and  transformation  in  the  frequency  domain  gives: 


%ftw 


|i  +  e*p(-Jy  “)  +  el|p('j^^u) 

(5) 


and  the  expression  of  Eq.  5  converges  to: 


Peff(u) 


P(o>) 


.  /nAX\ 

SIW 


.  /AX\, 
,n\2 V/ 


exp 


(6) 


For  small  angles  (  9  a  sin  e  )  the  engulfing 
function  of  Eq.  6  may  be  represented  by: 


which  is  the  S;  (X)  function  in  the  frequency 
domain,  such  as  represented  in  Fig.  18a,  and  an 
approximate  boxcar  function  in  the  time  domain. 
The  cyclic  nature  of  the  actual  engulfing  function 
(Eq.  6)  is  illustrated  in  Fig.  18b  and  implies  a 
critical  selection  of  a  time  step  At  (dependent  on 
mesh  length/wave  velocity)  for  the  frequency  limit 
involved.  Somewhat  akin  to  the  Nyquist  folding 
frequency,  the  engulfing  function  as  shown  in 
Fig.  18a  has  a  time  step  At  (dependent  on  mesh 
length/velocity)  and  a  frequency  cutoff  1/2  At 
(0.1  msec)  for  5  kHz.  These  values  are  more 
than  sufficient  for  the  model  inertance  function, 
where  measurements  were  made  to  3  kHz. 
Obviously,  serious  effects  are  encountered  when 
too  large  a  time  step  (mesh  length/velocity)  is 
taken  in  using  a  traveling  wave,  since  the  results 
will  ultimately  include  the  effects  of  the  function 
as  shown  in  Fig.  18b,  where  frequency  amplitudes 
above  cutoff  are  contained  in  the  data  or  computa¬ 
tions.  Not  too  obvious  in  the  engulfing  functions 
is  the  maximum  amplitude  in  the  frequency  func¬ 
tion  of  unity  and  the  area  of  the  approximate  box¬ 
car  function  in  the  time  domain  of  unity.  Fig.  19 
provides,  for  a  traveling  load  over  a  surface,  the 
maximum  mesh  length  at  the  folding  frequency  for 
a  range  of  traversing  velocities. 


(b)  Profile  of  effective  pressure  over  a  local  area 

Fig.  17  -  Depiction  of  air-blast  engulfment  and 
development  of  effective  pressure 
over  a  local  area  (exaggerated  scale) 


(a)  Properly  selected  time  step 


(b)  Improperly  selected  time  step 


Fig.  18  -  Plot  of  magnitude  of  engulfing  function 
for  two  different  time  steps 
At  =  (mesh  length/blast  velocity) 
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Fig.  19  -  Traveling  air-blast  loading  on  surface;  maximum  mesh 
length  in  blast  direction  at  folding  frequency  (fc)  for 
range  of  shock-front  velocities 


b.  Traveling  Wave  over  a  Surface.  Somewhat 
similar  to  the  engulfing  function  for  local  areas 
(mesh  size)  is  the  wave  travel  over  die  entire 
structure.  In  this  case,  the  travel  distance  or 
time  increment  is  from  the  boundary  of  one  local 
area  to  the  next.  Where  the  boundary  distances 
are  equal  and  the  blast  velocity  constant,  die 
traveling  wave  function  would  be: 

'.Inff). 

where 

N  =  number  of  equal  local  areas  on  roof 
At  =  traverse  time  across  local  area 


The  local  areas  of  the  roof  are  not  equal,  and 
the  foregoing  discussion  is  useful  only  in  under¬ 
standing  the  characteristics  of  the  function.  The 
unequalness  of  the  local  roof  areas  requires  that 
the  function  of  Eq.  5  be  placed  in  the  form 

|l  +  exp(-jXju)  +  exp(-jT2oj)  +  exp(-jxyj) 

+  ...  expf-jx^wjj 
(10) 

where  x.  =  time  of  arrival  at  each  local  area 
boundary. 


3.1.3  Response  Prediction  at  First  Location 


exp(-jXll--J.llt.  M)  (8) 


As  before,  for  small  angles  e  »  sin  e,  and  the 
function  of  Eq.  5  becomes: 


/  .(N  -  1)At  \ 
expf-j- - y1 —  “) 


(9) 


The  traveling  wave  for  the  roof  is  a  summa¬ 
tion  having  a  maximum  amplitude  in  the  frequency 
domain  of  NAt  (the  total  traverse  time  of  the 
wave  over  the  roof).  The  amplitude  of  the 
approximate  boxcar  function  is  unity  and  has  an 
area  of  NAt  in  die  time  domain. 


Response  calculations  were  made  in  the  verti¬ 
cal  direction  from  roof  loads  of  a  traveling  air 
blast  for  the  center  of  the  5th  floor  of  die, 
1/12-scale  model.  The  method  of  calculation  is 
given  as: 


Response 


(Local  \ 
Inertance/ 

(Local  Local 

Area  Pressure 

/Traveling! 

I  Wave  J 
V  Function  / 


Local  \ 
x  Engulfment 
Function  \ 
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>r  -  if  y. 


Computations  were  performed  in  the  frequency 
domain  as  represented  by  Eq.  11  and  transformed 
to  the  time  domain  by  Eq.  12. 


X(u>)  -  2  jl.  (w)  A.  •  P,(u>) 

1=0  *  I  ' 


SI  j  (u)j 


exp(-jTjU) 

(ID 


Selection  of  local  impedance  zones  and  pres¬ 
sure  areas  for  each  inertance  function  followed  the 
methods  used  for  the  model.  The  zones  for  the 
36  impedance  measurements  selected  are  shown  in 
Fig.  20.  Impedance  measurements  A-l  and  A-29 
were  used  on  the  basis  of  symmetry  in  two  other 
locations  (Fig,  20),  since  poor  data  records  were 
obtained  in  Zones  34  and  36. 


j/;(oj)  -  l-th  inertance  function  [x/F.  (w)  ] 

A.  =  i-th  local  area  (mesh)  of  external 
1  load 

Pj  (w)  m  i-th  external  pressure  load 
S  i  •  (to)  =  i-th  local  engulfment  function 


sin(^ 


exp(-jT.u)  «  traveling  wave  function 


|l  +  exp(-jT1u)  +  exp(-jx2w)... 


tj  =  arrival  time  of  blast  wave  at 
local  area  boundary 


x(t)  »*  5F  ’[x(u)] 


3.1.4  Response  Predictions  at  Other  Locations 
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Fig.  20  -  Zoned  roof  of  PARB  prototype  showing 
impedance  zones,  air-blast  zones,  and 
impedance  measurement  drive  points 
(direct  and  reciprocity) 


Response  predictions  at  additional  internal 
locations  (i.e. ,  locations  in  addition  to  the  "first") 
of  the  building  are  facilitated  by  use  of  transfer 
functions.  The  response  prediction  at  the  first 
location  on  the  5th  floor  is  multiplied  by  a  trans¬ 
fer  function  to  another  location  to  obtain  the 
response  at  the  second  location,  as  discussed  in 
Section  2.6. 


3.2.1  Pressure  Input  Development 

Pressure-time  histories  from  the  DIAL  PACK 
Event  were  scaled  geometrically  for  computations 
on  the  prototype  PARB.  Pressures  for  both  model 
and  prototyp  .•  are  identical  but  scaling  of  charac¬ 
teristic  time  is  required. 


Predicting  the  response  of  the  prototype  PARB 
follows  the  same  procedure  as  that  used  for  die 
model.  Each  variable  will  be  discussed,  and  dif¬ 
ferences  in  procedure  will  be  emphasized. 


V‘>  '  p„(i) 


Pjw)  "  A  P Mu) 

p  m 


BC,'tWTgKT U!1 


Effects  on  waveforms  of  the  DIAL  PACK  pres-  where 
sure  records  by  scaling  (Reynolds  number,  pVL/p) 

to  die  prototype  were  evaluated  to  determine  A  =  area  (sq  ft) 

whether  serious  errors  would  result.  Informa¬ 
tion  on  transient'  blast  waves  interacting  with  p  =  prototype 

structures  is  quite  limited.  Some  Information 

having  applicability  to  the  PARB  configuration  has  m  =  model 

been  found  and  evaluated  for  scale-factor  effects. 

These  data  are  from  shock  tubes,  water  tables,  X  &  scale  factor  (12) 

and  nose  cones. 


3.2.2  Air-Blast-Wave  Engulfment 

a.  Pressure  Area  Zones.  The  engulfing 
function  developed  for  the  model  (Eq.  7)  was 
applied  also  for  the  local  pressure  areas 
(impedance  cones)  of  the  prototype.  The  only 
change  required  was  a  coarser  mesh,  owing  to 
die  lower  cutoff  frequency  of  300  He  (Fig.  19). 

b.  Traveling  Have  over  a  Surface.  The 
traveling  wave  function,  Eq.  10,  used  for  the 
model  was  applied  to  die  prototype. 


3.2.3  Response  Predictions  at  First  Location 

Response  predictions  for  die  prototype  were 
made  with  Eqs.  11  and  12  in  a  manner  similar  to 

that  used  for  die  model.  c.  Inertanoe  Functions.  Inertance  functions 

are  scaled  as  given  in  Table  1. 


P  (t)  -  P  (±\ 

P  m\A/ 

P  (w)  -  A  P  (Aw)  05) 

P  m 


b.  Air  Blast.  The  air-blast  pressures  from 
DIAL  PACK  are  scaled  for  the  prototype  where 
pressure  amplitudes  for  model  and  prototype  are 
equivalent,  but  the  time  duration  is  scaled  by 
A  =  12. 


3.2.4  Response  Predictions  for  Other  Locations 

Response  predictions  for  die  prototype  at 
other  locations  were  made  in  a  manner  similar  to 
that  used  for  the  model. 


•<>>  -  4iw 


Scaling  relationships  for  the  1/12-scale  model 
calculations  and  DIAL  PACK  Event  records  of  the 
model  PARB  are  developed  in  this  section.  These 
scaling  relationships  provide  for  both  geometric 
scaling  and  scaling  based  on  comparison  of  Inert¬ 
anoe  functions  from  the  model  and  the  prototype 
from  Table  2. 


3.3.1  Geometric  Scaling 

a.  Areas.  Surface  area  of  the 
die  model  scaled  to  the  prototype  is 


d.  Geometrically  Sealed  Response. 

Xp (w)  -  £  (Aw)  |a2Aj  •  APj(Aw) 

•  Si .  (Aw)  exp(-jT.Aw)J  (17) 

}  m 


*,<•> 

”  X  (Aw) 
m 

(18) 

(14) 

v*> 

"  i  *m(i) 

(19) 
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where 


P 

m 

X 


prototype 

model 

scale  factor 


tV.  (Xu)  =  i-th  impedance  function 


[X/F.  (&>)] 


i-th  local  area  of  external 
load 


P.(A<o)  =  i-th  static  external  pressure 
3  load 


Si.(Aoi)  *  i-th  local  engulfment  function 


.  /nAtAu j\ 


.  / A tXm\ 

"  S,n\— j 


exp(-jx.Xoj)  «  traveling  wave  function 

[1  +  exp(-jAtAw)  +  exp(-2jAtw). . .] 


arrival  time  of  blast  wave  at 
local  area  boundary 


3.3.2  Scaling  by  Use  of  Measured  Inertance 
Functions 


a.  Sealing  of  Areas,  Pressures ,  and  Wave 
Engulflnent.  Scaling  of  areas,  pressures,  and 
wave  engulfment  are  geometric,  as  presented  in 
Section  3.1. 


b.  Inertanee  Function  Sealing.  Several  not- 
to-scale  conditions  existed  between  the  prototype 
and  model  PARBs.  These  conditions  cannot  really 
be  quantitatively  established,  although  discussion 
and  identification  of  each  is  given  in  Section  4.  A 
scaling  comparison  in  both  magnitude  and  fre¬ 
quency  was  made  as  discussed  in  Section  2.7. 

The  scale  factors  determined  by  this  procedure 
are  presented  in  Tables  2  and  3  for  each  location. 


c.  Measured  Impedance  Sealing  (not-to-saale 
effects). 
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3.4  Prototype  Responses  Compared  with 
Responses  Scaled  from  Model 


Acceleration  response  motions  from  DIAL 
PACK  records  and  model  calculations  are  scaled 
to  die  prototype  calculations  and  presented  in 
Figs.  21  through  28.  Scaling  was  made  by  Inert¬ 
ance  function  ratios. 


TABLE  3 

Acceleration  Response  Scaling,  Model  to  Prototype,  of  Geometric  and 
Inertance  Measurement  Scale  Factors 
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(a)  DIAL  PACK  model  response 
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(c)  Predicted  prototype  response 

Comparison  of  prototype  and  scaled  model  PABB  acceleration-time  histories:  5th  Door  center 


7.5  10.0  12.5  15.0  17.5  20.0 
SCAtED  TIME,  SEC  X  10*1 
(a)  DIAL  PACK  model  response 
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(c)  Predicted  prototype  response 

-  Comparison  of  prototype  and  scaled  model  PARB  acceleration-time  histories:  4th  Door  center 
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(a)  Scaie^  DIAL  PACK  model  response 
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(b)  Scaled  predicted  model  response 
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(c)  Predicted  prototype  response 

25  -  Comparison  of  prototype  and  scaled  model  Fourier  magnitudes  of  acceleration:  5th  floor  center 
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(a)  Scaled  DIAL  PACK  model  response 
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(b)  Scaled  predicted  model  response 
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(c)  Predicted  prototype  response 

36  -  Comoarison  of  prototype  and  scaled  model  Fourier  magnitudes  of  acceleration:  4th  floor  center 


4.  RESULTS  AND  CONCLUSIONS 

Overall  similarity  of  scaled  DIAL  PACK  test 
records  and  model  calculations  to  prototype  calcu¬ 
lations  is  quite  good  for  acceleration-time  histo¬ 
ries  and  Fourier  magnitude  frequency  spectra. 

Deviations  noted  in  the  calculated  rise  and  fall 
times  for  time  histories  involve  both  data  mea¬ 
surements  and  subsequent  processing.  Some 
improvements  in  technique  were  applied  to  the 
prototype  calculations.  Differences  observable  in 
the  Fourier  transforms,  particularly  in  the  4th  and 
3rd  floors,  are  attributable  to  not-to-scale  effects 
in  the  prototype  and  to  measurement  processing 
techniques  for  floor-to-floor  transfer  functions. 

Scaling  the  model  data  geometrically  did  not 
provide  a  good  fit.  Several  not-to-scale  effects 
existed  in  the  prototype  that  had  not  been  or  could 
not  be  accounted  for  in  the  model.  These  effects 
included  the  following: 

a.  Structure. 

Prototype  roof — radar  base  slab 
Prototype — 2nd  Door  mezzanine 
Prototype — utility  tunnel 
Model— excessively  large  base  slab 

b.  Equipment  in  Prototype  Structure. 

Tactical  support  equipment  on  shock- 
isolated  platforms,  2nd  floor  365,000-lb 
(165,000  kg)  sprung  weight  of  22  plat¬ 
forms,  and  3rd  floor  203,000-lb 
(92,000  kg)  sprung  weight  of  4  platforms 

SAFCA  communication  equipment  on 
shock-isolated  platforms,  3rd  floor 
86,126-lb  (39,100  kg)  sprung  weight  of 
3  platforms 

Weapons  systems  equipment  hard  mounted 
on  3rd  floor 

The  radar  base  slab  on  the  prototype  rocf 
stiffens  the  area  covered  and  adds  weight.  The 
2nd  floor  mezzanine,  the  utility  tunnel  of  the  pro¬ 
totype,  and  the  extra  large  base  slab  in  the  model 
contribute  to  the  scaling  problem.  Equipment 
installed  in  the  prototype,  particularly  on  the  2nd 
and  3rd  floors,  has  a  decided  effect  in  altering  the 
floor  frequency  responses.  The  weapon  system 
equipment  hard  mounted  to  the  3rd  floor  is  mas¬ 
sive  and,  in  the  case  of  the  precise  power  units, 
acts  as  a  stiffener.  (These  power  units  cover 
approximately  one-third  of  the  3rd  floor  area.) 

The  numerous  shock-isolated  platforms  are 
dynamically  responsive  over  a  wide  frequency  band 


and  dynamically  interact  with  the  floors  to  alter 
floor  responses  substantially. 

Scaling  of  damping  as  viscous  equivalent  did 
not  appear  to  be  the  most  appropriate  form.  Fur¬ 
ther  work  and  investigation  need  to  be  undertaken 
to  scale  for  material  damping. 

The  following  conclusions  are  drawn  from  the 
work  discussed  in  this  paper: 

•  The  use  of  impedance  testing  is  a  useful 
technique  for  predicting  structural 
response  and  to  verify  finite  clement 
model  calculations. 

•  Existing  vibration  and  measurement  equip¬ 
ment  is  capable  of  vibrating  and  measur¬ 
ing  the  response  of  the  largest  structures, 
e.g. ,  dams  and  massive  protective 
structures. 

•  Computer  technology  has  advanced  to  such 
a  level  that  it  is  possible  to  process 
impedance  measurement  data  and  associa¬ 
ted  input  loads  in  large  quantities. 

•  The  test  technique  and  experimental  appli¬ 
cation  briefly  outlined  in  this  paper  pro¬ 
vide  a  basis  for  the  continued  improve¬ 
ment  of  impedance  technology.  Several 
improvements  have  been  identified  to 
reduce  test  time,  to  increase  accuracy,  to 
reduce  noise,  and  to  simplify  data 
processing, 

•  Scaled  impedance  measurements  from  a 
model  structure  may  be  used  in  response 
predictions  over  a  wide  frequency  range 
and  for  a  range  of  input  loads.  From 
these  response  predictions,  shock  and 
vibration  criteria  scaled  up  from  the 
model  may  be  established  for  internally 
mounted  equipment  prior  to  construction  of 
prototype  structures. 

•  Air-blast  loads  should  be  determined  for 
each  structure  by  analytic/computer 
methods  or  experimentally  from  scaled 
models  in  blast  simulation.  Air-blast 
sensitivity  studies  strongly  suggest  that 
simplistic  air  loads  on  protective  struc¬ 
tures  are  insufficient  to  provide  threat 
criteria  for  weapons  systems  equipment. 

•  Mesh  dimensions  (loaded  surfaces)  of  pro¬ 
tective  structures  must  be  carefully  sized 
with  respect  to  air-blast  front  velocity. 

•  Mode  shapes,  resonant  frequencies,  and 
damping  may  be  extracted  from  impedance 


measurements.  Significantly  higher 
damping  values  have  been  extracted  from 
the  PABB  structure  than  are  normally 
used  in  finite  element  models. 
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PROBABILISTIC  FAILURE  ANALYSIS 
OF  LINED  TUNNELS  IN  ROCK 


David  A.  Evensen,  Jon  D.  Collins 
J.  H.  Higgins  Company 
Redondo  Beach,  California 


A  study  was  performed  to  develop  a  methodology  for  planning  of 
nuclear  underground  tests  such  that  the  negative  impact  of  the 
uncertainty  in  the  free-field  weapons  effects  and  the  structure 
capabilities  would  be  minimised.  A  probabilistic  procedure  was 
developed  using  a  deterministic  structural  model  as  a  basis  to 
obtain  the  fragility  curves  of  the  structures.  The  paper  dis¬ 
cusses  how  to  guide  the  design  of  the  structures  to  maximize 
the  acquisition  of  good  data,  and  the  methodology  could  be 
directly  applicable  to  future  nuclear  tests. 


INTRODUCTION 

Two  serious  problems  with  any 
single  shot  nuclear  test  are  (1)  that 
of  scaling  the  predicted  environment 
incorrectly  or  (2)  improperly  esti¬ 
mating  the  capability  of  the  structure 
that  is  to  be  tested.  It  is  not  unusual 
to  have  situations  where  no  useful  data 
were  obtained  because  the  environment 
was  too  high.  Therefore,  it  is  desir¬ 
able  to  design  tests  such  that  the 
probability  of  obtaining  useful  data  is 
maximized.  In  the  case  of  many  such 
tests,  survival  of  the  structure 
through  the  tests  is  not  necessarily 
the  objective,  but  rather  the  deter¬ 
mination  of  the  environmental  level  that 
causes  the  structure  to  fail.  There¬ 
fore,  it  is  advantageous  for  tests  to 
be  designed  such  that  the  structure  will 
have  approximately  a  50%  chance  of 
failing  at  the  design  range  from  the 
explosion  source. 

There  nre  some  significant  uncer¬ 
tainties  involved  in  the  test  design. 

The  blast  source  will  have  an  uncer¬ 
tainty  in  its  yield.  The  shock  wave 
from  the  blast  through  the  surrounding 
media  also  will  have  considerable  uncer¬ 
tainty.  Data  presented  in  the  Air 
Force  Manual  for  Design  and  Analysis  of 
Hardened  Structures  (Reference  5)  in- 
dicate  that  with  a  known  yield  there 
will  be  an  uncertainty  factor  of  J  2.5 
'or  the  particle  velocity  in  hard  rock. 
If  the  media  is  soft  rock  or  dry  soil, 


the  uncertainty  is  even  greater. 

The  other  significant  uncertainty 
is  the  capability  of  the  test  structure 
to  withstand  the  load.  Prediction  of 
the  precise  failure  level  is  not  pos¬ 
sible  because  of  the  difficulty  in  pre¬ 
dicting  the  post-yield  behavior  and  the 
structure-media  interaction,  conse¬ 
quently,  it  would  not  be  unusual  to  pre¬ 
dict  an  uncertainty  factor  in  the  struc¬ 
tural  capability  as  large  as  l.J.  A 
structural  capability  uncertainty  model 
can  be  developed  using  the  basic  mathe¬ 
matical  model  utilized  to  predict  ^tie 
nominal  failure  level.  A  factor  should 
probably  also  be  added  to  the  model  to 
account  for  systematic  error  rising 
from  inadequacy  of  the  mathematical 
model  itself. 

Failure  of  the  structure  will 
occur  as  shown  in  Figure  1,  when  the 
load  exceeds  the  capability  (resistance 
of  the  structure) .  Load  and  capability 
are  shown  by  two  probability  density 
functions  and  the  illustration  indicates 
that  for  some  of  the  time,  the  load  will 
exceed  the  resistance  and  thus  produce 
failure.  It  is  significant  in  the 
present  problem  that  both  distributions 
will  be  very  broad  due  to  their  large 
uncertainties. 

Note,  that  in  Figure  1  the  mean 
structural  capability  is  a.  5  times  the 
most  probable  free-field  stress,  and 
yet,  there  is  a  significant  probability 
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TYPICAL  DISTRIBUTION  OF 
FREE-FIELD  STRESS  IN  TUFF 
(UNCERTAINTY  FACTOR  14) 


TYPICAL  DISTRIBUTION  OF  CYLINDER 
FAILURE  THRESHOLD  (c&  =  .05) 


Figure  1.  Distributions  of  Uncertainty  in  Free-Field  Stress 
and  Structural  Capability 


of  failure  (in  this  case  Pf  a  .3). 

It  is  possible  from  the  informa¬ 
tion  described  above  to  get  an  idea  of 
the  possible  range  of  failure  thresh¬ 
olds  which  could  occur  in  a  test.  If 
there  has  been  one  or  more  previous 
tests  that  contribute  data  of  limited 
value,  it  is  possible  to  improve  the 
test  design  using  a  system  identifica¬ 
tion  procedure.  If  the  previous  test(s) 
were  in  similar  media  or  if  the  struc¬ 
tures  were  similar,  then  it  could  uc 
assumed  that  the  knowledge  from  these 
tests  would  permit  revision  of  some  of 
the  mean  values  and  reduce  the  uncer¬ 
tainties  in  the  test  plan. 

In  the  remaining  sections  of  this 
paper,  procedures  are  developed  and 
demons  Crated  which  consider  these 
problems  and  provide  a  methodology  for 
optimum  test  planning  with  full  con¬ 
sideration  of  uncertainty. 

GENERAL  METHODOLOGY 

The  objective  of  this  study  was 
to  identify  and  quantify  all  of  the 
sources  of  uncertainty  associated  with 
the  testing  of  buried  cylinders  in  a 
shock  environment  created  by  a  nuclear 
weapon.  A  flow  diagram  for  the  pro¬ 
cedure  of  the  study  is  given  in  Figure 
2. 


Basic  to  the  work  is  the  identifi¬ 
cation  and  utilization  of  a  valid  de¬ 
terministic  structural  model.  If  a 
good  deterministic  model  cannot  be 
found,  the  statistical  analysis  will 
suffer  accordingly.  A  statistical 
procedure  is  not  a  remedy  for  poor 
modeling.  Once  the  model  has  been 
identified,  then  it  is  possible  to 
determine  the  characteristic  uncer¬ 
tainties  of  the  parameters  of  the  model. 
Then,  since  failure  is  what  is  being 
sought  in  this  study,  a  failure  cri¬ 
teria  must  be  established  (i.e.,  at 
what  level  of  strain  does  the  struc¬ 
ture  fail?) . 

The  model,  the  data  uncertainty, 
and  the  criteria  constitute  the  basic 
elements  of  the  problem.  From  these, 
one  can  develop  a  statistical  model 
which  will  indicate  the  probabilistic 
variation  in  failure  occurrence.  In 
this  study,  a  Monte  Carlo  approach  is 
used  which  results  in  the  development 
of  fragility  curves  for  structural 
failure  as  a  function  of  free-fiela 
stress. 

The  fragility  curve  completes  the 
single  structure  analysis.  However,  in 
a  test,  many  structures  are  involved, 
and  it  is  the  desire  of  the  test  de¬ 
signer  to  have  the  results  of  the  tests 
straddle  the  failure  thresholds.  Failure 
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Figure  2.  Methodology 


of  50%  of  the  structures  could  be 
assumed  tc  indicate  a  successful  test. 

Prediction  of  the  number  of  struc¬ 
tures  failing  in  an  actual  test  re¬ 
quires  an  additional  model,  which  is 
presented  subsequently.  'This  model, 
using  the  structure  configuration,  the 
structure  location,  the  structure  un¬ 
certainty,  the  weapon  yield,  and  the 
uncertainty  in  free-field  stress  must 
predict  the  most  probable  range  of 
number  of  structures  which  will  fail. 


The  procedure  produces  a  probability 
density  function  of  the  number  of  struc 
tures  failing,  the  expected  number  of 
failures,  and  the  90%  confidence  limits 
Then,  with  the  prediction  and  the  test 
results,  it  is  possible  to  evaluate  the 
success  of  the  test  design  and  to  make 
recommendations  on  future  tests  of 
similar  design. 
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DEVELOPMENT  OF  A  PROBABILISTIC 
STRUCTURAL  FAILURE  MODEL 

Background  -  The  development  of  a 
probabilistic  structural  failure  model 
is  straightforward  and  is  basically 
composed  of  two  distinct  parts.  First, 
one  begins  with  a  deterministic  model 
for  the  failure  of  the  structure.  In 
the  present  case,  the  design  procedure 
outlined  (for  lined  tunnels  in  rock) 
in  AFWL-TF-74-102  (Ref.  5)  and  developed 
by  Newmark  (Ref.  9)  was  used.  This  de¬ 
terministic  model  satisfied  a  fundamen¬ 
tal  requirement  that  the  design  pro¬ 
cedure  be  describable  by  mathematics, 
i.e.,  that  it  can  be  described  by  flow 
charts  and  computer  operations.  The 
computer  model  has  certain  irput  para¬ 
meters  (i.e.,  design  parameters)  and 
one  or  more  output  parameters  (e.g.,  a 
design  pressure,  a  design  thickness, 
etc.) . 

The  second  step  in  the  development 
of  the  probabilistic  failure  model  is 
to  treat  the  input  parameters  as  random 
variables.  This  procedure  is  accom¬ 
plished  by  establishing  a  mean  value 
(of  each  input  parameter) ,  a  standard 
deviation,  and  a  distribution  function 
for  the  random  variable.  The  result 
of  this  approach  is  that,  the  output 
(design)  variable  is  also  random,  and 
consequently  one  is  able  to  obtain  a 
probability  of  failure  (vs.  free-field 
pressure,  say)  as  opposed  to  discrete 
(one-valued)  design  pressure  which  would 
be  obtained  from  the  deterministic 
procedure. 

Deterministic  Model  of  Tunnel 
Failure  -  The  basic  design  procedures, 
assumptions,  and  approximations  used 
are  outlined  in  Ref.  5,  the  Air  Force 
Manual  for  Design  and  Analysis  of 
Hardened  Structures.  In  particular, 
the  design  approach  outlined  therein 
was  developed  for  lined  tunnels  in  rock 
by  Newmark  (Ref.  9) ,  who  has  since  pub¬ 
lished  related  studies  (Ref.  10  and  11) . 
Newmark 's  basic  assumptions  and  approxi¬ 
mations  are  listed  below  and  are  dis¬ 
cussed  in  Ref.  6. 

The  assumptions  and  approximations 
include 

•  Quasi-Static  Design,  Inertia 
Neglected 

•  An  Axi-Symmetric,  Plane-Strain 
Assumption 

•  Continuity  of  Stresses  and 
Strains  Assumed 

•  Elasto-Plastic  Behavior  of  the 
Materials 


A  typical  (idealized)  lined  tunnel  in 
rock  is  shown  in  Figure  3. 


Figure  3.  Typical  (Idealized)  Lined 
Tunnel  in  Rock 


Non-Symmetri c  Behavior  and 
Collapse  -  The  assumptions  of  axi- 
symmetric  response  of  the  tunnel  and 
liner  say  nothing  about  the  behavior  of 
the  tunnel  near  collapse.  In  fact,  the 
loading  is  not  perfectly  axi-symmetric, 
and  the  cavity  does  deform  as  an  oval, 
causing  bending  of  the  walls.  To  re¬ 
sist  such  bending,  the  concrete  liner 
is  reinforced  with  steel  bars  (i.e., 
re-bar) . 

The  design  of  the  cavity  walls  to 
resist  bending  is  somewhat  imprecise, 
since  the  non-symmetry  of  the  loads 
(which  produces  the  bending)  is  not 
well  known.  It  is  understood,  however, 
that  these  non-symmetric  effects  become 
increasingly  important  as  the  axi- 
symmetric  response  increases.  For  ex¬ 
ample,  consider  a  circular  ring  loaded 
by  an  axi-symmetric  pressure,  pQ,  and 
a  non-symmetric  pressure  p2  cos  26. 
Thus,  the  total  pressure  load  is 

p(6)  =  pQ  +  p2  cos  26 

The  corresponding  radial  deflection  is 
given  by 


w(8)  =  w_  +  w_  cos 
o  i 


where  w0  is  the  axi-symmetric  response, 
and  W2  is  the  buckling  mode. 

From  the  theory  of  buckling  (see 
Ref.  13,  for  example)  it  can  be  shown 
that  W2  has  the  form 


(■-ft) 


In  other  words,  as  the  axi-symmetric 
pressure  pQ  approaches  the  critical 
(i.e.,  buckling)  pressure  pcr,  the 
non-symmetric  response  W2  becomes  un¬ 
bounded.  (In  equation  1,  the  factor 
a  is  just  a  constant  of  proportion¬ 
ality. 

It  is  anticipated  that  a  relation 
similar  to  equation  (1)  will  hold  for 
the  lined  tunnels  considered  herein. 
That  is,  above  a  critical  axi-symmetric 
pressure,  pcr,  it  is  expected  that  the 
steel  liner  will  buckle  and  the  tunnel 
walls  will  collapse. 

Specifying  Failure  in  Terms  of 
the  Steel  Liner  Strain,  e  -  In  most 
analytical  design  procedures,  it  is 
customary  to  specify  the  load  (in 
this  case  the  free-field  pressure,  pQ, 
say)  and  then  compute  the  response 
(the  strain  eg  in  the  concrete  or  in 
the  steel  liner,  say) .  However, 
because  of  the  rigid-plastic  assump¬ 
tion  for  the  steel,  Newmark  (Ref.  9) 
found  it  simplest  to  specify  a  certain 
liner  strain  (e)  and  to  then  compute 
the  corresponding  pressure  in  the  free- 
field,  pQ.  Galbraith  (Ref.  7)  indi¬ 
cated  that  recent  test  cylinders  were 
designed  for  circumferential  strains, 
e,  ranging  from 

.005  <  e  <  .08  (2) 

and  that  the  strain  gage  reading  showed 
strains  on  the  same  order  as  the  design 
values.  In  general 

Etest  -  edesign  ^ 

for  the  strains  recorded  on  the  test 
cylinders. 

The  question  naturally  arises, 
"What  is  a  reasonable  value  of  the 
circumferential  strain  at  failure. 

According  to  Galbraith  (Ref.  7) 

the  cylinders  designed  for 

.005  <  £  <  .02  (4a) 

were  not  expected  to  fail,  and  those 
designed  for 


.06  <  e  <  .08  (4b) 

were  expected  to  fail,  and  those  for 
which 

.02  <  e  <  .06  (4c) 

were  expected  to  be  in  a  transition 
region.  The  strain  gage  readings  (from 
individual  locations  on  the  steel  liner) 
indicated  that  the  strains  measured  in 
the  test  were  somewhat  less  than  the 
designed  -  for  values  (see  equation  3, 
above) . 

Until  a  better  value  becomes  avail¬ 
able,  a  (somewhat  arbitrary)  failure 
strain  of 

6 fail  =  *05  (5> 

will  be  chosen  for  the  steel  liner. 

As  long  as 


then  the  cylinder  will  be  said  to  "have 
not  failed,"  and  when 

e  i  Gfail  (6b> 

the  cylinder  is  presumed  to  have  failed. 

Development  of  Tunnel  Fragility 
Curves  -  Newmark ' s  design  procedure  is 
deterministic.  That  is,  a  circumferen¬ 
tial  strain,  e,  is  assumed,  the  prop¬ 
erties  of  the  steel,  the  concrete,  the 
grout  and  the  rock,  etc. ,  are  all  taken 
to  be  known,  and  a  corresponding  free- 
field  pressure,  pQ,  is  computed.  The 
value  of  p0  determined  in  this  fashion 
corresponds  in  a  one-to-one  fashion  with 
the  assumed  strain,  £.  This  determin¬ 
istic  design  procedure  is  outlined  in 
Ref.  6,  and  is  discussed  therein. 

In  the  probabilistic  approach,  how¬ 
ever,  Young's  modulus  for  the  rock  Er, 
is  assumed  to_be  normally  distributed 
with  a  mean,  Er,  and  a  standard  devia¬ 
tion,  Og^.  In  a  similar  fashion,  other 

input  quantities,  like  the  ultimate 
compressive  strength  of  the  rock  (°uit) » 

the  unconfined  compressive  strength  of 
the  concrete  (f^'),  etc.  are  taken  to  be 
statistically  distributed. 

When  a  relationship  is  known  be¬ 
tween  input  quantities,  the  statistical 
variables  are  correlated,  and  only  one 
quantity  is  allowed  to  be  independent. 
For  example,  in  the  case  of  concrete, 
the  empirical  relation 

E concrete  =  57'000  <*7 


(where  fc'  is  the  unconfined  compres¬ 
sive  strength  in  lb/in2)  is  known  tc 
fit  the  data  fairly  well  (Ref.  12). 
Thus,  in  the  probabilistic  study,  fc' 
is  taken  to  be  independent  (with  a  mean 
and  standard  deviation  of  its  own)  and 

the  modulus  E _  is  taken  to  be  depen- 

con 

dent  (by  virtue  of  equation  7) . 

The  purpose  of  the  probabilistic 
approach  is  to  compute  a  probability 
of  failure,  i.e.,  the  probability  that 
the  tunnel  collapses.  Since  we  have 
previously  defined  failure  by  e  > 

in  Equation  (6b) ,  the  probability  of 
failure  becomes 

P (failure)  =  P(e  >  efail)  (8) 

that  is,  the  probability  that  the 
failure  strain  (e£a^^)  is  exceeded. 

Details  of  the  probabilistic  calcula¬ 
tions  are  discussed  in  the  paragraphs 
which  follow. 

Recall  from  the  Introduction  that 
the  objective  is  to  generate  a  "fragil¬ 
ity  curve"  of  failure  probability  (Pf) 
vs.  the  free-field  over-pressure  in 
the  rock,  p0*  To  generate  probability 
data  for  the  fragility  curves,  a  com¬ 
putational  technique  known  as  a  "Monte 
Carlo"  procedure  was  used.  This  tech¬ 
nique  has  been  made  practical  with  the 
advent  of  the  high-speed  computer  and 
it  can  be  briefly  described  with  the 
aid  of  Figure  4. 


that  the  input  design  parameters 

(Erock'  vrock'  etc,)  are  known  3ust 
statistically.  For  example,  Young’s 
modulus  for  the  rock  (£rocJc)  has  a 

mean  value  (Er)  and  a  standard  devia¬ 
tion  (0gr) .  Based  upon  experimental 

data  for  rock  and  from  knowledge  of 
similar  material  property  data,  the 
assumption  is  made  that  Er  is  normally 
distributed.  The  mean  value 

(Er  =  0.87  x  106  lb/in2),  6.0  x 109  N/m2 
and  the  standard  deviation 

(oEr  =  .07  x  lo6  lb/in2),  .48  x  109  N/m2 

were  estimated  (Ref.  2  and  7) .  In  a 
similar  fashion,  statistical  properties 
were  estimated  for  all  eleven  of  the 
input  design  parameters.  (These  re¬ 
sults  are  presented  in  Table  I) . 

Returning  now  to  Figure  4,  the 
parameter  uncertainties  are  defined 
(on  the  left  of  the  Figure)  using 
Table  I.  The  next  step  in  the  Monte 
Carlo  procedure  is  to  extract  a  random 
sample  (a  set  of  eleven  input  design 
parameters)  from  our  statistically 
distributed  input  variables.  This 
sampling  is  achieved  computationally 
by  means  of  a  subroutine  which  serves 
as  a  random  number  generator.  The 
subroutine  generates  eleven  (11) 
statistically  independent  random  vari¬ 
ables  (one  for  Er,  one  for  vroc)c»  etc.), 

and  these  variables  thus  define  the 
input  design  variables  for  (one  cycle 


Figure  4 .  Monte  C  .. lo  Computational  Procedure 


Beginning  on  the  left  of  Figure  4, 
note  the  block  labeled  "parameter  un¬ 
certainties,"  which  represents  the  fact 


of)  the  Monte  Carlo  procedure. 

The  eleven  (random)  input  vari¬ 
ables  are  then  used  in  Newmark’s  model 
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PARAMETER 


MEM.  U 


DISTRIBUTION 


STANDARD 
DEVIATION,  a 


JUSTIFICATION  FOR  VALUES  AND  DISTR10UTI0N 


CRICK 

E  .  Young's  Modulus 
for  rock  and 
grout 

.8?  x  106  lb/ln2 
<6.0  x  109  N/b2) 

Asstmd  Normal 

.07  x  ID6  lb/ln2 
(.48  x  109  N/b2) 

Estlnated  Ref.  [2]  end  [7] 

GMURJK 

v  *  Poisson's  Ratio 
for  roci  and 
grout 

m 

Assumed  Normal 

.05 

Reference  £2].  Design  used 
vf  •  .33,  eccordtng  to  Rtf.  [7]. 

CNUCIN 

v  ,  Poisson's  Ratio 
c  for  concrete 

.14 

Assuned  Normal 

.02 

FYIELD 

f  .  Yield  Stress 
y  for  the  steel 
liner 

38  klps/ln2 
(.26  x  109  ft/*2) 

Normal 

2.3  ksi 

(.016  *  109  N/m2) 

Test  d»t»  fron  Steel  Coupons  Reference  [71 
end  Ref.  12,  p.  5,  4000  tests. 

FCPRIM 

f  ,  Unconfined  co»- 
c  pressive  strength 
of  concrete 

5500  lb/in2  (stitlc) 
(3.8  x  107  N/b2) 

8000  lb/1n2  (d/nenlc) 
(5.5  x  107  N/«2) 

Normal 

500  ’W 
(3.45  x  106  N/»2) 

Includes  dynutc  strength  tncreese, 

*dyn  ’  S(*  Ref-  t*J  end 

speclflcetlons  on  tests 

XKCON 

k  ,  Friction- 
5  Dependent  Con- 
stent,  for 
concrete 

uk  •  3 

u.  ■  30* 

Assumed  log¬ 
normal  for  e 

F  •  1.5 

20«  <  *  <  45* 

k  m  l~-"sln"o —  k  "  3  used  ,n 

XKROK 

k  ,  Friction- 
5  Dependent 

Constant  for 

Rock 

Lk.  I.l* 

V5' 

Assumed  log¬ 
normal  for  d 

r  .  3 

5/3‘<  e  <  15* 

k  *  sln't  *  ♦  >  0  varies  greatly. 

♦  ■  5*  used  In  design. 

SIGUIT 

o  ,  .Ultitate 
lunconfined) 
Compressive 
Strenqth  for 

Rock 

2900  lb/ln2 
(2.0  x  107  N/b2) 

Assumed  Nome) 

725  lb/ln2 
(5.0  x  ID6  N/b2) 

Reference  [2].  Design  , 
velue  used  bjr  Herrltt  ms  1500  lb/in 
■°ult 

KSTEEL 

h  .  Thickness  of  the 

5  Steel  Liner 

.746  In 
{1.89  cm) 

Assumed  Normal 

.002  (n. 

(.05  in) 

EstlBited,  See  Ref.  [6) 

RSUEA 

r .  Inside  Radius  of 
the  steel  liner 

24  in. 

(61  cm) 

Assumed  Normal 

.125  in. 
(.3175  <*.) 

Reference  £7]  end 

Specification  from  drawings 

RCNWX 

reon*  0ulsi<k  »*adiuS 

WJ[  of  the  concrete 

29.75  In 

(75.56  cm) 

Assumed  Normal 

.375  In. 

(.95  cm.) 

Reference  £7] 

Specification  from  drawings 

Table  I.  Table  of  Uncertainties 


calculations  (for  lined  tunnels  in  rock) 
to  compute  a  corresponding  free-field 
pressure.  This  procedure  of  random 
sampling  and  design  calculation  is 
repeated  many  times,  and  it  constitutes 
what  is  referred  to  as  a  "Monte  Carlo" 
approach. 

Table  I,  referred  to  in  the  pre¬ 
vious  paragraphs,  contains  estimates 
of  the  mear .  standard  deviation,  and 
type  of  probability  distribution  used 
in  the  calculations.  A  detailed  dis¬ 


cussion  of  the  entries  in  this  Table  is 
given  in  Ref.  6. 

As  was  indicated  previously, 
Newmark's  design  procedure  involves 
choosing  a  liner  strain  (e)  and  then 
computing  a  corresponding  free-field 
pressure  (P) .  With  no  uncertainties 
in  the  problem,  a  curve  of  free-field 
pressure  vs.  liner  strain  is  obtained 
such  as  the  line  labeled  "nominal  de¬ 
sign  values"  in  Figure  5. 
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NOMINAL  DESIGN  VALUES 

I  I  I  I  I 


CIRCUMFERENTIAL  LINER  STRAIN, 


SECTION  A-A 


Figure  5.  Frequency  Distribution  (for  a  given  strain,  e)  for 
Probabilistic  Analysis 


In  the  Monte  Carlo  procedure,  it  is 
still  necessary  to  choose  a  liner  strain 
(e),  but  now  for  any  particular  e  one 
finds  a  distribution  of  pressures  (such 
as  shown  in  Section A-A  of  Figure  5) . 
Thus,  for  each  (fixed)  value  of  e,  the 
procedure  is  to  sample  randomly  from  the 
eleven  input  design  variables,  and  then 
repeat  the  sampling  (Monte  Carlo)  many 
times  (enough  to  reasonably  populate  the 
distribution  in  Section  A-A) .  Thus, 
one  can  consider  a  rectangular  array  in 
the  P  vs.  e  plane,  as  shown  in  Figure  5. 


P(.01  <  e  <  .2)  =1 


There  is  a  different  frequency 
distribution  (number  of  occurrences 
vs.  e)  for  each  horizontal  cut  (e.g.. 
Section  B-B)  through  the  P  vs.  e  array. 
For  any  one  cut,  the  pressure  P  is  cons¬ 
tant,  and  the  probability  of  failure  (at 
that  pressure)  is  given  by 


p(t  >  efail> 


-  e=.2 

f(e)de  (10) 


Now,  to  compute  a  probability  of 
failure,  first  take  a  horizontal  cut 
through  the  P-e  array  as  shown  in 
Figure  6,  Section  B-B.  For  a  cut  (sec¬ 
tion)  at  constant  pressure  P  in  Figure 
6,  one  has  a  frequency  distribution  of 
the  number  of  occurrences  vs.  liner 
strain,  e.  For  the  calculations  dis¬ 
cussed  herein,  a  total  of  20  divisions 
in  e  (ranging  from  .01  <  e  <  .20)  was 
used.  These  frequency  distributions 
were  each  normalized  to  unity,  such  that 
the  probability  satisfied  the  relation¬ 
ship 


where  f(e)  is  the  frequency  distribution 
involved.  In  this  paper  the  failure 
strain  efail  was  set  at  0.05  [cf.  equa¬ 
tion  (5)J. 


P(e  >  .05) 


/e«.2 

f(e)de  (11) 

e-.05 


P(e  >  .05)  -  F(.2)-F(.05) 


mm 
Si? 
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Figure  6.  Frequency  Distribution  for  a  Cut  at  Constant  Pressure 
(Probabilistic  Analysis) 


where  F(e)  is  the  cumulative  distribu¬ 
tion  function  defined  by 


F(y)  =  P(e  <  y) 


f (e)de 


Equations  (10)  and  (11)  represent  the 
probabilities  in  terms  of  area  under 
the  frequency  distribution  curve  (See 
Figure  7) . 

In  actual  calculations  on  the 
computer,  one  encounters  histograms* 
since  the  procedure  is  to  discretize 
the  P  vs.  e  plane,  and  it  is  simplest 
to  work  with  the  cumulative  distribu¬ 
tion  (cf.  equation  (12)).  Thus,  for 
each  cut  at  constant  pressure  (Figure 


6)  one  has  a  histogram  from  which  a 
probability  of  failure  can  be  deter¬ 
mined  vising 

Pfaii  «  *<s  >  efail)  (13) 

This  procedure  established  a  one- 
to-one  relationship  between  the  prob¬ 
ability  of  failure  Pf  and  the  free- 
field  pressure,  P.  The  one-to-ona 
relationship  (between  Pf  and  P,  for  a 
given  failure  strain  £fail)  is  shown 

plotted  in  Figure  8,  for  a  particular 
concrete  thickness,  tc.*  Figure  8 
represents  what  is  commonly  called  a 
"fragility  curve."  Previous  state-of- 
the-art  has  been  to  determine  such 
fragility  curves  experimentally ,  whereas 


*A  histogram  is  a  frequency  distribu¬ 
tion  for  a  discrete  variable  (as  op¬ 
posed  to  a  continuous  variable) .  See 
Ref.  1. 


♦Note  chat  Figure  8  has  been  nondimen- 
sionalized  by  dividing  the  free-field 
stress  (P  or  o)  by  the  design  stress. 
On. 
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Figure  7.  Probability  of  Failure  Illustrated  as  an  Area 


Figure  8.  Dimensionless  Fragility  Curve  for  5.0  in.  Concrete  Thickness 


Figure  8  has  been  analytically  derived, 
as  was  just  discussed. 

Note  that  the  failure  criterion 
( £  >  .05)  appears  explicitly  on  the 
fragility  curve.  The  specification  of 
a  failure  strain  (e  =  e^^)  is  an 

involved  subject  which  has  been  touched 
on  only  briefly  herein. 

It  is  clear  that  the  selection  of 
a  failure  strain  is  by  no  means  a  closed 
topic,  and  it  is  also  clear  that  the 
probabilistic  design  approach  outlined 
herein  can  treat  whatever  failure  strain 


that  the  analyst  chooses.  It  is  also 
possible  to  give  probabilistic  values 
to  a  range  of  failure  strains  (e) 
and  integrate  over  the  corresponding 
fragility  curves.  This  procedure  would 
be  more  accurate  and  realistic  than 
specifying  a  discrete  failure  strain 
(like  £  -  .05)  but  was  not  within  the 
scope  of  this  study. 

COMPUTATION  OF  FAILURE  PROBABILITY 

The  question  now  arises,  "How 
does  one  use  the  fragility  curve?" 

(See  Figure  8.)  Experimental  data 
(from  several  tests)  has  shown  the 


dependence  of  free-field  pressure  PQ  on 
the  range,  R,  and  it  is  now  desired  to 
convert  the  fragility  curves  from  Pf  vs. 
PQ  to  Pf  vs.  R.  Such  a  conversion  will 
provide  the  desired  "Pf-maps"  similar 
to  those  sketched  in  Figure  9. 


given  approximately  by 


F(Pn)  - - - 

o 


lnP„  -  TiT? 
o  o 


••FACTOR  OF  2 

UNCERTAINTY  IN  FREE-FIELD  PRESSURE 


o  .6 

J= 


*-*  4 

CQ 


FACTOR  OF  4 
UNCERTAINTY-"* 
IN  FREE-FIELD 
PRESSURE 


.6  .7  .8  .9  1.0  1.1  1.2  1.3  1.4  1.5  1.5 

ACTUAL  RANGE/  DESIGN  RANGE  ^R/D 

Ko 

Figure  9.  Pf  -  Maps  Using  Two  Different  Uncertainty  Factors 


Regarding  the  dependence  of  free- 
field  stress  on  the  range,  R,  it  is 
customary  to  present  instead  the  “par¬ 
ticle  velocity"  V  as  a  function  of  R. 

For  example.  Reference  8  shows  that  par¬ 
ticle  velocity  V  varies  inversely  as  the 
square  of  the  range  R.  Free-field 
pressure  is  related  to  particle  velocity 
by 

PQ  «  PCLV  (14) 

where  p  is  the  mass  density  of  the 
medium  (i.e.,  the  tuff).  Cl  is  the  cor¬ 
responding  longitudinal  wave  speed,  and 
V  the  particle  velocity.  Uncertainties 
in  p  and  CL  cause  the  scatter  in  the 
data  for  PQ  to  be  greater  than  the 
scatter  for  V.  The  inverse  dependence 
upon  R2  also  holds  for  PQ,  and  Reference 
8  states  that  the  data  have  an  "uncer¬ 
tainty  factor"  of  4,  as  opposed  to  a 
factor  of  3.5  for  velocity  V  alone. 

It  is  customary  to  plot  Pq  (or  V) 
against  R  on  log-log  paper,  and  if  the 
fact  that  P0  is  statistically  distri¬ 
buted  (with  a  mean  and  standard  devia¬ 
tion)  is  taken  into  account,  then  the 
probability  density  function  for  PQ  is 


which  is  a  so-called  "log-normal"  dis¬ 
tribution  (Ref.  1) .  In  equation  (15) 
lnPQ  is  the  mean  value  (cf  the  logarithm 
lnPQ)  and  varies  inversely  with  the 
square  of  the  range  R.  Thus,  the  R- 
dependence  in  equation  (15)  is  contained 
in  lnPe. 

From  the  theory  of  probability 
(Ref.  1)  the  expected  value  cf  any  con¬ 
tinuous  variable  x  is  given  by 


=  / 


x  f (x) dx 


all  x 

where  f(x)  is  the  probability  density 
function.  Similarly,  if  a  variable  g 
depends  upon  x,  one  has 


E[g(x)J 


=  g=  / 


g(x)  f(x)dx  (17) 


all  x 


where  g  is  the  expected  value  of  g(x) 
Accordingly,  for  the  problem  at  hand, 
the  above  results  give 


:[Pf]=Pf=  /  Pf(P, 


'0)f(P0)dPo*  (18) 


all  P, 


where 


Pf  is  the  expected  value  of  the 
probability  of  failure, 

Pf(P  )  is  the  fragility  curve (s) 
developed  previously,  and 

f(P  )  is  the  probability  density 

function  given  by  equation  (15) . 

Note  the  Pf  depends  upon  the  range  R 
(parametrically)  by  virtue  of  the  fact 
the  lnP0  is  a  function  of  R. 

In  principle,  the  integration  de¬ 
scribed  by  equation  (18)  can  be  done 
numerically,  using  the  density  function 
(16)  and  a  piece-wise  linear  approxima¬ 
tion  to  the  appropriate  fragility  curve, 
i.e.,  Pf(P0).  In  practice,  however,  it 
was  simplest  to  non-dimensionalize  the 
problem  and  then  perform  the  numerical 
integration. 

For  example,  let  a  be  the  free- 
field  stress  in  rock  (i.e.,  the  over¬ 
pressure)  and  aQ  be  the  design  value  of 
over-pressure.  Similarly,  let  R  be  the 
range  from  the  point  of  detonation,  and 
Rq  the  design  range.  Then  a  plot  of 
( a/aQ )  vs.  (R/Rq)  appears  as  shown  in 
Figure  10.  Note  that 


In  (o/a0‘) 


-2  ln(R/R0) 


from  Figure  10,  and  the  bounds  on  the 
data  in  the  figure  relate  to  the  fact 
that  (o/aQ)  is  statistically  distribu¬ 
ted.  When  expressed  in  non-dimensional 
form,  equation  (15)  gives 


f(a/a  ) - - 

(a/ao)  k/2ir 


■M 


In (o/aQ)  +  2  ln(R/RQ) 


The  remaining  problem  is  to  calculate 
E[Pf]  which  is  given  by 


E (Pf 1  -  Pf 


-/ 


Pf  (o/oQ)  f  (cr/0o)  d(0/0Q) 


all  (c/aQ) 


Equation  (21)  is  the  non-dimensional 
analog  of_equation  (18)  and  the  depen¬ 
dence  of  Pf  on  the  range  (R/Rq)  shows 
up  in  equation  (20). 

The  integration  described  by 
equation  (21)  was  performed  numerically 
using  a  straightforward  F0RTRAN  IV 
computer  program.  A  piecewise-linear 
approximation  to  each  fragility  curve 
was  used,  and  the  computer  program  was 
verified  by  performing  one  integration 
on  a  programmable  calculator.  The  pro¬ 
cedure  used  was  to  select  a  (non- 
dimensional)  range  (R/Rq) ,  calculate  the 
corresponding  value  E [Pf } ,  and  then 
repeat  the  integration  for  as  many 
values  of  (R/Rq)  as  desired.  This  inte¬ 
gration  procedure  was  performed  for  each 
of  four  fragility  curves,  corresponding 
to  four  concrete  thicknesses:  2.5,  5.0, 
10,  and  15  inches  thick. 

The  resulting  Pf  -  map  is  shown  in 
Figure  9,  which  applies  for  all  four 
thicknesses!  What  has  happened  is  that 
by  non-dimensionalizing  the  fragility 
curves  and  then  performing  the  smoothing 
process  of  integration,  the  differences 
between  2.5,  5.0,  10,  and  15  inch  thick¬ 
nesses  are  removed.  Note  that  if  the 
data  had  not  been  non-dimensionalized, 
one  would  have  obtained  a  separate  curve 
(Pf  -  map)  for  each  concrete  thickness . 
Since  the  non-dimensional  fragility 
curves  have  some  slight  differences, 
the  four  integrations  (for  t„  =  2.5, 

5.0,  etc.)  were  slightly  different  when 
plotted  on  Figure  9,  but  the  differences 
were  on  the  order  of  0.02  (in  Pf)  which 
is  approximately  the  size  of  the  circle 
around  each  data  point. 

The  dashed  line  in  Figure  9  was 
determined  using 

k  =  =  0.7073  (22) 


where  k  is  a  measure  of  the  breadth  of 
the  distribution,  and  where  equation 
(19)  has  been  used  for  ln(o/o  ) . 


♦See  Reference  3  for  the  derivation 
equating  the  result  in  equation  (18) 
with  the  (related)  procedure  using  the 
difference  or  two  probability  density 
functions . 


in  equation  (20) ,  which  corresponds  to 
an  uncertainty  factor  of  4  in  the  pres¬ 
sure  vs.  range  relationship.  If  the 
uncertainty  were  somehow  reduced  to  a 
factor  of  2  (instead  of  4)  then  the 
corresponding  constant  becomes 

k  =  ±2r£  =  .3536  (23 
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Figure  10.  Dimensionless  Plot  of  Free-Field  Stress  Variation 
with  Range 


in  equation  (20) ,  and  the  resulting 
Pf  -  map  is  shown  as  a  solid  line  in 
Figure  9. 


reads  off  the  corresponding  value  of 


Pf  using  Figure  9. 


TEST  PREDICTIONS  AND  EVALUATION 


Once  the  structural  details  are 
known,  it  is  a  fairly  straight-forward 
procedure  to  calculate  the  correspond¬ 
ing  expected  value  of  failure  prob¬ 
ability,  Pf.  For  example,  knowing  the 
tunnel  dimensions,  steel  thickness, 
concrete  thickness,  etc.,  one  can 
compute  a  free-field  design  stress,  aQ, 
for  the  structure,  using  a  design  liner 
strain.*  Having  the  free-field  stress 
0o,  one  then  uses  a  predicted  curve  of 
stress  vs.  range  (for  the  test  event) 
to  read  off  a  design  range,  Rq.  The 
location  of  the  particular  tunnel  de¬ 
termines  the  actual  range,  R.  Then,  one 
simply  computes  the  ratio  (R/R0)  and 


The  results  of  this  procedure  are 
given  in  Table  II,  Column  (A),  which 
shows  the  expected  value  of  probability 
of  failure  (Pf)  vs.  structure  number.* 
Note  that  the  failure  probabilities 
Pf  in  Column  (A)  were  computed  assuming 
a  factor  of  four  uncertainty  in  the 
free-field  pressure  vs.  range  character¬ 
istics. 


When  the  uncertainty  factor  is 
reduced  to  1.1,  the  results  are  shown 
in  Column  (B)  on  Table  II.  The  data  of 
Column  (B)  were  determined  by  essential¬ 
ly  performing  the  numerically  integra¬ 
tion  (described  previously,  equation  21) 
using  a  factor 


k  =  In.Ul 


1.96 


0.0485 


(24) 


*e0  =  .05  was  used  herein. 


*The  structures  are  simply  arranged  in 


the  order  of  increasing  Pf. 
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STRUCTURE  NUMBER 

FAILURE  PROBABILITIES 

(A)  FACTOR  OF  4 

(B)  FACTOR  OF  1.1 

UNCERTAINTY 

UNCERTAINTY 

1 

.1 

.005 

2 

.12 

.005 

3 

.26 

.005 

4 

.40 

.005 

5 

.44 

.03 

6 

.44 

.03 

7 

.45 

.10 

8 

.47 

.12 

9 

.49 

.28 

10 

.56 

.75 

11 

.63 

.86 

12 

.63 

.86 

13 

.70 

.99 

14 

.74 

.99 

Table  II.  Failure  Probabilities 


in  the  log-normal  distribution  (20) . 

For  such  a  relatively  small  uncertainty, 
f (o/oc)  in  equation  (20)  behaves  much 
like  a  Dirac  delta-function*  and  this 
fact  enabled  the  integration  zo  be  done 
by  hand. 

Table  II  describes  14  independent 
tests  (i.e.,  "events"  in  the  termin¬ 
ology  of  probability  theory)  each  with 
a  corresponding  probability.  (That  is, 
the  i—  structure  has  a  probability  of 
failure  Pf. ,  etc.)  Given  H  independent 
events  each  with  a  different  probabil¬ 
ity  P^,  Collins  (Ref.  4)  has  computed 
the  probability  of  exactly  one  failure, 
exactly  two  failures,  etc.  TEe  results 
are  a  series  of  summaf  «»»<»  and  products 
described  mathematicalJ  t / 


M 

p(o>  =  n  (l-p.) 

i=l  1 


M  M 

p(D  =  2,pi  n  d-P,) 

j=l  J  i=l  1 


for  all  i  ¥  j 


(12a) 


(12b) 


*A  narrow,  highly  peaked  function  with 
an  area  of  unity. 


P(2) 

M  A 
=  2 

5ipk 

M 

n  (l-P.) 

j=l  k=l 

J 

i=l  x 

for  all  i 

¥  j 

¥  k 

JM  M 

M 

M 

P  (3) 

-  Z  1 

j=l  k=l 

ft?l 

pjpkp*  i51 

for  all  i 

*  j 

¥  k  ¥  i 

(12c) 


M 

p(m)  =  n  p. 

i=l  1 


M 


P (N  of  M  in  A)  =  P(s) 
S=N 


(12d) 


(12e) 


(12f) 


where  P(0)  is  the  probability  of  ex¬ 
actly  0  failures,  P(l)  the  probability 
of  exactly  1  failure,  etc. 

These  summations  involve  a  very 
large  number  of  terms  (e.g.,  like  14  - 
factorial)  and  reduce  to  the  binomial 
theorem  when  all  events  have  identical 
probabilities.  The  large  number  of 
terms  precluded  the  possibility  of 
evaluating  the  summations  algebraically, 
but  they  were  amenable  to  evaluation  by 
a  computer  simulation  technique.  The 
results  of  the  calculations  are  shown 
in  Figure  11,  for  a  factor  of  1.1 


I:  ^ 


FW 


HISTOGRAM 
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•  The  analysis  successfully 
predicted  the  number. of 
failures  in  an  actual  test, 
within  statistical  bounds. 

In  addition,  the  study  demon¬ 
strated  a  general  methodology  which 
can  be  applied  to  other  tests  and  other 
structures.  Furthermore,  it  appears 
that  Newmark’s  design  procedure,  when 
coupled  with  statistical  modeling,  is 
adequate  for  the  design  of  lined 
tunnels  in  rock,  despite  the  simpli¬ 
fications  and  assumptions  inherent  in 
the  procedure. 

Regarding  the  limitations  of  the 
present  study,  recall  that  it  is  based 
on  a  failure  strain  which  was  assumed 
as  efail  =  0.05.  Perhaps  a  better 

procedure  would  have  been  to  allow 
efail  to  be  randomly  distributed  as 

well  (with  a  mean  of  .05,  say)  but 
this  refinement  was  beyond  the  scope 
of  the  present  study.  If  ef  ^  had 

been  treated  randomly,  the  limits  on 
the  number  of  expected  failures  would 
have  been  widened  somewhat. 

Another  limitation  of  this  study 
is  that  the  14  structures  were  all 
treated  independently,  with  no  cor¬ 
relation  among  them.  Future  studies 
should  include  the  effects  of  cor¬ 
relation,  as  discussed  in  Ref.  6. 
Finally,  recall  that  the  analysis  is 
dependent  on  Newmark's  design  pro¬ 
cedure,  which  assumes  axi-symmetry.  A 
further  refinement  would  be  to  in¬ 
clude  nonsymmetric  behavior  in  the 
design  equations. 
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NOTATION 


E  ,  E 
r'  con 


E[Pf] 


Logitudinal  wave  speed  (e.g., 
in  rock) 

Young's  modulus  for  rock  and 
concrete,  respectively 

Mean  value  of  Er 

Expected  value  of  [  ] 

Expected  value  of  the  prob¬ 
ability  of  failure;  mean 
value 

Bending  stiffness  (of  the 
tunnel  wall) 

Unconfined  compressive 
strength  of  the  concrete 

Probability  density  function, 
of  a  continuous  variable,  x 

Probability  density  function, 
expressed  in  terms  of  strain, 
e 

Cumulative  distribution 
funct'.  r 

An  i;.  ;crary)  function  of  x 
Mean  value  of  g(x) 

A  constant 

Natural  logarithm  of  the 
free-field  pressure,  ?Q 

Mean  value  of  the  logarithm, 

lnP~ 

o 

Critical  pressure;  buckling 
pressure 


V  ?2 


wD,  w2 


(a/a0) 


Probability  of  failure 

Mean  value  of  probability  of 
failure 

Free-field  pressure,  stress 

Applied  (radial)  pressure 
acting  on  a  ring  in  the 
zeroth  and  second  harmonics, 
respectively 

Concrete  thickness 

Range  (from  point  of  detona¬ 
tion) 

Design  range,  range  at  which 
the  structure  is  designed  to 
fail 

Particle  velocity 

Radial  response  of  the  ring, 
in  the  zeroth  and  second 
harmonic,  respectively 

The  circumferential  strain 
at  failure 

Circumferential  strain 

Standard  deviation  for 
Young's  moJ-ilus  of  rock 

Ultimate  compressive  strength 
of  the  rock 

Free-field  stress  in  rock, 
non-dimensionalized  on  the 
design  stress,  aQ 

Standard  deviation  of  the 
logarithm  of  the  free-field 
pressure 

Circumferential  coordinate 
(radians) 

Poisson's  ratio  for  rock 
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